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Abstract

This paper introduces an econometric framework for analyzing cross-sectional dependence
in the idiosyncratic volatilities of assets using high frequency data. We first consider the estima-
tion of standard measures of dependence in the idiosyncratic volatilities such as covariances and
correlations. Naive estimators of these measures are biased due to the use of the error-laden
estimates of idiosyncratic volatilities. We provide bias-corrected estimators and the relevant
asymptotic theory. Next, we introduce an idiosyncratic volatility factor model, in which we
decompose the variation in idiosyncratic volatilities into two parts: the variation related to the
systematic factors such as the market volatility, and the residual variation. Again, naive estima-
tors of the decomposition are biased, and we provide bias-corrected estimators. We also provide
the asymptotic theory that allows us to test whether the residual (non-systematic) components
of the idiosyncratic volatilities exhibit cross-sectional dependence. We apply our methodology
to the S&P 100 index constituents, and document strong cross-sectional dependence in their
idiosyncratic volatilities. We consider two different sets of idiosyncratic volatility factors, and
find that neither can fully account for the cross-sectional dependence in idiosyncratic volatil-
ities. For each model, we map out the network of dependencies in residual (non-systematic)

idiosyncratic volatilities across all stocks.
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1 Introduction

In a panel of assets, returns are generally cross-sectionally dependent. This dependence is usually
modelled using the exposure of assets to some common return factors, such as the Fama-French fac-
tors. In this Return Factor Model (R-FM), the total volatility of an asset return can be decomposed
into two parts: a component due to the exposure to the common return factors (the systematic
volatility), and a residual component termed the Idiosyncratic Volatility (IdioVol). These two
components of the volatility of returns are the most popular measures of the systematic risk and
idiosyncratic risk of an asset.

Idiosyncratic Volatility is important in economics and finance for several reasons. For example,
when arbitrageurs exploit the mispricing of an individual asset, they are exposed to the idiosyn-
cratic risk of the asset and not the systematic risk (see, e.g., Campbell, Lettau, Malkiel, and Xu
(2001)).! Also, Idiosyncratic Volatility measures the exposure to the idiosyncratic risk in imper-
fectly diversified portfolios. The cross-sectional dependence in IdioVols is also important for option
pricing, see Gourier (2016). The attention to IdioVols in empirical finance literature is exemplified
by two IdioVol puzzles, see Campbell, Lettau, Malkiel, and Xu (2001) and Ang, Hodrick, Xing,
and Zhang (2006). A recent observation is that the IdioVols seem to be strongly correlated in the
cross-section of stocks.? We propose methods to formally study this empirical phenomenon with
high-frequency data, while fully accounting for the measurement errors in IdioVols.

This paper provides an econometric framework for studying the cross-sectional dependence
in the Idiosyncratic Volatilities using high frequency data. The analysis is based on a new gen-
eral asymptotic theory that we develop for estimators of quadratic covariations between nonlinear
functions of spot volatility matrices. We show that naive estimators, such as covariances and cor-
relations, are biased. The bias arises due to the use of error-laden estimates of the spot volatility
matrices. We provide the bias-corrected estimators. We derive the asymptotic distribution of these
estimators, and propose consistent estimators of the asymptotic variances. We apply this new
asymptotic theory to construct tests of dependence between IdioVols and map out the network of
dependencies in IdioVols in a panel of assets.

To study Idiosyncratic Volatilities, we introduce the Idiosyncratic Volatility Factor Model

! An asset is said to be mispriced with respect to a given model if the expected value of the return on the asset is
not consistent with the model.

2See, e.g., Connor, Korajczyk, and Linton (2006), Duarte, Kamara, Siegel, and Sun (2014), Herskovic, Kelly,
Lustig, and Nieuwerburgh (2016), and Christoffersen, Fournier, and Jacobs (2018).



(IdioVol-FM). Just like a Return Factor Model, R-FM, such as the Fama-French model, decomposes
returns into common and idiosyncratic returns, the IdioVol-FM decomposes the IdioVols into sys-
tematic and residual (non-systematic) components. The IdioVol factors may or may not be related
to the return factors. The IdioVol factors can include the volatility of the return factors, or, more
generally, (possibly non-linear) transformations of the spot covariance matrices of any observable
variables, such as the average variance and average correlation factors of Chen and Petkova (2012).
We propose bias-corrected estimators of the components of the IdioVol-FM model.

We provide the asymptotic theory for this model. For example, it allows us to test whether
the residual (non-systematic) components of the IdioVols exhibit cross-sectional dependence. This
allows us to identify the network of dependencies in the residual IdioVols across stocks.

Reduced-form analysis of total and idiosyncratic volatilities can be useful to inform the formu-
lation of structural asset pricing models. For example, Herskovic, Kelly, Lustig, and Nieuwerburgh
(2016) document strong dependence in firm IdioVols, and propose an incomplete markets asset pric-
ing model, where IdioVol behavior is explained by the idiosyncratic risk faced by households. When
documenting the cross-sectional dependence in IdioVol, Herskovic, Kelly, Lustig, and Nieuwerburgh
(2016) estimate several volatility factor models, for example, they regress IdioVols on average firm
volatilities, where the IdioVols are defined with respect to the market return factor or the Fama-
French factors. Our framework can be used to estimate high-frequency regressions with these
variables, on a fixed time interval, while fully capturing the effect of the measurement error from
the preliminary estimation of both the dependent variable and the factor.

Throughout the paper, we use factors that are specified by the researcher. An example of our
Return Factor Model is the so-called Fama-French factor model, which has three observable factors,
or the CAPM, which has one observable factor (the market portfolio return). An example of our
IdioVol factors is the market volatility, which can be estimated from the market index. Thus, our
setup is different from settings such as PCA where factors are identified from the cross-section of
the assets studied. The treatment of the latter case adds an additional layer of complexity to the
model and is beyond the scope of the current paper.

We apply our methodology to high-frequency data on the S&P 100 index constituents. We
study the IdioVols with respect to two models for asset returns: the CAPM and the three-factor
Fama-French model.? In both cases, the average pairwise correlation between the IdioVols is high

(0.35). We verify that this dependence cannot be explained by the missing return factors. This

3The high frequency Fama-French factors are provided by Ait-Sahalia, Kalnina, and Xiu (2020).



confirms the recent findings of Herskovic, Kelly, Lustig, and Nieuwerburgh (2016) who use low
frequency (daily and monthly) return data. We then consider the IdioVol-FM. We use two sets of
IdioVol factors: the market volatility alone and the market volatility together with volatilities of
nine industry ETFs. With the market volatility as the only IdioVol factor, the average pairwise
correlation between residual (non-systematic) IdioVols is substantially lower (0.21) than between the
total IdioVols. With the additional industry ETF volatilities as IdioVol factors, average correlation
between the residual IdioVols decreases further (to 0.17). However, neither of the two sets of the
IdioVol factors can fully explain the cross-sectional dependence in the IdioVols. For each model,
we map out the network of dependencies in residual IdioVols across all stocks.

This paper analyzes cross-sectional dependence in Idiosyncratic Volatilities. This should not
be confused with the analysis of cross-sectional dependence in total and idiosyncratic returns. A
growing number of papers study the latter question using high frequency data. These date back
to the analysis of realized covariances and their transformations, see, e.g., Barndorff-Nielsen and
Shephard (2004) and Andersen, Bollerslev, Diebold, and Wu (2006). A continuous-time factor
model for asset returns with observable return factors was first studied in Mykland and Zhang
(2006). Various return factor models with observable factors have been studied by, among others,
Bollerslev and Todorov (2010), Fan, Furger, and Xiu (2016), Li, Todorov, and Tauchen (2017a,b),
and Ait-Sahalia, Kalnina, and Xiu (2020). Emerging literature also studies the cross-sectional
dependence in returns using high-frequency data and latent return factors, see Ait-Sahalia and Xiu
(2019, 2017) and Pelger (2019, 2020). Importantly, the models in the above papers are silent on
the cross-sectional dependence structure in the IdioVols.

While this paper focuses on the study of cross-sectional dependence of IdioVols, our new asymp-
totic theory can be used in various other applications. For example, we can estimate dependence
measures, in the form of co-volatilities or the corresponding correlations, between the time-varying
asset betas.® While it is well-known that asset betas vary over time in practice, there is no consensus
as to what common factors drive this variation, so accurate dependence measures of asset beta co-
movement can be helpful. Another example is the estimation of dependence measures between total
volatilities or systematic volatilities of asset returns. In addition, we can estimate high-frequency
regressions of one element of a spot volatility matrix on other elements, such as regression of the

asset volatility on market volatility. Finally, we can estimate high-frequency regressions of total

“Here, asset betas are the loadings of asset returns on return factors; these are distinct from the asset volatility
betas that we describe in the next section.



asset volatility on average asset volatility, which mirrors one more of the specifications considered
in Herskovic, Kelly, Lustig, and Nieuwerburgh (2016), in addition to the specifications described
earlier.

Our inference theory is related to several estimators in the existing literature. The closest are
the volatility of volatility estimator of Vetter (2015) and one of the asymptotic bias estimators of
Jacod and Rosenbaum (2015). Vetter (2015) proposes an estimator of volatility of volatility of
the returns of one asset, and derives the relevant theory for inference.” We extend the analysis to
the multivariate case with nonlinear transformations, return jumps, and volatility jumps. While
Jacod and Rosenbaum (2015) focus on a different problem, one of the asymptotic bias terms in
their paper coincides with our quantity of interest in a special case, see Section 3.1 for details. The
setting in Jacod and Rosenbaum (2015) is multivariate and robust to return and volatility jumps,
but they only establish consistency of the relevant estimator, and do not provide any asymptotic
distribution theory. In contrast, we derive the asymptotic distribution, as well as the consistency
of the estimator of the asymptotic variance. See also Li, Liu, and Zhang (2022) who extend the
results in Vetter (2015) to allow for price jumps and market microstructure noise. They do not
consider the multivariate case, nonlinear transformations, or volatility jumps.

Jacod and Rosenbaum (2013, 2015), Li, Todorov, and Tauchen (2016) and Li, Liu, and Xiu
(2019) estimate integrated functionals of volatilities, which includes Idiosyncratic Volatilities. The
latter problem is simpler than the problem of the current paper in the sense that /n-consistent
estimation is possible, and the estimators are consistent without a bias correction (see Section
3.1 for details). In the literature on the estimation of the leverage effect, preliminary estimation
of volatility also creates a bias, which also needs to be corrected to achieve consistency, see Alt-
Sahalia, Fan, and Li (2013), Ait-Sahalia, Fan, Laeven, Wang, and Yang (2017), Kalnina and Xiu
(2017) and Wang and Mykland (2014).

One of the reasons why we can account for the measurement error from preliminary estimation
of volatilities is the fact that our framework only uses one (in-fill) asymptotic approximation.
It is interesting to contrast this approach with the analysis of two-step estimators using joint
in-fill and long-span asymptotics, see, e.g., Corradi and Distaso (2006), Todorov (2009), Bandi
and Reno (2012), Kanaya and Kristensen (2016), and Li and Patton (2018). In these double

asymptotic settings, the inference methods for the second step typically do not depend on the

®This estimator is also studied in Ait-Sahalia and Jacod (2014) (Section 8.3) under similar assumptions to Vetter
(2015). Ait-Sahalia and Jacod (2014) cite 2011 working paper version of Vetter (2015).



first-step measurement error. This provides a good approximation as long as the number of high-
frequency observations in every low-frequency period is large enough. A notable early exception
is Bollerslev and Zhou (2002) who use a simple parametric model for the first-step measurement
error.

The Realized Beta GARCH model of Hansen, Lunde, and Voev (2014) imposes a structure on
the cross-sectional dependence in IdioVols. This structure is tightly linked with the Return Factor
Model parameters, whereas our stochastic volatility framework allows separate specification of the
return factors and the IdioVol factors.%

In the empirical section, we define a network of dependencies using (functions of) quadratic
covariations of IdioVols. This approach can be compared with the network connectedness measures
of Diebold and Yilmaz (2014). The latter measures are based on forecast error variance decom-
positions from vector autoregressions. They capture co-movements in forecast errors. In contrast,
we assume a general semimartingale setting, and our framework captures realized co-movements in
Idiosyncratic Volatilities, while accounting for the measurement errors in these volatilities.

The remainder of the paper is organized as follows. Section 2 introduces the model and the
quantities of interest. Section 3 describes the identification and estimation. Section 4 presents the
asymptotic properties of our estimators. Section 5 uses high-frequency stock return data to study
the cross-sectional dependence in IdioVols using our framework. Section 6 contains Monte Carlo

simulations. The Appendix contains all proofs and additional figures.

2 Model and Quantities of Interest

We first describe a general Factor Model for the Returns (R-FM), which allows us to define the
Idiosyncratic Volatility. We then introduce the Idiosyncratic Volatility Factor Model (IdioVol-FM).
In this framework, we proceed to define the cross-sectional measures of dependence between the
total IdioVols, as well as the residual IdioVols, which take into account the dependence induced by
the IdioVol factors.

Suppose we have (log) prices on dg assets such as stocks, S; = (Sl,t,...,SdS’t)T, and on
dp observable factors, Fy = (Fig,... ,FdF’t)T. We stack them into the d-dimensional process

Y = (S5 Sagts Figs - - ,FdF,t)T where d = dg + dp. The observable factors F,...Fy, are

5In the Beta GARCH model, the IdioVol of a stock is a product of its own (total) volatility, and one minus the
square of the correlation between the stock return and the market return.



used in the R-FM model below. We assume that all observable variables jointly follow an Ito

semimartingale, i.e., Y; follows
t t
n:m+/b5ds+/adeS+JtY, (1)
0 0

where W is a d" -dimensional Brownian motion (¢ > d), C; = 0,0, is the spot covariance process,
and JtY denotes a finite variation jump process. The spot covariance matrix process Cy of Y; is a

continuous Itd semimartingale,”
t t
C,=0Cy +/ bsds + / osdWs + J7. (2)
0 0

We refer to the (C) ab element of the matrix C; as Cyp¢. For convenience, we also use the alternative
notation Cyv, to refer to the spot covariance between two elements U and V' of Y, and Cp; to
refer to Cyy.

We assume a standard continuous-time factor model for the asset returns.

Definition (Factor Model for Returns, R-FM). For all 0 <t <T andj =1,...,dg,®

dS; = BLAFY + B, dF +dZ;;  with )
(Z;, F]; = 0.

In the above, dZ;; is the idiosyncratic return of stock j. The superscripts ¢ and d indicate the
continuous and jump part of the processes, so that 5;, and Bj,t are the continuous and jump factor
loadings. For example, the k-th component of 3, corresponds to the time-varying loading of the
continuous part of the return on stock j to the continuous part of the return on the k-th factor.
We set 8, = (814 Bags) | and Ze = (Z1y, ..., Zagy) '

We do not need the return factors F; to be the same across assets to identify the model, but
without loss of generality, we keep this structure as it is standard in empirical finance. These

return factors are assumed to be observable, which is also standard. For example, in the empirical

"Note that assuming that Y and C are driven by the same d"-dimensional Brownian motion W is without loss
of generality provided that dV is large enough, see, e.g., equation (8.12) of Ait-Sahalia and Jacod (2014).

8Quadratic covariation of two vector-valued It6 semimartingales X and Y, over the time span [0,T], is defined as
M-1

[X7 Y]T = p-lim Z (th+1 - th)(Y;fs+1 - Yts)—rv
M — o0 5—0

for any to < t1 < ... <ty =T with sup, |ts41 — ts|] = 0 as M — oc.

Intuitively, quadratic covariation can be thought of as the integrated covariance between the increments dX; and dY;.



application, we use two sets of return factors: the market portfolio and the three Fama-French
factors, which are constructed in Ait-Sahalia, Kalnina, and Xiu (2020).

A continuous-time factor model for returns with observable factors was originally studied in
Mykland and Zhang (2006) in the case of one factor and in the absence of jumps. A burgeoning
literature uses related models to study the cross-sectional dependence of total and/or idiosyncratic
returns. However, this literature does not consider the cross-sectional dependence in the IdioVols.

We define the idiosyncratic Volatility (IdioVol) to be the spot volatility of Z;; and denote it
by Cz;:. Notice that R-FM in (3) implies that the factor loadings §; as well as the IdioVols are

functions of the total spot covariance matrix Cy. In particular, the vector of factor loadings satisfies
Bji = (Crs) ' Crsjt, (4)

for j =1,...,ds, where Cr; denotes the spot covariance matrix of the factors F', which is the lower
dr x dp sub-matrix of Cy; and Crg;; denotes the covariance of the factors and the jth stock, which
is a vector consisting of the last dp elements of the % column of C;. The IdioVol of stock j is then

also a function of the total spot covariance matrix Ct,

Czjt = Cyjt —  (Crsjt) (Cry) *Crsjs- (5)
—— ~——

IdioVol of stock j total volatility of stock j

By the It lemma, (4) and (5) imply that factor loadings and IdioVols are also Itd6 semimartingales
with characteristics that are functions of Cj.

We now introduce the Idiosyncratic Volatility Factor model (IdioVol-FM). In IdioVol-FM, the
cross-sectional dependence in the IdioVol shocks can be potentially explained by certain IdioVol
factors. A simple example of IdioVol factor is the market volatility, but our model allows IdioVol

factors to be any given smooth functions of the matrix C;; we discuss other examples below.
Definition (Idiosyncratic Volatility Factor Model, IdioVol-FM). For all 0 < t < T and
Jj=1,...,dg, the Idiosyncratic Volatility Cz; follows,

dCzjy = ~Ldl§ + 7 ;dI] + dCYESe with (6)

J

[C%?Sidvn]t = 0,



where ITy = (I, ..., Hgye) s @ R _yalued vector of IdioVol factors, which satisfy
e = i (Cy) (7)

with the function I (-) being three times continuously differentiable for k =1,..., dy.

We call the residual term Cgej‘ffd the residual IdioVol of asset j. Our assumptions imply that the
components of the IdioVol-FM, Cyz; ¢, 11; and C’Zej‘ffd, are Ito semimartingales. We remark that both
the dependent variable and the regressors in our IdioVol-FM are not directly observable and have
to be estimated, and our asymptotic theory takes that into account. As will see in Section 3, this
preliminary estimation implies that the naive estimators of all the dependence measures defined
below are biased. One of the contributions of this paper is to quantify this bias and provide the
bias-corrected estimators for all the quantities of interest.

The class of IdioVol factors permitted by our theory is rather wide as it includes general non-
linear transforms of the spot covariance matrix process C;. For example, IdioVol factors can be
linear combinations of the total volatilities of assets, see, e.g., the average variance factor of Chen
and Petkova (2012). Another example is the common IdioVol factor, or “CIV”, which is studied in
Herskovic, Kelly, Lustig, and Nieuwerburgh (2016). CIV is defined as the cross-sectional average
of the firm IdioVols from CAPM. The IdioVol factors can also be the volatilities of any other
observable processes.

Having specified our econometric framework, we now provide the definitions of some natural
measures of dependence of (the continuous parts of) the IdioVols and the residual IdioVols. We
consider the estimation of these measures in Section 3.

Before considering the effect of IdioVol factors by using the IdioVol-FM decomposition, one may
be interested in quantifying the dependence between the IdioVols of two stocks j and s. Quadratic
covariation [Cz;, Cz4|% is one natural measure of dependence between the (continuous parts of) the
IdioVols C'z; and Czs. Another natural and scale invariant measure is the quadratic-covariation-

based correlation between the two IdioVol processes over a given time period [0, 77,

[Czj, Czsl7
\/[CZj7 OZj]%\/[CZ& CZS]’%

Corr (Cz;,Czs) = (8)

Correlation-based measure is more convenient for reporting the strength of dependence, while the

quadratic covariation [Cyzj, Czs]7 without normalization is more convenient for testing for the



presence of cross-sectional dependence in IdioVols. We consider such tests in Section 4.4.
Similarly, to measure the cross-sectional dependence between the residual IdioVols of two stocks,
after accounting for the effect of the IdioVol factors, we use the quadratic-covariation-based corre-

lation,
[Creszd Cresid} %

\/[Creszd Cysidje, \/[Creszd Creszd]T

(9)

Corr (Creszd Creszd)

In Section 4.4, we use the quadratic covariation between the two residual IdioVol processes
[CTGSZd Cresid]e, without normalization for testing purposes.

We want to capture how well the IdioVol factors explain the time variation of IdioVols of the
4t asset. For this purpose, we use the quadratic-covariation based analog of the coefficient of

determination. For j =1,...,dg,

-
R2ldioVol-FM _ Yz; (1L, )5 z; (10)
73 [C2j,Czils

It is interesting to compare the correlation measure between IdioVols in equation (8) with the

correlation between the residual parts of IdioVols in (9). We consider their difference,
Corr (Cyzj,Czs) — Corr (C’”md C’”eml) (11)

to see how much of the dependence between IdioVols can be attributed to the IdioVol factors.
In practice, if we compare assets that are known to have positive covolatilities (typically, stocks
have that property), another useful measure of the common part in the overall covariation between

IdioVols is the following quantity,

.
gutoyor-ry _ 121 W57z

12
A NA] [CZj7 CZS]% ( )

This measure is bounded by 1 if the covariations between residual IdioVols are nonnegative and
smaller than the covariations between IdioVols, which is what we find for every pair in our empirical
application with high-frequency observations on stock returns.

We remark that our framework can be compared with the following null hypothesis studied
in Li, Todorov, and Tauchen (2016), Hy : Cgz;; = az; + fy}jﬂt, 0 <t < T. This Hy implies
that the IdioVol is a deterministic function of the factors, which does not allow for an error term.

2, IdzoVol FM 1

In particular, this null hypothesis implies R’ Our framework allows for testing

10



stochastic relationships, i.e., null hypotheses Hy : 7}]- = 0 in the presence of an error term.

3 Estimation

As we show below, the quantities of interest in Section 2 can be expressed in terms of the continuous

quadratic covariation between two functions of the spot covariance matrix CY,
[H(C),G(CO)]7- (13)

Section 3.1 proposes estimators of this general functional, and Section 3.2 explains how to use these

formulas to obtain estimators of the quantities of interest in Section 2.

3.1 Estimation of a General Functional

This section proposes estimators of the continuous quadratic covariation between two functions of
the spot covariance matrix [H(C), G(C)], where H and G are given real-valued smooth functions.
Recall that C; is the spot covariance matrix of the observable variables, see equations (1)-(2).
Suppose we have discrete observations on Y; over an interval [0,7]. Denote by A,, the distance
between observations. It is well known that we can estimate the spot covariance matrix C; at time

(i — 1)A,, with a local truncated realized volatility estimator,

kn—1
~ 1 < " n T
Citn = 1A 7;) (ALnY) (ALY ) Lgan, vi<uns (14)

where AY = Y;a, —Y(;_1)a, and where kj, is the number of observations in a local window.? We
refer to the (6iAn>a,b element of the matrix @An as @w,mn.

If C;a,, was observed and in the absence of volatility jumps, we could estimate [H(C), G(C)]r by
the realized covariance between G(Cja,, ) and H(C;a,,), which is the sample analog of the definition
of [H(C),G(C)]r. However, we do not observe Cia, . If we replace it with Cja, in (14), we obtain

the plug-in estimator

— Naive 1 [T/ An]—2kn+1
H(C), GO =+ (H(Crhnan) = HCia)) (G(Clirrna) — G(Cia,))

n i=1

°Tt is also possible to define more flexible kernel-based estimators as in Kristensen (2010).

11



However, it turns out that due to the measurement errors in @An, this estimator is inconsistent.
We propose two estimators for the general quantity [H(C),G(C)]%. Our first estimator is a

bias-corrected sample analog of the definition of quadratic covariation between two It6 processes,

[T/ An]—3kn+1
AN 3 . N . .
[H(C),G(O)]p = T Z < (H(O(i—l—kn)An) - H(Cmn)) (G(C(Hknmn) - G(Cmn)>
" i=kntl

d
9 . . N N .
T § (OghHO0pG)(Cia,,) <Cga,iAnChb,iAn + Cgb,iAnCha,iAn) )1{AimAi+kn}a

" g.hab=1

(16)

where the indicator function should only be applied if we are concerned about volatility jumps,
and thus we want to truncate them. In the above, we denote by A; the event of not detecting a
volatility jump in the interval (iA,, (i + k,) A,], defined as A; = {Hé(iJrkn)An - é(i,knmnu > ul},
where u), is some threshold.

Our second estimator is based on the following equality, which follows by the It6 lemma,

d T
OGOl = 3 [ @06 Tt "t (17)

g,h,a,b=1
—gh,ab . . e
where C’f " denotes the continuous covariation between the volatility processes Cyp s and Cyp ;.
The quantity is thus a non-linear functional of the spot covariance and spot volatility of volatil-

ity matrices. Our second estimator is a bias-corrected version of the sample counterpart of the

“linearized” expression in (17),'9

_—  LIN
[H(C),G(O)]7
5 4 [T/An]=3knt1
= 5 > (g HOupG)(Cin, ) ((Cgh,(i+kn)An — Cynin, ) (Cap (i+kn)A, — Cabin,)
"™ ghab=1  i=kn+1
2 N N N
_?(Cga,iAnChb,z‘An + Cgb,iAnCha,iAn)> L AN i, }- (18)

We now provide the intuition for the bias terms. Suppose volatility is continuous. If we
had observations on Cja,, the estimators of [H(C),G(C)]r would not need any bias-correction

terms. It is useful to think of @An as an estimator of integrated volatility matrix, éiAn =

10The computation time for any of our two estimators is increasing with the number of stocks and factors d. In
practice, we compute all the quantities of interest for pairs of stocks, so ds = 2 and thus d = dr + 2.

12



An Csds+Uinp,, , where U;a,, is the estimation error. The first part of the bias-correction

in (16) and (18) is an additive term

[T/ An]—3kn+1 d
T2 > < > (athaabG)(éiAn)(éga,iAnahb,iAn + agb,iAnéha,iAn)>- (19)
n i=kn+1 g,h,a,b=1

This term arises because of the estimation error U;a,. Intuitively, estimation of, e.g., variance
of functionals of C;a, by variance of functionals of @-An overestimates it due to the additional
variability of U;a, . In particular, one can show that the additive bias-correction term in (19) is, up
to a scale factor, an estimator of the asymptotic covariance between the estimators of fo (Cy)dt
and fo (Cy)dt.

The second part of the bias-correction in (16) and (18) is the multiplicative correction factor 3/2.
This correction factor is needed because of a smoothing bias that arises due to the replacement
of Cia, by &~ f (Z+k”) " (Csds. To gain some intuition, consider the special case of d = 1 and

1

HH=G()=-. Suppose we had observations on x- fi(i—:k"m" Cyds. The i*" summand in the

naive estimator of [C, C], would be

(i42kn)An (i4+kn)An 2 (i+kn)An 2
/ Csds — / Cids | = / (Cssnnk, —Cs)ds | (20)
(i+kn)Ap iAp iAn

divided by A2k3. Consider the weights that the integral f (i+kn) An

(CS+Ankn - CS) dS
puts on A,-increments of the volatility Cy: these Weights are triangular, i.e.,
(Apkn — |Apky, + 1A, — s|) I {s € [iA,, (i + 2k,) Ay} One can show that the squared

integral in (20) is proportional to the integral of the squared triangular weights,

(Anin)g i(zi"H)A" (Ankn — |Anky + 1A, — s|)2 ds.  The latter integral equals %, hence the
estimator needs a multiplicative correction factor %

When H(-) = G(-), the estimand is nonnegative, [H(C),G(C)]7 > 0, so our estimators are
nonnegative in large samples. However, due to the presence of an additive bias-correction, our
estimators are not guaranteed to be nonnegative in finite samples. We remark that Vetter (2015)
constructs a univariate volatility of volatility estimator that is guaranteed to be nonnegative, at
the cost of a slower rate of convergence.

Our two estimators, AN in equation (16) and LIN in (18), are identical when H and G are linear,

for example, when estimating the covariation between two volatility processes. In the univariate
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case d = 1, when H(-) = G(-) = - , and when one assumes no price or volatility jumps and omits the
price and volatility jump truncation, both of our estimators coincide with the volatility of volatility
estimator of Vetter (2015).

While Jacod and Rosenbaum (2015) focus on a different problem, one of the asymptotic bias
terms in their paper is of the form [H(C), H(C)|7. In the special case H(-) = G(-), aside from a
scale factor, the end-effects, and the form of the volatility jump truncation, our LIN estimator in
equation (18) coincides with their estimator. Our approach to volatility jumps differs as we truncate
these jump from below, while Jacod and Rosenbaum (2015) truncate from above, and we use a
simpler form of truncation that in finite samples is robust to consecutive volatility jumps. Jacod
and Rosenbaum (2015) only establish consistency of the relevant estimator, and do not provide any
asymptotic distribution theory. In contrast, we derive the asymptotic distribution of the estimators

of [H(C),G(C)]7, and provide a consistent estimator of the asymptotic variance.

3.2 Estimation in R-FM and IdioVol-FM models

In this section, we explain how to use formulas in equations (16) and (18) to obtain estimators for

the objects of interest in Section 2, see equations (6)—(12). In particular, each of these objects of

interest,
[CZJ7 CZS]%U Corr (CZj7 OZS) v VZ;> [CgejSid’ C%ZSid]%7 (21)
Corr (Cg;sid7 CEZSid> ’ Q%7%ZOZ_FM7 and R%jdioVol-FM}
for j,s =1,...,dg, can be written as
¢ ([H1(C), G (O, -, [Hi(C), Gu(O)7) (22)
for some smooth, real-valued functions ¢, H,, G, r =1,..., k. Each element in (22) is of the form

[H,(C),G,(C)]%, i.e., it is the continuous part of a quadratic covariation between functions of Cy,
and hence can be estimated using the estimators proposed in Section 3.1.

We start by discussing the first quantity in (21), which is the continuous part of the quadratic
covariation between j and s IdioVol, [Cz;,Czs|%. It can be written as [H(C), G(C))% if we
choose H(C;) = Cz;; and G(Cy) = Cgzsy. By equation (5), both Cz; and Cz,, are functions of
Cy.
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Next, consider Corr (Czj,Czs) defined in equation (8). Correlation is a function of three
quadratic covariations, each of which can be represented in the form [H,(C), G»(C)]%. Therefore,
Corr (Cgzj,Czs) is of the form of equation (22).

Note that IdioVol-FM implies

vz = (L) [IL,Czlf,  and (23)
(C57 4, C5 e = [Czyy Caslg — 7251, Mgy 2 (24)
for j,s =1,...,dg. Recall that Cz;;, Czs; and every element of 1I; are given real-valued functions

of C¢. Thus, the right-hand-sides of (23) and (24) have the form of equation (22), for a finite
number of quantities of the form [H,(C), G,(C)]5.

Finally, Corr (C35id, Ct), QP and REJ™VH™M are smooth functions o
[C’g?sjd,ngsid]%, [Czj,Czj|T, Vz;, and [IL1I]7, each of which is of the form of equation (22),

and hence are themselves of the form of equation (22).

4 Asymptotic Properties

In this section, we first present the full list of assumptions for our asymptotic results. We then obtain
the joint asymptotic distribution between the general functionals [H,(C),G,(C)|; for r=1,...,k
introduced in Section 3.1. We also develop estimators for the asymptotic variance-covariance ma-
trix. The asymptotic distributions of the estimators of Corr (Cz;,Cz;) and other quantities of
interest in Section 2 follow by the Delta method (see Section 3.2 for details). Finally, to illustrate
the application of the general theory, we describe three statistical tests about the IdioVols, which
we later implement in the empirical and Monte Carlo analysis.

4.1 Assumptions

Recall that the d-dimensional process Y; represents the (log) prices of stocks, S;, and factors Fy.

Assumption 1. Suppose Y is an Ité semimartingale on a filtered space (0, F, (Ft)t>0,P),

t t t
Y; =Y, —I—/ bsds +/ o dW +/ / d(s, z)u(ds, dz), (25)
0 0 0o JE

where W is a dV -dimensional Brownian motion (dV > d) and u is a Poisson random measure on
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Ry x E, with E an auziliary Polish space with intensity measure v(dt,dz) = dt ® A\(dz) for some o-
finite measure A on E. The process by is R%*-valued optional, o is R x R4™ -valued, and § = 0(w,t, z)
is a predictable R? -valued function on Q x Ry x E. Moreover, ||6(w,t A T (w), 2)|| A1 < Tp(2),
for all (w,t,z), where (T,,) is a localizing sequence of stopping times and, for some r € [0,1/2), the
function Ty, on E satisfies [ T'm(2)"A(dz) < oo. The spot volatility matriz of Y is then defined as

Cy = crtatT. We assume that Cy is an Ité semimartingale,'!
t_ t
Cy =Co+ / bsds + / osdWs + J7, (26)
0 0

where b is R x R -valued optional, and J{ is a finite activity jump process. Cy takes values in the
space My consisting of d x d positive definite matrices. For a sequence of conver compact subsets

(Kim)m>1 of Ma, Cr € Ky, for all t < pp,.

With the above notation, the elements of the spot volatility of volatility matrix and spot co-

variation of the continuous martingale parts of X and c are defined as follows,

av av

—gh,ab ~gh,m~abm ~9,ab gm~ab,m

cy 7 = E o oy, CF = E o] oy . (27)
m=1 m=1

We assume the following for the process o:

Assumption 2. 7; is a continuous It6 semimartingale with its characteristics satisfying the same

requirements as that of Cy — J7 .

Assumption 1 is very general and nests most of the multivariate continuous-time models used in
economics and finance. It allows for potential stochastic volatility and jumps in returns. Assump-
tion 2 is required to obtain the asymptotic distribution of estimators of the quadratic covariation
between functionals of the spot covariance matrix C;. It is not needed to prove consistency. This

assumption also appears in Wang and Mykland (2014), Vetter (2015), and Kalnina and Xiu (2017).

4.2 Asymptotic Distribution

We have seen in Section 3 that all quantities of interest in (21) are functions of multiple objects of

the form [H(C),G(C)]$. Therefore, if we can obtain a multivariate asymptotic distribution for a

"Note that s = (59"™) is (d x d x d")-dimensional and G:dWs is (d x d)-dimensional with (5:dW;)9" =
S Gehmgpym,

m=1Ys
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vector with elements of the form [H(C), G(C)]%, the asymptotic distributions for all our estimators
follow by the Delta method. The current section presents this asymptotic distribution.
Let H1,G4,. .., H,, G, be given smooth real-valued functions. We are interested in the asymp-

totic behavior of vectors

(I (). GH (O, [HA(C), Ga(O) ) am
— LIN — LINN T (28)
(1), GO, [HAC), Ga(O) )

The following theorem summarizes the joint asymptotic behavior of the estimators.

—_— —_ AN —_— LIN
Theorem 1. Let [H,(C),G-(C)]S denote either [H,.(C),G,(C)|s  or [H(C),Gr(C)]5 de-
fined in equations (16) and (18), where H, and G, are three times differentiable real-valued func-

tions, forr =1,...,k. Suppose Assumptions 1 and 2 hold. Fix k, = 9A;1/2 for some 6 € (0,00).

Set up, < AT with ig_t% <w< %, and u), < A}f/ with 0 < @’ < min (% -, %) Then, as A, — 0,

—

[H1(C), G1(C)]7 — [H1(C), G1(O)]7
A4 . L% MN(,27). (29)

Let X72° be the (21), ; element of the k X & matriz Xp. We have

[ ) 7(1) ) 7(2) ) 7(3)
E;S — Z;S + E;S + ET‘TS ,

d d T
7,8 6 .
zfxnzzgg >y QA (Qmﬂﬁkﬂhﬁﬂfg@mGAC@)Fﬁ@thX%mahn)

g,h,a,b=1 j,k,l,m=1

+ C(ab, jk)Ci(gh, im) |,

d d

rez) 1510
=T X 2

g,h,a,b=1 j,k,l,m=1

LT a

' —gh,jk—=ab,lm
/ (8thraabG’”8ij381mGs(Ct)) [Cf 7 (OM
0

d d T
T,8 3 . v ~abIm
zf@>:29 Y% /‘Q%ﬂﬂ@ﬂh@ﬂﬂ@mGA@»P%@mJ@Ct
g,hab=1 Gk lm=1""

7jk

+ Culab, tm)CY"" + Cogh, tm) T + Cyab, j1)TT™ |t
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with
Ci(gh, jk) = Cyj tChit + CortChijit-

The convergence in Theorem 1 is stable in law (denoted L-s, see for example Aldous and
Eagleson (1978) and Jacod and Protter (2012)). The limit is mixed gaussian and the precision of
the estimators depends on the paths of the spot covariance and the volatility of volatility process.
The rate of convergence A, 1/4 has been shown to be the optimal for volatility of volatility estimation
(in the absence of volatility jumps).

The asymptotic variance of the estimators depends on the tuning parameter 8 whose choice
may be crucial for the reliability of the inference. We document the sensitivity of the inference

theory to the choice of the parameter § in a Monte Carlo experiment (see Section 6).

4.3 Estimation of the Asymptotic Covariance Matrix

To provide a consistent estimator for the element X7 of the asymptotic covariance matrix in

Theorem 1, we introduce the following quantities:

d d [T/An]—5kn+1
aeoa, 3% D <8thr8abGT8ij581mGs(C’mn)
g,h,a,b=1 j,k,l,m=1 i=kn+1

X [@An (gh, jk)Cia, (ab, Im) + Cia, (ab, k)Csn. (gh. lm)} 10 Ao

d [T/An] Skn+1 —~ 1~ n,gh~n,jk~n,ab ~n,Im
Z Z Z (athraabGraijsalmGs(CiAn)) |:2>‘z7 >‘i7 )‘z+2kz )‘H—Qk

g,h,a,b=1 j,k,l,m=1 i=kn+1
1 ~n,ab~n,lm~n,gh ~n,jk 1 ~n,ab~n,jk~n,gh ~n,lm 1 ~n,gh~n,lm—~n,ab n,jk
+ )\ A Nitok, )‘z+2kn+ AN Aok, Aok, )\ A Aig ok, >\z+2k Log_ A jin
® 3 d [T/An]—5kn+1
P ~
Q== Y Z > (O H 0G0 H o0 Gis(Cin,) )
n g,h,a,b=1 j,k,l,m=1 i=kn+1
~n,ab~n,lm ~ ~n,gh~n,jk

[C ghy gNT N 4 Gy, (ab, Im) NN

(2

~ ~n,ab~n,jk ~n,gh~n,lm
+CZA (gh lm))\ )\Z + (C (ab Jk)A >‘z ] 1m?=DAi+jkn'

with )\ = CZL_”_jkn — Cf’] » Cin, (gh, jk) = (ng,iAnChk,iAn + Cgk,iAnChj,iAn)v and A; =
{HC(iJrkn)An — Clicin)anll > uy}-

The following result holds,
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Theorem 2. Suppose the assumptions of Theorem 1 hold. Then, as A, — 0,

6 Ars, (1) P r,s,(1

pat W2,y (30)
3 05 S0 2, 5750 g )
1516 9 A7S,(2) 4 A7, (1) 4/‘7’,5,(3) P 7,5,(2)

The estimated matrix flT is symmetric but is not guaranteed to be positive semi-definite. By
Theorem 1, flT is positive semi-definite in large samples. An interesting question is the estimation
of the asymptotic variance using subsampling or bootstrap methods, see Kalnina (2011, 2023), and
we leave it for future research.

Remark 1: The rate of convergence in equation (30) can be shown to be AEI/Q, and the rate

of convergence in (31) and (32) can be shown to be A

(2)

Remark 2: In the one-dimensional case (d = 1), much simpler estimators of ¥7:'” can be

~n,jk-~n,lm-~n,gh ~n,xy ~n,jk-~n,lm-~n,gh~n,xy

constructed using the quantities A\; = A, Ajip Ay or AT A A TN

i i as in Vetter (2015).
However, in the multidimensional case, the latter quantities do not identify separately the quantity
ajk’lm@gh’zy since the combination ajk’lmagh’wy + ajk’ghalm’xy + ajk’xy@gh’lm shows up in a

non-trivial way in the limit of the estimator.

Corollary 3. Let [H,(C),G.(C)]5 denote either [H.(C),G,(C)|s  or [H(C),Gr(C)]% de-
fined in equations (16) and (18). Suppose the assumptions of Theorem 1 hold. Then, as A, — 0,

—

[H1(C),G1(O)]7 — [Hi(C), G1(O)]
AV S : L5 N(0, 1) (33)

In the above, we use L to denote the convergence in distribution and I, the identity matrix
of order k. Corollary 3 states the standardized asymptotic distribution, which follows directly
from the properties of the stable-in-law convergence. Similarly, by the Delta method, standardized
asymptotic distribution can also be derived for the estimators of the quantities in (21). These
standardized distributions allow the construction of confidence intervals for all the latent quantities

of the form [H,(C), G,(C)]% and, more generally, functions of these quantities.
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4.4 Tests

As an illustration of application of the general theory, we provide three tests about the dependence of
Idiosyncratic Volatility. Our framework allows to test general hypotheses about the joint dynamics
of any subset of the available stocks. The three examples below are stated for one pair of stocks,
and correspond to the tests we implement in the empirical and Monte Carlo studies.

First, one can test for the absence of dependence between the continuous components of the

IdioVols of the returns on assets j and s,
H(% : [Czj, CZS]% =0. (34)

Under H{, A,:1/4[CZ?C\ZS]CTYA/*U2 LN (0,1), so we can use a t-test.
Second, we can test the hypothesis that none of the IdioVol factors II explaining the dynamics
of IdioVol shocks of stock j,
Hf + [Cz;, 1] =0 (35)

Under this null hypothesis, the vector of IdioVol factor loadings equals zero, 7, = 0. Under Hg,

8 () (V) 1020y 5 e (36)

so we can use a Wald test. One can of course also construct a t-test for irrelevance of any one
particular IdioVol factor. The final example is a test for absence of dependence between the

residual IdioVols of stock j and s,

Hy « O35, O = 0. (37)

—

Under H{, Aﬁl/4[02§5id, Cge;’id]%f/_lm LN (0,1), so we can use a t-test.

Each of the above estimators

o — —

[CZja CZS]%W [CZj7 H]’%v and [CE?Sida CgiSid]%

can be obtained by choosing appropriate pair(s) of transformations H and G in the general estimator
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—

[H(C),G(C)]%, see Section 3 for details. Any of the two types of the latter estimator can be used,

For the first two tests, the expression for the true asymptotic variance, V', is obtained using Theorem
1 and its estimation follows from Theorem 2. The asymptotic variance in the third test is obtained
by applying the Delta method to the joint convergence result in Theorem 1. The expression for the
estimator of the asymptotic variance, ‘7, follows from Theorem 2. Under R-FM and the assumptions
of Theorem 1, Corollary 3 implies that the asymptotic size of the two types of tests for the null
hypotheses H& and Hg is a, and their power approaches 1. The same properties apply for the tests
of the null hypotheses H3 with our R-FM and IdioVol-FM representations.

Theoretically, it is possible to test for absence of dependence in the IdioVols at each point
in time. In this case the null hypothesis is HY : [Czj,Czsl§ = 0 forall 0 <t < T, which is,
in theory, stronger than our Hol’ . In particular, Theorem 1 can be used to set up Kolmogorov-

Smirnov type of tests for H}'

in the same spirit as Vetter (2015). However, we do not pursue this
direction in the current paper for two reasons. First, the testing procedure would be more involved.
Second, empirical evidence suggests nonnegative dependence between IdioVols, which means that
in practice, it is not too restrictive to assume [Cz;, Czs]§ > 0 Vt, under which H} and HY' are

equivalent.

5 Empirical Analysis

We apply our methods to study the cross-sectional dependence in IdioVols using high frequency
data. One of our main findings is that stocks’ IdioVols co-move strongly with the market volatility.
This is a quite surprising finding. It is of course well known that the total volatility of stocks moves
with the market volatility. However, we stress that we find that the strong effect is still present
when considering the IdioVols.

We use transaction prices from NYSE TAQ database for S&P 100 index constituents from
2003 to 2012. Starting with the union of constituents over this period, we select only those stocks
for which complete data is available; this results in a full sample of 104 stocks. After excluding
the non-trading days, our sample contains 2517 days. We also use the high-frequency data on

nine industry Exchange-Traded Funds, ETFs (Consumer Discretionary, Consumer Staples, Energy,
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Financial, Health Care, Industrial, Materials, Technology, and Utilities), and the high-frequency
size and value Fama-French factors, see Ait-Sahalia, Kalnina, and Xiu (2020). To aid visualization,
we report additional results for a subset of 30 stocks. We obtain the subset of 30 stocks by selecting
at least two stocks from each of the nine GICS sectors, together with the most liquid stocks; see
Table 1 for details. For each day, we consider data from the regular exchange opening hours from
time stamped between 9:30 a.m. until 4 p.m.

We clean the data following the procedure suggested by Barndorff-Nielsen, Hansen, Lunde, and
Shephard (2008), remove the overnight returns and then sample at 5 minutes. This sparse sampling
has been widely used in the literature because the effect of the microstructure noise and potential
asynchronicity of the data is less important at this frequency, see also Liu, Patton, and Sheppard
(2015). The return jump truncation threshold is the same as in simulations, see Section 6. The
number of observations in the local window is taken as in Theorem 1 to be k, = 60A,, 1 2 We take
0 =2.5and A, =1/252/(6.5%x12), i.e., A, is 5 minutes (with one year being a unit of time), which
corresponds to the local window of approximately one week. The threshold for volatility jumps is
based on the individual asset volatility changing by more than 10 percentage points. The optimal
selection of this tuning parameter is a complex issue that falls outside the scope of this paper. We
find that both types of estimators, AN and LIN, produce very similar results and report only the
AN estimator for brevity.

To obtain the Idiosyncratic Volatilities, the preliminary step is to estimate the Return Factor
Model (R-FM) for each stock. Figures F.1 and F.2 contain plots of the time series of the estimated
RZ ; of the R-FM for the subset of 30 stocks.!? Each plot contains monthly R? ; from two Return
Factor Models, CAPM and the Fama-French regression with market, size, and value factors. Figures
F.1 and F.2 show that these time series of all stocks follow approximately the same trend with a
considerable increase in the contribution around the crisis year 2008. Higher R%/j indicates that
the systematic risk is relatively more important, which is typical during crises. R%,j is consistently
higher in the Fama-French regression model compared to the CAPM regression model, albeit not by
much. We proceed to investigate the dynamic properties of the panel of Idiosyncratic Volatilities.

We first investigate the dependence in the (total) Idiosyncratic Volatilities. Our panel has

—1_ I Czjpdt

I Cyjat’
R%/j using the general method of Jacod and Rosenbaum (2013). The resulting estimator of R%j requires a choice of a
block size for the spot volatility estimation; we choose two hours in practice (the number of observations in a block,
say I, has to satisfy I2A,, — 0 and I2A,, — o0, so it is of smaller order than the number of observations k, in our
estimators of Section 3).

"2For the j*" stock, our analog of the coefficient of determination in the R-FM is Rffj We estimate
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5356 pairs of stocks. For each pair of stocks, we compute the correlation between the IdioVols,
Corr (Cgzi, Czj), see Section 3.2 for the implementation details. All pairwise correlations are pos-
itive in our sample, and their average is 0.35. Figure 1 contains a heatmap of this dependency
measure in the IdioVols. We simultaneously test 5356 hypotheses of no correlation, and Figure
1 assigns non-zero correlations only for those pairs of assets, for which the null is rejected; the
diagonal contains zeros, too. We account for multiple testing by controlling the false discovery rate
at 5%. Overall, Figure 1 shows that the cross-sectional dependence between the IdioVols is very
strong. To aid visualization, Figure 2 maps the network of dependencies in the IdioVols for the
subset of 30 stocks. Similarly to Figure 1, in Figure 2, we simultaneously test 435 hypotheses of no
correlation, and Figure 2 connects only the assets, for which the null is rejected. Unsurprisingly,

the cross-sectional dependence between the IdioVols is also very strong among this subset of stocks.
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Figure 1: The heatmap of dependencies in total IdioVols. 104 stocks. For every pair, we test the null
hypothesis of no dependence in IdioVols. If the null is rejected, the heatmap color is proportional to the
estimated value of Corr (Cz;, Cz;), the quadratic-covariation based correlation between the IdioVols, defined
in equation (8). Zero value is assigned to pairs where the null is not rejected as well as the diagonal elements.

Could missing factors in the R-FM provide an explanation? Omitted return factors in the
R-FM are captured by the idiosyncratic returns, and can therefore induce correlation between the
estimated IdioVols, provided these missing return factors have non-negligible volatility of volatil-

ity. To investigate this possibility, we consider the correlations between idiosyncratic returns,
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Figure 2: The network of dependencies in total IdioVols. 30 stocks. The color and thickness of each line is
proportional to the estimated value of Corr (Cz;, Cz;), the quadratic-covariation based correlation between
the IdioVols, defined in equation (8) (red and thick lines indicate high correlation). We simultaneously test
435 null hypotheses of no correlation, and the lines are only plotted when the null is rejected.

Corr(Z;,Z;).'3 Table 2 presents a summary of how estimates of Corr(Z;, Z;) are related to the
estimates of correlation in IdioVols, Corr(Cz;,Cz;). In particular, different rows in Table 2 dis-
play average values of Corr (Czi,Czj) among those pairs, for which ‘C/'OE“(ZZ', Zj)| is below some
threshold. We observe that even among pairs with virtually uncorrelated idiosyncratic returns, the
correlations among IdioVols are still high. This conclusion holds both for the idiosyncratic returns
and volatilities defined with respect to CAPM, as well as the R-FM with three Fama-French factors.
Moreover, we observe that IdioVol correlations, Corr (Czi,Czj), are similar compared among pairs
that have high or low idiosyncratic return correlations, Corr (Czi,Czj). These results suggest that
missing return factors cannot explain dependence in IdioVols for all considered stocks. This finding

is in line with the empirical analysis of Herskovic, Kelly, Lustig, and Nieuwerburgh (2016) with

'30ur measure of correlation between the idiosyncratic returns dZ; and dZ; is
[ Czizjadt
\/fOT CZi,tdt\/fOT Czjdt

where Cziz;+ is the spot covariation between Z; and Z;. Similarly to Rffj, we estimate Corr(Z;, Z;) using the
estimator of Jacod and Rosenbaum (2013).

Corr(Z;, Z;) =

ij=1,...,ds, (38)
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daily and monthly returns.

To understand the source of the strong cross-sectional dependence in the IdioVols, we consider
the Idiosyncratic Volatility Factor Model (IdioVol-FM) of Section 2. We first use the market
volatility as the only IdioVol factor.'* Table 3 reports the estimates of the IdioVol loading (7,;)
and the R? of the IdioVol-FM (R%i[dio VolEM e equation (10)). Table 3 uses two different definitions
of IdioVol, one defined with respect to CAPM, and a second IdioVol defined with respect to Fama-
French three factor model. For virtually every stock, the estimated IdioVol factor loading is positive,
suggesting that the Idiosyncratic Volatility co-moves with the market volatility. We have also
calculated the relevant t-statistics, showing that for virtually every stock, IdioVol loading 7, is
highly statistically significant. Next, Figures 3 and 5 show dependencies among residual IdioVols
after accoung for the market volatility as the sole IdioVol factor. The average pairwise correlations
between the residual IdioVols, C/OE"(CE?M, ge]-Sid), across all pairs of stocks, decrease to 0.21.
However, the market volatility cannot explain all cross-sectional dependence in residual IdioVols,
as evidenced by the remaining links in both Figure 3 and 5.

Finally, we consider an IdioVol-FM with ten IdioVol factors, market volatility and the volatilities
of nine industry ETFs. Figures 4 and 6 show the implications for the cross-section of this ten-
factor IdioVol-FM when the IdioVol is defined with respect to CAPM, for 104 and 30 stocks,
respectively. The average pairwise correlations between the residual IdioVols, C/’OE"(C%SM, g‘}‘*id),
decrease further to 0.17. However, significant dependence between the residual IdioVols remains, as
evidenced by the remaining links in both Figures 4 and 6. Our results suggest that there is room for
considering the construction of additional IdioVol factors based on economic theory, for example,
along the lines of the heterogeneous agents model of Herskovic, Kelly, Lustig, and Nieuwerburgh
(2016).

For comparison, we also calculate the naive estimators, see equation (15). Of course, since the
naive estimators are inconsistent, we do not have valid confidence intervals to accompany them. We
focus on the one-factor IdioVol-FM. In our data set, the absolute values of the differences between
the naive and the bias-corrected estimators range, across all pairs of stocks, between 0 and 0.045
for Corr (Cz;,Cz;), between 0 and 0.051 for Corr(C%iSid,Cg‘?Sid), and between 0.06 and 0.13 for
R%diOVOZ'FM. However, the relative errors can be large, for example, for R%]I.diOVOl'FM, it is 42% on

average. We find that in the instances where the differences are small, the multiplicative bias, i.e.,

14We also considered the volatility of size and value Fama-French factors. However, both these factors turned out
to have very low volatility of volatility and therefore did not significantly change the results.
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the factor 2/3, dominates the additive bias both in the numerator and the denominator, so that

the multiplicative bias approximately cancels out for these estimands.
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Figure 3: The heatmap of dependencies in residual IdioVols after accounting for a single IdioVol factor: the
market variance. 104 stocks. For every pair, we test the null hypothesis of no dependence in residual IdioVols.
If the null is rejected, the heatmap color is proportional to the estimated value of Corr (CgeiSid, C}?Sid), the
quadratic-covariation based correlation between the residual IdioVols, defined in equation (9). Zero value is
assigned to pairs where the null is not rejected as well as the diagonal elements.
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Figure 4: The heatmap of dependencies in residual IdioVols after accounting for ten IdioVol factors: the
market variance and the variances of nine industry ETFs. 104 stocks. For every pair, we test the null
hypothesis of no dependence in residual IdioVols. If the null is rejected, the heatmap color is proportional to
the estimated value of Corr (C’%‘”’d7 C’gejs"d), the quadratic-covariation based correlation between the residual
IdioVols, defined in equation (9). Zero value is assigned to pairs where the null is not rejected as well as the
diagonal e
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Figure 5: The network of dependencies in residual IdioVols after accounting for a single IdioVol factor: the
market variance. 30 stocks. The color and thickness of each line is proportional to the estimated value of
Corr (C55™, Cesi?) | the quadratic-covariation based correlation between the residual IdioVols, defined in
equation (9) (red and thick lines indicate high correlation). We simultaneously test 435 null hypotheses of
no correlation, and the lines are only plotted when the null is rejected.
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Figure 6: The network of dependencies in residual IdioVols after accounting for ten IdioVol factors: the

market variance and the variances of nine industry ETFs. 30 stocks. The color and thickness of each line

is proportional to the estimated value of Corr (Cgﬁ”d, Cgef“d), the quadratic-covariation based correlation

between the residual IdioVols, defined in equation (9) (red and thick lines indicate high correlation). We
simultaneously test 435 null hypotheses of no correlation, and the lines are only plotted when the null is

rejected.
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Sector Stock Ticker

Financials Bank of America Corp BAC
Goldman Sachs Group Inc GS
JPMorgan Chase & Co JPM
Wells Fargo & Co WEFC
Energy ConocoPhillips COP
Chevron Corp CVX
Exxon Mobil Corp XOM
Consumer Staples Altria Group Inc MO
Procter & Gamble Co PG
Walmart Inc WMT
Industrials Caterpillar Inc CAT
GE Aerospace GE
Information Technology  Apple Inc AAPL
Cisco Systems Inc CSCO
HP Inc HPQ
Intl Business Machines Corp IBM
Intel Corp INTC
Microsoft Corp MSFT
Oracle Corp ORCL
Qualcomm Inc QCOM
Health Care Amgen Inc AMGN
Johnson & Johnson JNJ
Merck & Co MRK
Pfizer Inc PFE
Consumer Discretionary ~ Amazon.com Inc AMZN
Ebay Inc EBAY
Materials Alcoa Corp AA
Dupont de Nemours Inc DD
Communication Services AT&T Inc T

Verizon Communications Inc  VZ

Table 1: The set of 30 stocks used in the maps of network of dependencies in (residual) IdioVols in Figures
2, 5, and 6.
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CAPM FF3 Model CAPM FF3 Model

Stock 3. EZZ,Idio Vol-FM | 5 ﬁZZ,Idio Vol-FM Stock 3, ﬁzz,ldio Vol-FM | 5 §2Z,Idio Vol-FM
AA 0.57 0.12 0.56 0.12 HNZ | 0.36 0.52 0.36 0.52
AAPL | 0.30 0.07 0.30 0.07 HON | 0.32 0.21 0.31 0.21
ABT 0.23 0.20 0.23 0.20 HPQ | 0.44 0.15 0.44 0.15
AEP 0.37 0.29 0.36 0.29 HSH | 0.19 0.11 0.19 0.12
AES 0.49 0.07 0.49 0.07 IBM | 0.35 0.44 0.35 0.45
AIG 0.37 0.02 0.36 0.02 INTC | 0.37 0.25 0.37 0.25
ALL 0.29 0.07 0.29 0.07 P 0.34 0.07 0.33 0.07
AMGN | 0.29 0.19 0.29 0.18 JNJ 0.37 0.62 0.37 0.62
AMZN | 0.56 0.19 0.55 0.19 JPM | 0.34 0.06 0.34 0.06
APA 0.33 0.14 0.32 0.14 KO 0.32 0.55 0.31 0.54
APC 0.27 0.05 0.26 0.04 LLY | 0.40 0.46 0.39 0.46
ATI 0.35 0.03 0.35 0.03 LMT | 0.40 0.28 0.39 0.28
AVP 0.25 0.04 0.24 0.03 LOW | 0.47 0.28 0.45 0.27
AXP 0.40 0.09 0.39 0.09 MCD | 0.30 0.20 0.30 0.20
BA 0.37 0.30 0.36 0.29 MDLZ | 0.28 0.26 0.27 0.26
BAC 0.42 0.03 0.42 0.04 MDT | 0.50 0.55 0.50 0.56
BAX 0.22 0.05 0.22 0.05 MET | 0.25 0.05 0.25 0.05
BHI 0.25 0.06 0.25 0.06 MMM | 0.25 0.30 0.24 0.29
BK 0.55 0.09 0.54 0.09 MO 0.43 0.36 0.43 0.36
BMY | 0.30 0.25 0.30 0.25 MON | 0.34 0.05 0.33 0.05
C 0.26 0.02 0.26 0.02 MRK | 0.40 0.20 0.39 0.20
CAT 0.53 0.32 0.53 0.33 MSFT | 0.51 0.59 0.50 0.60
CI 0.46 0.08 0.45 0.08 NKE | 0.53 0.45 0.53 0.45
CL 0.19 0.29 0.19 0.30 NOV | 0.30 0.04 0.29 0.04
CMCSA | 0.37 0.20 0.37 0.20 NSC | 041 0.17 0.41 0.16
COF 0.56 0.08 0.56 0.08 ORCL | 0.36 0.25 0.36 0.25
cop 0.35 0.18 0.35 0.18 OXY | 0.35 0.11 0.34 0.10
COST | 0.32 0.30 0.32 0.30 PEP | 0.27 0.44 0.27 0.45
CPB 0.17 0.09 0.17 0.09 PFE | 0.30 0.20 0.30 0.21
CSC 0.32 0.08 0.32 0.08 PG 0.27 0.58 0.27 0.58
CSCO | 0.39 0.27 0.39 0.27 QCOM | 0.45 0.24 0.45 0.24
CVS 0.33 0.15 0.33 0.15 RF 0.50 0.03 0.50 0.03
CvX 0.29 0.23 0.28 0.23 ROK | 0.54 0.22 0.53 0.22
DD 0.46 0.46 0.45 0.46 S 0.39 0.02 0.38 0.02
DELL | 0.32 0.15 0.32 0.15 SBUX | 0.49 0.24 0.48 0.24
DIS 0.42 0.36 0.42 0.36 SO 0.36 0.66 0.35 0.66
DOW | 047 0.16 0.47 0.16 T 0.53 0.30 0.53 0.30
DVN 0.31 0.09 0.31 0.09 TGT | 0.62 0.31 0.62 0.31
EBAY | 0.50 0.26 0.50 0.26 TWX | 0.53 0.41 0.52 0.41
EMC 0.47 0.20 0.47 0.20 TXN | 0.42 0.30 0.42 0.30
EMR | 0.26 0.11 0.26 0.11 UIS 0.30 0.01 0.29 0.01
ETR 0.34 0.32 0.34 0.32 UNH | 0.63 0.23 0.64 0.24
EXC 0.44 0.26 0.42 0.25 UNP | 0.56 0.29 0.55 0.29
F 0.52 0.05 0.51 0.05 UPS | 0.33 0.49 0.33 0.49
FDX 0.34 0.30 0.34 0.30 USB | 0.60 0.18 0.60 0.18
GD 0.45 0.43 0.44 0.44 UTX | 0.38 0.33 0.38 0.33
GE 0.38 0.09 0.38 0.09 V7Z 0.41 0.38 0.40 0.38
GILD | 0.37 0.15 0.38 0.16 WFC | 0.33 0.05 0.32 0.05
GS 0.43 0.12 0.43 0.12 WMB | 0.35 0.03 0.35 0.03
HAL 0.29 0.05 0.29 0.05 WMT | 0.28 0.47 0.28 0.48
HD 0.36 0.22 0.36 0.22 XOM | 0.35 0.24 0.35 0.24
HIG 0.27 0.03 0.26 0.03 XRX | 0.52 0.18 0.52 0.18

Table 3: Estimates of the IdioVol factor loading (7, see equation (6)), and the contribution of the market
volatility to the variation in the IdioVols (ﬁ%ldwv"l‘FM, see equation (10)). The table considers two R-FMs:
the left panel defines the IdioVol with respect to CAPM, and the right panel defines the IdioVol with respect
to the three-factor Fama-French model. In both cases, the market volatility is the only IdioVol factor.
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6 Monte Carlo

This section investigates the finite sample properties of our estimators and tests. The data gener-
ating process (DGP) is similar to that of Li, Todorov, and Tauchen (2013) and is constructed as
follows. Denote by Y; and Y5 the log-prices of two individual stocks, and by X the log-price of
the market portfolio. Recall that the superscript ¢ indicates the continuous part of a process. We

assume
dX; = dX{ +dJsy, dX{=/CxdW;,
and, for j = 1,2,
dYje = B,dX§ + dVE, + d e, AV, = /Cryed Wi

In the above, C'x is the spot volatility of the market portfolio, Wl and WQ are Brownian motions
with Corr(d’Wv17t,dW27t) = 0.4, and W is an independent Brownian motion; .Ji,J2, and J3 are
independent compound Poisson processes with intensity equal to 2 jumps per year and jump size
distribution N (0, 0.022). The beta process is time-varying and is specified as 3, = 0.540.1 sin(100t).

We next specify the volatility processes. As our building blocks, we first generate four processes

f1,---, fa as mutually independent Cox-Ingersoll-Ross processes,

df1y = 5(0.00 — fi)dt + 0.35\/f17t< — 0.8dW; + /1 — 0.82dBLt>,

dfjﬂg = 5(009 - ijt)dt + 0.354/ fj,tdBj,t , for j =2,3,4,

where By, ..., By are independent standard Brownian Motions, which are also independent from
the Brownian Motions of the return Factor Model.!> We use the first process f; as the market
volatility, i.e., Cx = f1:. We use the other three processes f2, f3, and f4 to construct two different
specifications for the IdioVol processes Cz1; and Cgzay, see Table 4 for details. The common
Brownian Motion W; in the market portfolio price process X; and its volatility process Cx; = f1
generates a leverage effect for the market portfolio. The value of the leverage effect is —0.8, which

is standard in the literature, see Kalnina and Xiu (2017), Ait-Sahalia, Fan, and Li (2013) and

5The Feller property is satisfied implying the positiveness of the processes (fj¢)1<j<a-
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Ait-Sahalia, Fan, Laeven, Wang, and Yang (2017).'6

Cz1t Cza

Model 1 0.1+ 1.5f2, 0.1+ 1.5f5,
Model 2 0.1+ 0.45Cx; + for +0.4fs; 0.1+ 0.35Cx; + 0.3f3, +0.6fa,

Table 4: Different specifications for the Idiosyncratic Volatility processes Cz1+ and Cza ;.

We set the time span T' equal to 1,260 or 2,520 days, which correspond approximately to 5
and 10 business years. These values are standard in the nonparametric leverage effect estimation
literature (see Ait-Sahalia, Fan, and Li (2013) and Kalnina and Xiu (2017)), where the rate of
convergence is also A~1/4, Each day consists of 6.5 trading hours. We consider two different values
for the sampling frequency, A,, = 1 minute and A, = 5 minutes. We follow Li, Todorov, and
Tauchen (2016) and set the jump truncation threshold u, in day t at 35;A%%° where ; is the
squared root of the annualized bipower variation of Barndorff-Nielsen and Shephard (2004). We
choose four different values for the width of the subsamples, which corresponds to 6 = 1.5,2,2.5
and 3 (recall that the number of observations in a window is k, = 6/v/A,). We use 10,000 Monte
Carlo replications in all the experiments.

We first investigate the finite sample properties of the estimators (using Model 3). We consider

the following estimands:

e the IdioVol factor loading of the first stock, v,

e the contribution of the market volatility to the variation of the IdioVol of the first stock
2,Idio Vol-FM
RZI 10 Vo

)

e the correlation between the Idiosyncratic Volatilities of stocks 1 and 2, Corr (Cz1,Cz2),

e the correlation between the residual Idiosyncratic Volatilities, Corr (C’gefid, C’%sm).

In Table 5, we report the median bias, the interquartile range (IQR), and the RMSE of the
two type of the bias-corrected estimators as well as the naive estimator for each estimand using 5
minutes data over 10 years. In Tables 5-7, in order to simplify the interpretation of the results, we

fix the volatility paths Cx; and (fj+)o<j<a across simulations.

16Notice that by It6 Lemma, each of these three models can be expressed at the level of equation (1) for the vector
(X¢,Y1,4,Y2:)" and equation (2) for the volatility matrix of this vector.
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Consider first the comparison of the AN and LIN estimators. One does not consistently over-
perform the other in terms of the bias or the IQR. Interestingly, in terms of the RMSE, the LIN
estimator outperforms the AN estimator in every scenario considered. The naive estimators are
substantially biased. The comparison of the bias-corrected estimators and the naive estimators
reveals the usual bias-variance trade-off, as the bias-corrected estimators have smaller bias but
larger IQR than the naive estimator. In terms of RMSE, the bias-corrected estimators generally

outperform the naive estimator: RMSE is significantly lower when estimating 7,4, Ré’{diOVOZ'FM

or Corr (Cz1,Cz2), while the results for Corr (C}“”fid, 2623“!) are mixed.

It is also informative to see how these results change when we increase the sampling frequency. In
Table 6, we report the results with A,, = 1 minute in the same setting. The qualitative conclusions
of Table 5 remain true in Table 6. Compared to Table 5, the bias and IQR are smaller. However,
the magnitude of the decrease of the IQR is small.

Finally, Table 7 contains results from same experiment using data sampled at one minute over
5 years. Despite using more than twice as many observations than in the first experiment, the
precision is not as good. In other words, increasing the time span is more effective for precision
gain than increasing the sampling frequency. The qualitative conclusions generally remain the same
as in Table 5.

Next, we study the empirical rejection probabilities of the three statistical tests as outlined in
Section 4.4. The first null hypothesis is the absence of dependence between the IdioVols, H& :
[Cz1,Cz2]r = 0. The second null hypothesis we test is the absence of dependence between the
IdioVol of the first stock and the market volatility, H3 : [Cz1,Cx]r = 0. The third null hypothesis
is the absence of dependence in the two residual IdioVols, Hp : [C%, C35 ] = 0.

Table 8 presents the empirical rejection probabilities of the t-tests corresponding to the null
hypotheses H}, HZ, and H$ in the above, in Model 1. In Model 1, these null hypotheses are true,
so numbers in Table 8 represent empirical size. We present the results for two sampling frequencies
(A, = 1 minute and A,, = 5 minutes) and the two type of estimators (AN and LIN). We see that
the empirical rejection probabilities are reasonably close to the nominal size of the test. Neither
type of estimator (AN or LIN) seems to dominate the other. Consistent with the asymptotic theory,
the empirical rejection probabilities of the three tests become closer to the nominal size of the test
when frequency is higher.

Table 9 presents the empirical rejection probabilities of the t-tests for the same null hypotheses
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in Model 2. In this model, all three null hypotheses are false, so the numbers in the table represent
power. The magnitude of dependence between the residual IdioVols, [C%efid, CEZSid]T, is of course
smaller than the magnitude of the dependence between total IdioVols, [Cz1, Cz2]r, so the power
in Panel C is lower than in Panel A. However, in most of the cases the power is still nontrivial,

especially for larger block sizes 6, and clearly increasing with higher frequency.

A, = 5 minutes A,, = 1 minute
=15 0 =2.0 0=25 =15 0=20 0=25
AN LIN AN LIN AN LIN AN LIN AN LIN AN LIN

Panel A : H} :[Cz1,Czlr =0

a=10% 98 121 10.8 12.6 11.1 12.6 10.8 114 11.3 11.1 107 11.2
a=5% 55 52 54 61 60 6.9 6.6 63 57 53 53 5.1
a=1% 10 15 09 17 05 1.1 16 13 12 11 09 06

Panel B: HZ:[Cz,Cx]r =0

a=10% 10.2 103 104 109 9.9 10.0 97 89 92 90 104 104
a=5% 46 45 45 46 48 5.1 5.1 45 48 54 54 53
a=1% 08 05 1.1 09 11 1.3 1.1 13 11 12 09 1.1

Panel C : H} : [C, C35 ) = 0

a=10% 10.0 11.7 10.8 12.7 11.5 12.6 11.0 11.2 11.2 10.7 10.7 11.7
a=5% 59 49 57 61 59 7.3 64 64 54 52 49 49
a=1% 10 15 09 15 06 1.0 18 14 13 12 09 06

Table 8: The size of the t-tests. Model 1. T'= 10 years. « denotes the nominal size of the test.
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A, = 5 minutes

A,, = 1 minute

0=15 0=2.0 0=25 f=15 0 =2.0 0 =25
AN LIN AN LIN AN LIN AN LIN AN LIN AN LIN
Panel A : H} :[Cz1,Czl7r =0
a=10% 203 315 368 47.0 542 648 325 398 646 69.6 880 910
a=5% 119 214 254 365 41.0 540  21.8 281 495 57.2 792 844
a=1% 30 70 82 169 20.1 286 9.9 132 27.6 322 548 62.2
Panel B : H? :[Cz1,Cx|r =0
a=10% 60.2 67.6 83.0 87.9 939 963 918 93.6 99.6 99.6 100.0 100.0
a=5% 458 572 729 790 885 91.9 866 89.5 984 988 100.0 100.0
a=1% 234 316 508 586 70.6 764 685 725 940 952 992 99.3
Panel C : H : [C35, C35)r = 0
a=10% 14.2 19.9 226 295 309 386  19.6 223 335 365 529 584
a=5% 74 126 141 205 21.6 292 121 148 224 266 398 446
a=1% 15 33 48 69 84 121 32 52 100 121 195 229

Table 9: The power of the t-tests. Model 2. T = 10 years. « denotes the nominal size of the test.

7 Conclusion

We introduce an econometric framework for analysis of cross-sectional dependence in the IdioVols of
assets using high frequency data. First, we provide bias-corrected estimators of standard measures
of dependence between IdioVols, as well as the associated asymptotic theory. Second, we study
an IdioVol Factor Model, in which we decompose the variation in IdioVols into two parts: the
variation related to the systematic factors such as the market volatility, and the residual variation.
We provide the asymptotic theory that allows us to test, for example, whether the residual (non-
systematic) components of the IdioVols exhibit cross-sectional dependence.

To provide the bias-corrected estimators and inference results, we develop a new asymptotic
theory for general estimators of quadratic covariation of vector-valued (possibly) nonlinear trans-
formations of the spot covariance matrices. This theoretical contribution is of its own interest, and
can be applied in other contexts. For example, our results can be used to conduct inference for the
cross-sectional dependence in asset betas.

We apply our methodology to the S&P100 index components, and document strong cross-

sectional dependence in their Idiosyncratic Volatilities. We consider two different sets of idiosyn-
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cratic volatility factors, and find that neither can fully account for the cross-sectional dependence
in idiosyncratic volatilities. For each model, we map out the network of dependencies in residual

(non-systematic) Idiosyncratic Volatilities across all stocks.
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Appendix

The Appendix collects all proofs (Sections A-E), and presents additional figures for the empirical
application (in Section F).

A Notation for Proofs

Our notation is similar to that of the proofs of Jacod and Rosenbaum (2015) whenever possible. Throughout,

we denote by K a generic constant, which may change from line to line. We let by convention Zf/:a =0
when a > a’. For simplicity, we omit the subscript r for results involving only one object with this subscript.
By the usual localization argument, there exists a w-integrable function J on E and a constant such that
the stochastic processes in equations (26) and (27) satisfy

1ol 811 llell, 2], 7 < A [6(w, ¢, 2)[|" < T (2). (A1)

For any cadlag bounded process Z, we set

m,s(Z)=\/1E( Sup || Zisu = ZeIPIF7), and

0<u<s

ni(Z) = \/E( sup || Z—1)an4u — Z(i—l)AnH2|]:in>'

0<u<jAn

For convenience, we decompose Y; as
Y, =Yo+ Y/ + > AY..
s<t
where Y/ = fot b.ds + fot o dWy and by = by — [ 0(t, 2)1{51,2) <137 (dz).
Let @'” be the local estimator of the spot variance of the unobservable process Y7, i.e.,

kn—1
~ 1 < ~/n
G =X > (ARYNALY)T = (C ") 1<gn<a. (A.2)
n n 'U,:O

There is no price jump truncation applied in the definition of 6'1'” since the process Y is continuous. Hence,

it is more convenient to work with @’” rather than 62” (defined in equation (14)).
We also define

of = (APY)APY)T = CrA,, vi =Cr=Cp, and N} =C)L, -G, (A.3)
which satisfy
ke —1
n 1 n mn n n n n mn
Vi T TA Z (aiy; + (C; — C)An) and N =vigr, —vi + An(Ciyy, — CF). (A.4)

The following multidimensional quantities will be used in the sequel

GO = - AIYAIY)T Oy, () = Al

) = EC@IFL), ¢ = )l — ¢ with ¢ ()} = (7w

)1§g,h3d'
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We also define, for m € {0, ..., 2k, — 1} and j,l € Z,

. 2k, —1
-1 if0<m<k, "
ey, = { ‘ ce@p = > e = (mA+1) A (2ky —m — 1),
1 if kn <m < 2ky, B

li /
For any u, v, m,u’, v, we set

n _{1/An ifu=v=1

1 otherwise,

(I-m—-1)V(2k, —m—1)

AMu,v;m)7, = ka Z e(u)ge(U)grm,  Aw,v)y, = Au,v;m)g o,
g=0v(j—m)
2hn—1
M (u, v;u', 0" )n = 23 200 Z Au,v)m, ).

Additionally, set

2kpn—
A11(H, gh, u; G, ab,v) Z ( e(u ) (Ogn HOabG)(Cigp,, )C(U)?ghC(rU)?’ab
zEL’(nT j=0
=Mw,v)§ Y OnHIG) (O, )G ()" ¢ (0)7, (A.5)
ieL/(n,T)
and
3 (i—1)A(2kp—1) (2kp, —m—1)
A]'Q(H»ghau;G7ab7U)g“ = 2k3 Z (athaabG)(Cz 2ky, ) Z Z E(’LL);—ZE(U)?er
" ieLl/ (n,T) m=1 j=0
X Can(U)imCap (V)i (A.6)

We also need some notation for volatility jumps.

Denote by Ny the number of jumps in C' from time 0 to s. Let

(n) = {Z =k, +1,k,+2,..: N(iJrB)knAn — N(ifl)knAn = 0} R
LnT) = {i=1,2..,[T/An] =3k, + 131 L(n), (A7)
LnT) = {i=1,2..[T/An:i— 2k, € L(n,T)},
TT) = {i=12..[T/An] —3kn+1}\L(n).

_— AN _——  _LIN
Denote by 92 and 9 the i** summand of [H(C), G(C)]5  and [H(C),G(C)]5 , without the volatil-
ity jump truncation, so they satisfy

[T/An]—3kn+1

[H(C),G(O)5 = > 9™ lana,,, ) and (A.8)
i=kn+1
. LIN [T/A]—3kn+1
[H(C),G(O)]5 = S 0N U anan (A.9)

i=kn+1

Let ¢; be either 9L or 9AN,
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B Auxiliary Lemmas and Theorems

This section presents useful auxiliary results, which are used in the proofs of Theorems 1 and 2. The results
of this section are proved in Section E below.

First, we explain why we can assume, without loss of generality, that the derivatives of functions H,
and G, are bounded, for 7 = 1,..., k. Assumptions of Theorem 1 imply Lemma 2 of Li, Todorov, and
Tauchen (2017a). Therefore, we can assume that the variables C;a, are bounded, uniformly over i €
{0,...,[T/A,] — kn + 1}, with probability approaching one. Using the spatial localization argument of Li,
Todorov, and Tauchen (2016), which in turn uses the spatial localization argument of Li, Todorov, and
Tauchen (2017a), we can assume that H, and G, are compactly supported without loss of generality. Hence,
the derivatives of functions H, and G, are bounded, for r =1,... k.

We start with two auxiliary theorems for volatility jump truncation.

Theorem B1. Under the assumptions of Theorem 1, we have

Z ﬁil{AiﬁAHkn} - Z Ui = % (A}/Zl) '

i€L(n,T) i€L(n,T)

Theorem B2. Under the assumptions of Theorem 1, we have

Z Vil{a;nAi e, } = Op (A}/‘l) '

i€L(n,T)

Theorems B1 and B2 allow us to focus on the simpler leading term . L(n,T) 9; instead of the original

estimator(s) Zg/kAj_]f Bkt Vil{a;nA,,,, ) for the remaining proofs. Our next theorem shows negligibility

of price jump truncation.

Theorem B3. Let 19;LIN and ﬁ;AN be the modifications of ﬁiLIN and 19;4N obtained by replacing @” by @/”
in the definition of 0¥ and 9N in equations (A.9) and (A.8). Under the assumptions of Theorem 1, we
have

A;1/4( Z ﬁzLIN_ Z 1%LIN)iN)

i€L(n,T) i€L(n,T)
and A;1/4< R ﬁ;AN)Lo. (B.10)
i€L(n,T) i€L(n,T)

Theorem B3 allows, in particular, to focus on the derivation of the asymptotic distributions of
Sicrmm Ui and Yo,y 97" The next theorem connects the LIN and AN versions of these quan-
tities. To state the theorem, define

d
3 ~'n ~'n ~'n,a ~'n,a
W =g > ((athaabG) (CD) (@l = Cmom(Cler — Ty (B.11)
n g,h,a,b=1

2 ~/ ~/ ~/ ~/
o 7(C'n,gacln,hb + Cin,gbcln,ha>:|>.

kn (2 3 K2

with Cf' = C(;_1)a,, and the superscript (A) stands for “approximated”. For simplicity, we do not index
the above quantity by a prime although it depends on é;” instead of 62”

Theorem B4. Under the assumptions of Theorem 1, we have

AT N = S ) 0 and

i€L(n,T) i€L(n,T)
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AGA(CY e Y 9) Eho, (B.12)

i€L(n,T) 1€L(n,T)
where 19§A) is defined in equation (B.11).

—_— (&3
Theorem B4 shows that the leading terms of the the two estimators of [H(C), G(C)lz, > icrm.m) 9N and
Yie L(n,T) Q%AN can be approximated by a certain quantity with an error of approximation of order smaller

than A,, /4
Now, we decompose the approximated estimator as follows

I = 9 — 9, (B.13)
with
d
WY =g X OuHOuG) )L = G C =),
g,h,a,b=

and ;

3 ~7 ~1 o~ ~1 ~1

0 =5 Y (0 HOWG) (OGN G,
™ g,h,a,b=1

The following theorem holds:

Theorem B5. Under the assumptions of Theorem 1, we have

d 2
( Z 19A1 Z Z 1(H, gh,u; G, ab,v)} + A12(H, gh, u; G, ab, v)}:
Jhya,b v=1

An i€L(n,T)

+ A12(G, ab,v; H, gh, U)?) = 0.

Lemma B1. For any cadlag bounded process Z, for allt,s >0, j, k >0, set n, ; = nt,s(Z). Then,

[t/An] [t/A]
(ank>—>07 <Zn12k>

[t/An]
E(Wi+j,k|f;l> <n; 4k and AnE< Z ;i 4k, ) — 0.

Lemma B2. Let Z be a continuous Ité process with drift b7 and spot variance process C#, and set N =
n;.5(b7,¢?). Then, the following bounds hold:

E(Z,

Fo) — tbg‘ < Ktny,
E(Z] 2 — G | F)| < KE2(V/By 4 g,
E((Z] 2} — tCPM)(CP™ — i) Fo) | < ke

E(Z] 2 Z{Z]

) A2(CZ]kCZlm+CZ]lOka+CZ]mCZkl)‘ <Kt5/2

E(ZfoZf‘]—'o)‘ < Kt?

6
, A3 o o o
]E(H Z0|Fo) — ?n Z Z Z Coz,mu Coz,gmrc(JZu,,LJm,/’ < K{7/?
=1

<l k<k’ m<m/
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IE( sup
we|0,s]

Zisw — Zth’]-"t) < K592, and H]E(ZHS - Zt) ‘]—"tH < Ks. (B.14)
(B.15)

Lemma B3. Let (; be a r-dimensional F'-measurable process satisfying |E((|F)I < L' and
IE(HC?H‘I‘]-'ZZJ < Ly. Also, let ¢} be a real-valued F;'-measurable process with E(H@ZT‘H71||‘I‘F[‘71) < L4
forq>2and1 < j <2k, —1. Then,

2y —1

< Z LID’LJrj 1<z+j

Lemma B4. Under the assumptions of Theorem 1, we have, for i € L (n,T):

;u) < K,L° (qug/Q + L’%g).

n,jkyn,lmyn,gh n,ab
E( )\ )‘ >\z+2k >\z+2k

') - 2 (Cn eoptt ety eptoptt 4 o et

4A An n,ga ~m n n,ha )

o 3 (Cn,]lcn km+Cn,ngn kl)C n,gh, ab 3 (C,L NI Ci ,hb C ,gbC h )C”]k lm
4 kJnAn 2—71 ab—=mn,jk,Ilm

_ %Ci IAbEIIRIT < AL (AL 4 n;f4kn).

Lemma B5. Under the assumptions of Theorem 1, we have, for i € L (n,T):

E( vty Fr) | < KAV (A ), (B.16)
(o (o o) )| < k(). @
B (v (e - ;”m) (e — )| )| = kA (At 4, ), (B.18)
‘E( uyﬁﬂkxyvlmxy»gh fﬁ) < KA3* (A b %n), (B.19)
[E(APTA At Fr )| < KA (AY 4 iy, ) (B.20)
Lemma B6. Under the assumptions of Theorem 1, we have:
1 " /
75 D (0gnHOwG)(CFar, ) pgn (1, 0)} Cap (0)} =0, V (u,v) (B.21)
Ay i€L(n,T)
1 — T —gh,ab P
7 (An(H, gh,u; G, ab,v) — /0 (Dgn HOuyG) (C) T dt) L. 0 when (u,v) = (2,2) (B.22)
L (55 3 (7 gavhb | g ha P
NG (A I(H, ghyw; G,abyv) = o5 | (@nHOwG)(C(CICL +CC] )dt) 2.0 (B.23)
when (u,v) = (1,1),
A11(H, gh,u; G, ab,v) =50 when (u,v) = (1,2),(2,1) (B.24)

A1/4
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C Proof of Theorem 1

We now prove Theorem 1. By Theorem B5, we have

d 2
( Z 19A1 Z Z 1(H, gh,u; G,ab,v)} + A12(H, gh, u; G, ab, v)%}:

A” i€L(n,T) g,h

+ A12(G, ab,v; H, gh, u)". >:>0

Recalling the definition of A12(H, gh,u; G, ab,v)%} from equation (A.6), Lemma B6 implies that

d 2
( S - [ >G<c>]T—%Z 3

1/4
A”/ 1€ L(n,T) g,h,a,bu,v=1ieL’(n,T)
n n ! n n n P
|G HOwG) (Ol )pgn (1,07 oy (07 + (DurH O G)(Cln, )Py (0,007 (0); }) 0. (C25)

Next, define

1
§(H, gh,u; G,ab,v)} = F(athaabG)(CZLan)pgh(ua )7 Cap()7

[t/Aq]
Z(H, gh,u; G,ab,v)y = A/* " &(H, gh,u; G, ab,v);.
1=2k.,,

Notice that (C.25) implies

d 2
A1/4( > o (©),G )é >y ( (H, gh, u; G, ab, v)}
n i€L(n,T) g,h,a,b=1u,v=1
+ Z(H, ab,v; G, gh, u)’;). (C.26)

The term 195‘4) depends on functions H and G, where we have so far suppressed the subscripts r, r =1, .., &,
in the statement of Theorem 1 for simplicity. Denote by 191(47‘?") the term 19(‘4) that depends on functions
H, and G,.. Observe that to derive the asymptotic distribution of (ZzEL(n ) 191 1o ’ZzEL(n ) 19(A)) it
suffices to study the joint asymptotic behavior of the family of processes W Z(H, gh,u;G,ab,v)}. Notice

that £(H, gh, u; G,ab,v)} are martingale increments relative to the discrete filtration (F7*). Therefore, to

obtain the joint asymptotic distribution of 1/4Z(H7 gh,u; G,ab,v)%, it is enough to prove the following
three properties:

A((H, gh,ws G ab,v), (' g/ s G a'¥ ) )

t

= Y E((H, gh,u;G,ab,0)PE(H g'l /s G a'b o) F ) (C.27)
€L’ (n,T)
= A((H, gh,u; G ab,v), (H',g'h' ,u'; G, a’b'ﬂ/)) , (C.28)
t
n 4 P
Z E(‘E(H, gh,u; G, ab, U), 7 ,) =0, and (C.29)
ieL!(n,T) !
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B(N; H, gh,u; G,ab,v)? i= > E(E(H, gh,us G, ab,v) AIN|FL, ) = 0, (C.30)

i€L’(n,T)

for all t > 0, all (H, gh,u;G,ab,v),(H',g'h/,u';G’,a’'b',v") and all martingales N which are either bounded
and orthogonal to W, or equal to one component W7,

Since the derivatives of H, and G, are bounded, equations (C.29) and (C.30) can be proved by an extension
of (B.105) and (B.106) in Ait-Sahalia and Jacod (2014) to multivariate processes.

Next, define

(Caa’ OV - cab’ cbay if  (v,0') = (1,1)

Ve (w0 = ot it (0,0) = (2,2)
0 otherwise,
and , , / ,
o (Cr e+ et ) i (uul) = (1,1)
Von (u,u')y = gdmoh it () = (2,2)
0 otherwise.

Using again the boundedness of the derivatives of H, and G,., we can show that
A((H,ghm;G,ab,v),(H’,g'h’,u';G’,a’b’,v')) =
t

t Iy
M(u,v;u',v’)/ (QthaabGag/h,Haa/b,G)(CS)Va‘ﬁ;b,(v,v’)sV%L (u,u')sds,
0

with
3/6° it (u,vyu’,0") = (1,1;1,1)
M (u,v;u’,0v") = 3/40 ?f (w,v3u',0) = (1,21,2), (2,152, 1)
1510/280 if  (u,v;u’,v") =(2,2;2,2)
0 otherwise.

Therefore, we have
A((H, gh,us G, ab,o), (', g/ 05 G a'd ) =

5 [ Oon HOw GOy H' 0y G')(Co) (CF7 CIY 4 O O ) (G’ Y+ Ct' ey,

if (u,v;u’,0")=(1,1;1,1)
2 T Oy HOw GOy H' Oy G) (C1) (CF9 O 4 C97 PN it i (w, v/, o) = (1,2:1,2)
= fOT(athaabGag/h’Hla G (C) (Cor CPY 4 Cfb/Cga/)tgh’g W dt, if (u,v;u’,v") =(2,1;2,1)
3510 (7 (o HOay GOy H Doy G (CYT " ™ i, £ (u,050,0) = (2,2;2,2)
0 otherwise.

Using equation (C.26), we deduce that the asymptotic covariance between ZZGL(n ) 19 ) and ZleL(n ) ﬁgﬁ)
is given by

2

d d
Z Z Z (A((Hr,gh,u; G,,ab, v),(Hs,g’h’,u’;Gs,a'b’,v’))T

g,h,a,b=1g’,h’,a’ b'=1u,v,u’ v =1

+A((Hr, ghy s Gy ab,v), (Hy, 'V 05 G g/l ) )

+A((Hr,ab, 3 Gy ghyw), (o B w's Goya' 0))
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+A((Hy,ab, v Hy, ghyw), (H,, 'V, 05 G, g/l ) )
T
The above expression can be rewritten as

d d T
6 . .
> ( /0 (O Hr D G030 H, 01 G (Co)) [(CE CI* - GO (e + e

3
g,h,a,b=1j,k,l,m=1 0
HEPOP + Cpkap) (i oim + e et ar

+1519
140

+ / g Hy 0, G H 01 Gis (C1)) [(C”C’hk + ogk T 4 (ctotm 4 cam o T

t . .
(O H 000G 0 HD1m G (C) ot et e

gh,jk

+(cgiotm - opmemhTtt 4 (e ot + cptalhe™ “”]dt),
which completes the proof.

D Proof of Theorem 2

Recall that N is the number of jumps in C' from time 0 to s. Let

LN (n) - {Z:kn+1,kn+2, :N(i+5)k?nAn _N('L'fl)k:nAn :0},
L"(n,T) = {i=12,...,[T/A,] =5k, +1}NL"(n),
" (nT) = {i=1,2,..,[T/A,] =5k +1}\L" (n).

Denote by @7” (1), o> (2), and %> the it" summand of Q” @) Qm (2) , and ﬁ;ls’(s), without the

volatility jump truncation, so they satlsfy
[T/An]=5kn+1
Q;is’(m) = Z QTTS (m )1{AimAi+knmAi+2knmAi-HSkn} for m = 1,2, and 3.
i=kn+1

The same methods as in Theorems B1 and B2 can be used to show

~7,5,(m) ~r,s,(m)
Z W 1{AiﬁAi+knﬂAsznﬂAHskn} - E : W = Op (1) and
i€l (n,T) i€ (n,T)
~1,8,(m) o
§ : W 1{A10Ai+knﬂAi+2knﬁAi+3kn} = 0Op (1) .
ieL (n,T)

We conclude that the probability limit of ﬁ;s’(m) is the same as >, 1, 1) (.Au:fé’(m) for m=1,2,3.
Using boundedness of the derivatives of H,.,G,, Hs and G4 and Theorem 2.2 in Jacod and Rosenbaum
(2015), one can show that

6 ~T,8 8
Sy &% W B, g,
i€L" (n,T)
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Next, by equation (3.27) in Jacod and Rosenbaum (2015), we have

3 o 6 ~ s
= Z wT’S’(S)fé Z w;s’(” ngw(:ﬂ'

€L (n,T) i€l (n,T)

Finally, to show that

1519i Z oS ,(2) +

rs, (1) 4 rs,(3) | P oars,(2)
140 492 92 Z W - g Z wT — ET ’

ieL” (n,T) i€L” (n,T) i€eL” (n,T)

we first observe that the approximation error induced by replacing 51" by 5;" in Theorem 2 is negligible.
For 1 <g,h,a,b,7,k,l,m <dand 1<r s <d, we define

Wi= > (O H0abGr0gn H O Gs) (CIINPI NN N
ieL! (n,T)

D(1); = (Dgn Hr 0 G031 HOin Gis) (CIEN NPT NI | F 1),

D(2)} = (Dgn HrBabGr 0 HoOm G ) (CY NI NN G Nk = B ARG NG | F),
’&}(3)? = ((ath 6abG 8ij alm s)(cm) (6thr8abGraijsalmGs)(Czn))>‘n gh)\n ]k/\zL+a2bk /\?«:2“]1 3
W)y = Y @i(u), u=123

i€L (n,T)

Now, note that we also have /VIZ" = W(l)? + W(2);I + /W(?))? By Taylor expansion and using repeatedly
the boundedness of Cy, we obtain, for i € L"” (n,T)

[@(3)7 ] < K TIA I 2k, 117,

which implies E(|@W(3)}|) < KAY* and hence /V[7( 37 £, 0. Using Cauchy-Schwartz inequality and the
bound E(||A]']|9)F) < KAY* we have E(|@w(2)??) < KAZ2 for i € L” (n,T). Observing furthermore that
W(2)F is Fitak, —measurable, Lemma B.8 in Ait-Sahalia and Jacod (2014) implies W(?)f 0.

Next, define

4 ) )
wi' = (Ogn H,0uvG 035 HsOun G5 ) (CT) [ Ea, e e (O e N o e
4 i j N a 4 n,ga ~n n n,ha\7AN:Ik,lm
+ g(czmlc?’km + oI et Cy b g(ci et 4 ot Cy 7t
4 k2A n,gh,ab—n,jk,lm
+ ( : )Oi g c J },
WE=0, > wl
i€L (n,T)

Using the cadlag property of ¢ and C, k,+/A, — 0, and the Riemann integral convergence, we conclude that
wWp =5 Wy where

T
4 @ o . m .
Wy — / (O H 00 G 03,00 ) (C0) [ 25 (C2CL + i Cly (i b + Ot
0

jk,lm 46> —gh,ab

ab 4 -
(Oﬂc’“m +0{meTI + (o el + optarney ™ + =-C dt.

C]k lm]
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In addition, by Lemma B4, it holds that

E(W ()7 — Wi|) < AnE< Y (A m,%))-

i€l (n,T)

Hence, by the third result of Lemma B1 we have W}L N Wy, from which it follows that

9

Wi+ 55 D (O 0G0 DGy (CF)[CF (3, Im)C (gh, ab)]

e (n,T)
Y (OgnH 0unGrdik Hodim Gy ) (CF)CT (gh, ab) A TE AT

i€L" (n,T)

(O Hy a1 G031 HoOum G ) (CIYC () A A
ieL” (n,T)

_ 2
kn

SRS

—gh,ab—=jk,lm

T
i) / (athraabGraijsalmGs)(Ct)ct Ct dt.
0

The result follows from the above convergence, the already invoked symmetry argument, and straightforward
calculations.
E Proofs of Auxiliary Lemmas and Theorems

This section is devoted to the proofs of the auxiliary theorems and lemmas (listed in Section B) that were
used to prove Theorem 1 and Theorem 2.

E.1 Proof of Theorem B1

The proof proceeds in three steps. In Step 1, we prove, for ¢ € L (n,T),
P (4;) < Ka,A?-"===" (E.31)

where a,, is a sequence converging to zero, and A; is the complement of A;. In Step 2, we prove, for p > 1
and i € L(n,T),
Cwdl_3
E[9:]") < KA? + Ka,AYP~7=t1 727, (E.32)

Step 3 completes the proof of Theorem B1. R
Step 1. We now prove equation (E.31). Recall C!™ notation in (A.2). For i € L (n, p),

P ()

~ ~ ,
P (|G, = Cri || 2 w)

A Am An Am An Am /
P (€2, - v | +[[Cs, = it [+ v, = Cin ] 2 )

’
-~ =~ U ~ =~
(e, -2 = 5 ) + 2 (1o, - G 4]

IN

~ ~
n _ m
i—k i—kn

IN

H > ”él) (E.33)

Using standard results in the literature, we have for ¢ > 2 and ¢ € L (n,T),

£

see, for example, equation (3.26) in Jacod and Rosenbaum (2015). Therefore, the first term in (E.33) satisfies,

~ ~
m m

itkn, — Yiky

q) < KA, (E.34)
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by Markov’s inequality, for p > 2,
ul 4 ’
p ([ - 2 ) < o =

By (4.8) in Jacod and Rosenbaum (2013), there exists a sequence of real numbers a,, converging to zero
such that R .
E(|CF — G 7) < K,an AR H10, for any ¢ > 1, (E.36)

where for later use, we note that this result also holds in the presence of volatility jumps. Therefore, the
second term in (E.33) satisfies, by Markov’s inequality,

u

/
A Al ~ Al
P (e, - Ea | + s - e 2 )

1 O O —Tr w7wl
= /2E(‘ Prkn — Cit, H*H Pk, — O, )SK%AS" Jo—e (E.37)

Since @’ < % and by choosing sufficiently large p in (E.35), equations (E.35) and (E.37) give (E.31).
Step 2. We now prove equation (E.32). First, note that for ¢ > 1, by (E.36),

q ~

| +KE[|CA,

B(|Cn, ") = xE[|Cn, - Cia, | < Ka,ABr-n=+-1 4 . (E.38)

By Taylor expansion and H and G having bounded derivatives, for i € L (n,T) and p > 1,

E]9]"]
1 An A'I’L n
= KB (HC(i—&-kn)An = Uia, H ) + K (HCzA )
p/2 AIm A n AIm p An An/ P p An p
< KAJYE HC(i-'rkn)An - iAnH + HC(i-i-kn)An = Cihrenan| + Hcmn = Cia, ‘ + KAVE HC"A"H
<

KAp/Z (Ap/2+a A(4p ryw+1— 2p) +KAP {KanA(‘lp r)w+1— 2p+K:|
= KAP 4 Ka,AYPr=1=57

)

where the third inequality uses (E.38), (E.34) and (E.36).
Step 8. We now complete the proof of Theorem B1l. By the triangle and Cauchy-Schwarz inequalities,

E Z Vil{anAisn,y — Z v;

i€L(n,T) i€L(n,T)
< Z E ’ﬂi (1{AiﬁAi+kn} - 1)|
i€L(n,T)
< Y /E|el/P@uALL)
i€L(n,T)
< Y VERP@E) +P (A
iGL(n,T)
< KAt (ap=) " (g,apm=)
_ A=)

o4

(E.39)



where 4th inequality follows by (E.32) with p = 2, and (E.31). In the above,

l(zmw/):—1—|—%[(8—T)w—2]—|—%[(2—7")w—w’].

A straightforward calculation shows that @ > igjﬁ; implies | (w,w’) > i, which completes the proof of

Theorem B1.

E.2 Proof of Theorem B2

Without loss of generality, we can assume that there is at most one volatility jump in
((i = kn) An, (i + 3ky) Ay] for any i € L(n,T). To study the behavior of ¥;1{,na,,,, } on i € L(n,T),
we will distinguish between two cases, depending on whether or not there is a volatility jump in
(1A, (i 4+ 2k,) Ay]. So define B; as the event that there is a volatility jump in (iA,, (i + 2k,) Ay] (we
omit indexing B; by n for brevity). Denote by B; the complement of B;. Intuitively, for i € L (n,T),
Yil{a,nA.4,, y 18 small because, on the one hand, P (A; N Aiyr,) is small on B;, on the other hand, ¥; is

small on B;.
We have
E Z Vilganag,,y| =B Z Dilgana i,y + Z Vilgainai,}
i€L(n,T) i€L(n,T):B; i€L(n,T):B;
< Z E |19i1{AiﬂAi+kn}| + Z E |19i1{AiﬂAi+kn}| ) (E.40)
i€L(n,T):B; i€L(n,T):B;

where “i € L (n,T) : B;” denotes those terms in L (n,T), for which B; is true.

First, we show that the second term in (E.40) is o, (A;/z;)- For i € L (n,T) such that B; if false, we can
use the bound on E [|9;|"] in (E.39) for p > 1. The second term in (E.40) satisfies

Z E |19i1{AiﬁAi+kn}|
i€L(n,T):B;

< > E

iEZ(n,T):Ei
< KA;”Q (An—kA%#)w*%)
= KA+ KAl=

Theorem 1 assumptions imply (4 — 7)w — 1 > 1, so the second term in (E.40) is o, (Ai/ﬁl).

The rest of the proof is devoted to showing that the first term in (E.40) is o, (A}/ 4). This will complete

the proof of Theorem B2. B
The first term in (E.40) involves those ¢ € L (n,T), for which B; is true. We will show below that

P(A;NAir,) < KAY? for i € L(n,T) such that B; holds. (E.41)

We use the following bound in the presence of the volatility jump,

pH < Ki (anAgl2p7’r‘)ﬁ+1*P + K) 7 (E.42)

E(0") < Ko [B[|C7 7

p A'n/
} +E [ itk
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where the first inequality uses Taylor expansion and bounded derivatives of H and G, and the last transition
uses (E.38).
The first term in (E.40) satisfies, for p > 1, by Holder inequality, (E.41) and (E.42),

Z E |19i1{AiﬂAi+kn}|
i€L(n,T):B;
1 _
ST EI0DTT (P (A0 Aipy, )P

i€L(n,T):B;

Sk [aex (agrmmeor )] fay)

i€L(n,T):B;

- Y KAl

i€L(n,T):B;

IN

IN

Since the number of terms in L (n,T) is bounded by Kk, (k, arises due to overlapping blocks defining
9;), the first term in (E.40) is o, (A,l/4) if | (r,w) > 3. To study I (r, @), we distinguish two cases, depending

on whether (2p —r)w + 1 — p > 0 holds.

Case 1. When 2p—r)w+1—p>0,1(r,w) = i(p—i—l) sol(r,m)>3ifp<2.

Case 2. When 2p—r)w+1—-p <0, (r,w) = l((prr)erlf D) + %. We have [ (r,w) > 3 if
w > 4(52’;:6T). This is satisfied if we choose, for example, p = 1.5.

The last step in the proof of Theorem B2 is to show that (E.41) is true. In order to do that, we first

prove that if there is a volatility jump on (iA,, (i + k) Ay], then

P (H Cn = Oy H <u,) = o, (A1) (E.43)

Denote by S the time of the volatility jump on (1A, (i + kn) Ay], so the jump is ACs. Denote ,, =
C;ﬁ_k Cz k, — ACs, so Cz+k - CZ r, = ACs +§,,. We know §,, = o, (1). We know that there exists ¢
such that the norm of all volatility jumps on [0, 7] are smaller than e.

We will first show that if there is a volatility jump on (iA,, (i + k,) A,], for s > 0, it follows that

P10 -t <) < S0 T2 -
noo < ) .
b T2 ) 2 Ty

To prove (E.44), note that the reverse triangle inequality gives ‘@"Hc f@’ikH = ||JAC+E&,|l

IAC| = [I€, [l Thus,
P ([t -] <10
P ([JAC] = &l < ur,)

< P(l&l>5).

where the second inequality follows by distinguishing two cases, depending on whether |AC| > ||€,,]|. Case
LAt [JAC] = [[€,[l {IACH = [I€all] < un} = HIAC = €]l < un} = {I[AC] = u < [|€,]]}; so we deduce
{e —ul, <||&,||}. For n large enough, this implies {||£,| > §} since u, — 0. Case 2: if [|AC|| < [|&, ]I,
we have P ({||[AC] — [I€, ]Il < u,} N {IAC| < [I€,[1}) < P (18,1l > [ACH) < P ([€,] > €) < P (ll€,ll > 5)-
Finally, (E.44) follows by Markov’s inequality.

IN

N
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By (E.44), we obtain, for s > 2,

P(HAZL‘Fknféf—an<u;> < (H ik (6/;)k —ACH>

e (et o

A

IN

)+KE (|lens, —CSHS). (E.45)

The first term in (E.45) satisfies, for s > 2, by (E.36) and (E.49)
2(] ) )

The second term in (E.45) has the same bound by the same arguments as the first term. Choosing s = 2 in
the above, and taking into account that (2 —r)w > 2 and @ > 2, we obtain (E.43).

IN

O — Cs_ KE (|6, - O ||) + B (|, - s

< annAsfsfr)qulfs +KAZ/4

Given (E.43), it is simple to obtain (E.41) as follows. By (E.43), if there is a jump on (iA,, (i + k,) A,],
we know P (4;) = op (A1/4) thus (A; N Aiqr,) < P(Ai) =op (A}l/4). Applying (E.43) with i+ k,, instead

of 4, if there is a jump on ((¢ + kn) An, (¢ + 2kn) Ay], P(Aitk,) = 0p (A1/4>. Thus, P(A;NAitk,) <
P(Aisk,) = o0p (Ai/zl). We conclude that if there is a jump on (iA,, (i 4+ 2k,) A,], i.e., event B; is true,
then (A; N Aivg,) < P(Aitk,) = 0p (A}L/4). This concludes the proof of (E.41) and hence Theorem B2.

E.3 Proof of Theorem B3
To show this result, let us define the functions

d

R(x,y) = Z (athaabg) (m)(ygh _ xgh) (yab _ xab)
g,h,a,b=1
S(@.y) = (H(y) - H@)) (Gly) - Gl))
U(z) = zd: (aqhHaabG) (x) (xgaachb + xgbxha),
g,h,a,b=1

for any R? x R? matrices « and y. The following decompositions hold,

Z 9AN _ Z JAN

1€L(n,T) 1€L(n,T)
3 ot 2 -~ -~/
™ ieL(n,T) n
Z ﬁl_LIN _ Z ﬂgLIN
i€L(n,T) ieL(n,T)
3 n An 2 .
= Y [(R@. G - REMERL)) - (UG - UEM))-
" ieL(n,T) n

Since H and G are three times continuously differentiable with bounded derivatives, the functions R and S
are continuously differentiable and satisfy

10 (, )l

< K for 1<g,h,a,b<d and J € {S, R}, (E.46)
[oU)| < K
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where 0J (respectively, 9U) is a vector that collects the first order partial derivatives of the function J
(respectively, U) with respect to all the elements of (z,y) (respectively, ). Using the Taylor expansion,
(E.46) and (E.47), it holds that, for J € {S, R},

(G, Crtr,) = TG Gt ) < K(IC7 = G+ 11Cy, = City, ) and

U(C) = UG < K(ICF = C7)-
By equation (E.36), the following condition is sufficient for Theorem B3 to hold:
3
2 — ——>0.
C-rw-3>

The above condition follows from our assumptions of Theorem 1. Using the fact that 0 < w < 5 , we can
see that Theorem B3 holds when 3/4(2 —r) < w < 7, which completes the proof.

E.4 Proof of Theorem B4
Note that we have

> oY= Y 9 = Z > Uig.hab),

i€L(n,T) 1€L(n,T) " g,h,a,b=1 i€L(n,T)
d
3 n, n,a
PR SIS 'S (Xy 3 (9 HOG) (CIA A b),
ieL(n,T) ieL(n,T) " ieL(n,T) g,h,a,b=1

with
1/)?(97 ha a, b) = ((8th8abG) (alln) — (athaabG) (Czn)) )\;l,gh)\?,ab7
K = (HC,) - HEM) (G(C,) - G(EM).

By Taylor expansion, we have

d
(09150uG) (C") = (050G (C) = 3 (2,54 50uG + 02, 0GOS ) (Cw} ™
z,y=1
1 d
~n\. n,xy. n,gk
+ 5 Z (8;’k7my’ghsaabG + 5§yygh53§-k7aba + a?kyzy’abGaghS + agy_’abGajzk,ghS) (Ci )V’i yl/i J
. k,x,y=1
and
S(Chy) — Zagh (CIAT + > 05w S(CIIN i IE
7,k,g9,h
DI o ) D DR lele N
,9,9,h z,y,3,k,9,h
1 .
S g SO

J.k.x,y,9:h

for S € {H,G}, ¢f = nCP + (1 — W)é;na C?’S = 7756'4" + (1 - 775)6;11%,’ CC?’S = pusCy + (1 — us)@;”
for m,wp, kg e, e € [0, 1]. Although ¢ and 7 depend on g, h, a, and b, we do not emphasize this in our
notation to simplify the exposition.
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Set Fi' = Fi—1)a,,- By (4.10) in Jacod and Rosenbaum (2013) we have

5

Combining (E.48), (A.4), (B.14) with Z = ¢ and the Hélder inequality yields for ¢ > 2, for i € L (n,T)

]E( y"q

The bound in the first equation of (E.49) is tighter than that in (4.11) of Jacod and Rosenbaum (2015)
due to the absence of volatility jumps. This tighter bound will be useful later in deriving the asymptotic
distribution for the approximated estimator. By the boundedness of C; and the derivatives of H and G,

kp—1
q
g a?ﬂ-’ |}'Z”) < KQA‘,]LkZ/2 whenever ¢ > 2. (E.48)
=0

am q’]-'i”) < K A] for all ¢ > 0 and IE(

A7

7)< KA, and B |

q’fﬁ) < K, A4, (E.49)

| (935 ey GO H + 02

zy,gh

HOj 0y G) (@) v NN < K PN )P (E.50)
Using the Taylor expansion, we have

XE = Y (OgnHOwG)(CINPI N =

3

g,h,a,b
2 n n,gh 1 n,gh\yn,abyn,jk n

Z (athajk,zyG + thGa ik, Ty )(Cz )(/\Z + §Vi )>‘i )‘i + i, and

g,h,a,b,j,k
> (OgnHOwG) (C;") — (9gn HOuG) (CF) =

g,h,a,b

Z (athazb,:cyG + (9(1(708 gh,xy )(Cm)( v zy))\;l,gh/\:},ab + 5?
g,h,a,bx,y

with E(|¢?||F) < KA, and E(|07||F") < KA, which follow by the Cauchy-Schwartz inequality together
with equation (F.49). Given that k, = (A, )'/2, the previous inequalities imply

AL/
2k,

P 38,1 n P
| Z p; = 0 and T Z 07 = 0.
1€L(n,T) i€L(n,T)

Therefore, it suffices to show that

3A /A }
2k Z Z Ogn HO?, kb G T 6th832‘k,abG)(C?)A?7gh)‘?7ab)‘?7jk =50, (E.51)
"™ ieL(n,T) g,h,a,b,j,k

AL/ ‘
- Z Z dgn HO? ,ab G+ 6th(’) k,abG)(C )V ’qh)\?’ab)\?’]k 5 0. (E.52)
™ ieL(n,T) g,h,a,b,5,k

These results hold by the bounds in Lemma B5.

E.5 Proof of Theorem B5

In Section E.5 o to simplify the notational burden, we adopt the following strategy. Instead of studying

ZieL(n ) 195 we work with all indices 1, i.e. ZITQAJF]l Bhn 1 19§A), together with the assumption that there

are no volatility jumps. The difference between the two quantities is o, (A}/ 4) because in the absence

of volatility jumps, 191(-'4) satisfies the bound in equation (E.39). First, we decompose the it" element of
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approximated leading term of the estimator as

o7 =0t — o, (E.53)
with
d
W =g X OuHOuG) )L = G C =),

g,h,a,b=

and ;
92 = k% S (0 HOWG) (Cm)(C oGt 4 e Glnhay
" g,h,a,b=1

In this section, we use the notation Cf* | = C(;_1)a, and F; = F(;_1)a, to simplify the exposition. Given
the boundedness of the derivatives of H and G and the fact that k, = 6(A,)~'/2, by Theorem 2.2 in Jacod
and Rosenbaum (2015) we have

1 (T/AR] 3kn+1
w2 53 [ umaccoadt s o) o

i=kn,+1 g,h,a,b=1

which yields

1 [T/AR]—3kn+1
(75 ek S [ o) 2o

1/4
An i=kn,+1 g,h a,b=1

Using the multivariate quantities defined in Section A, we can show that the following decompositions hold:

kn—1 2 2hp—1 2
-~/ 1 < _ ~/ ~/ 1 a
Gl =0+~ Y Ewi(wiy, Gy, —Ci" = . > ewil(ui,
=0 u=1 "j=0 u=1
1 22 [kt
.gh yn,ab . gh Jab
NPT = S STS Y e )l
" u=1v=1 7=0
2k —2 2k, —1 2%k, —1j—1
ohe b .gh Jab
+ D0 D efe@)iCE )y + Y0 D e(u)fe(v)C(uw)i] <<v>;:;>
=0 gq=j+1 j=1 ¢=0
Changing the order of the summation in the last term yields
2 2k, —1
,gh yn,ab ,gh ,ab
= 323 (3 e
nu* 1v=1 3=0
2k, —2 2k, —1 2kp—2 2k, —1
) .gh b ;ab :gh
3 OO - 3 3 gy |
J=0 g=j+1 7=0 a=j+1
Therefore, we can further rewrite EET/,CA +}1 Bl 19(A1 as

[T/ An)—3kn+1

Z 9AD _ Z 19A11)_|_ Z ﬂ(A12)+ Z 19(A13) with

i=kn+1 i€L(n,T) 1€L(n,T) i€L(n,T)
[T/A]—3kn+1

3 PUAT) Z Zm(g,gh,u;c,ab,u);, w=1,2,3,

i=knp+1 g,h,a,b=1u,v=1
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where

3 [T/AR]—3kn+1 2k, —1
17 n n n n,gh n,ab
A11(H, gh,u; G, ab,v)7. = %3 Z Z Ogn H O G)(Ci 1 )e(u) T e(v)]¢(u); 1% C(v) s
" i=kn+1 j=0
- 3 [T/An]=3kn+1 2k, —2 2k,
AL2(H, gh,w; G, ab,v)} = o Z > Z Dgn HOabG)(CF-y)e(w) e (v)a¢ (u) " ¢ (v)1%,
" =kn+1 Jj=0 gq=j+1
(T / n]=3kn+1 2k, —2 2k, —1
A13(H gh,u; G, ab,v)}. 2k3 Z Z Oy HOuG)(C )5(1})?6(11);‘{(U)?Jvrf;bc(u)ﬁgqh’
i=kn+1 7=0 qg=7+1

where we clearly have 21\3(1{, gh,u; G, ab,v)}

summation,
A11(H, gh,u; G, ab, v) 3
u; G, ab,v)r =
y gn, u; G, » V)T 2]€3

n

(T/An]

(Gavaghu)

(2kn —1)A(i—1)

2 2.

i=1  j=0V(i+2k,—1-[T/A,])

(OgnHOwG)

X (O j_y)e(w)fe(v) ¢ ()" (0),

3

2k3

n

ZTQ(H, gh,u; G, ab,v)7p

[T/A] (i—1)A(2kn —1)

(2kp—m—1)A(i—m—1)

>

F=0V (i+2kn —1—m—

(OgnHOuG) (C-
[T/An])

1Jm)

=2 m=1

X e(u)je(v)f1mCan(W)immCan (V)i

Now, set
All(H h,u; G, ab,v)7p 5
g ~2k3
A12(H, gh, u; G, ab,v) = 5
) ) Uy ) 9 T 2]{33
X Cgh(u)if
and
ATT(H, gh, u; G, ab, v)h = —
gh,w; G, ab,v)1 = o5

n

[T/AR]—kn

>

i=3k,

Al12(H, gh,u; G, ab,v)7.

[T/ An]—kn
=5
no =3k,
[T/AL] =y

D

i=3ky,

= Au, v)g

(aqhHaabG)(

[T/AR]—kn

Cz Qk)

T/An _

Z S O HOWG)CE e e,
=3k,  j=0
Ayl =k (i—1)A(2kn—1) (2ky—m—1)

> X

=3 m=1 =0

m ab(v)?7

(athaabG)(Cz j—1— m)g(u)?‘g(v)?er

) (Ogn HOabG)(CF gy, )C(u) "¢ (v)

2 (26

7=0

(Ogn HOab @) (O, )¢ ()7 (0)7,

(i—1)A(2kp —1) (2kp —m—1)

> X

m=1 7=0

m(ab(v)?

e(u)7e(V)fmCon ()i

(g HOapG) (CLz, ) pgn (1, v)i' Cap (v)7
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By a change of the order of the



with
2hp —1

Pgn (U;v); Z AMu,v) (W) ..
We show below that the following results hold:
1 P
A1/4 (Alw(H gh,u; G, ab,v)7 Alw(H gh,u; G, ab,v)p ) —0 (E.54)
1 P
A}/‘l (Alw(H gh,u; G, ab,v)} — Alw(H, gh,u; G, ab, v)}. ) —0 (E.55)

for all (H,gh,u,G,ab,v) and w=1,2.

E.5.1 Proof of Equation (E.54) for w =1

To prove this result, first, notice that the ¢(u);"? h( (v )f’ab are scaled by random variables rather that constant
real numbers. Next, observe that we can write

AT~ AT1 = A1)+ A1) + A1) wih
— (2kn, —1)A[T/AL] 5 (2kn—1)A(i—1)
(W 2 (OnHOWGCL, 1>e<u>7e<v>?><<u>?~gh<<v>?v“b,

i=1 =0V (i+2kn—1—[T/AR])

— (T/Ax] (2kn—1)A(i—1)

me - Y 22( > (O HOWG)(CL- 1 )e(w)e(v)]

i=[T/Ap]=2kn+2 " \j=0V(i+2k,—1—[T/AL])

(2kn,—1)
- 2 @aHIG)(CL 1>€<u>?e<v>?><<u>:f*ghc<v>?ﬂb,

=0

o [T/AR]—2kn+1 3 (2kn, —1)A(i—1)
ALE) = ) 2k3< > (OgnHOwG)(C;_y )e(w)e(v)?
i=2kn, N\ j=0V(i+2kn—1—[T/AL])
(2kn,—1)
= > (OgnHILG)(Cl 1)5(u)?5(v)?>C(u)f’ghC(v)?’ab.
j=0

It is easy to see that ZI\Z(?)) = 0. Using equation (B.14) with Z = ¢ and equation (E.48), we obtain
E(ICFIF) < Koy EB(ICEITIIFL) < KA82 (E.56)
By the boundedness of the derivatives of H and G, the random  quantities

kn— ? n n n
(2k3 Zf ov@%k ji /2,1 (0o OabG)( i—j—l)E(“)‘E(“)') and

J J

k3 Z (2kx, _1)( OgnHOapG)(C];_1)e(u)e(v)} are F';— measurable and are bounded by qu defined as
K if (u,v) = (2,2)

Auw = K/ky if (u,0) = (1,2),(2,1)
K/k? if (u,v) = (1,1).
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Similarly, the quantity
3 (2kn—1)A(i—1) (2kn—1)
w( > (Ogn HOapG)(CP-j_1)e(u)fe()] = > (OnHIuG)(CT- ;- 1)6(U)?6(v)?>,
J=0V (i+2ky, —1—[T/AR]) Jj=0

is F* {— measurable and bounded by QXZ’U. Note also that, by equation (E.56) and the Cauchy Schwartz
inequality, we have

E(|C(w) " )| Fer) < EUC@)R IPIF) PRI @) 1P 1F) Y2
KA, if (u,v) =(2,2)
< KAY? i (uyv) = (1,2),(2,1)
K if (u,v) = (1,1)

The above bounds, together with the fact that k,, = Nl imply E(|Zl\1(1)|) < KAY? and E(|Zl\1(2)|) <

KAY? for all (u,v). These two results together imply A11(1) = O(A;1/4) and A11(2) = o(AﬁlM), which
yields the result.

E.5.2 Proof of Equation (E.54) for w =2

First, observe that A12 — A12 = //11\2(1) + 11\2(2), with

o (2kn—1)A[T/A] 7 (i—1) 3 (2kp—m—1)A(i—m—1)
An= (Z = ( > (O HOwG)(CL i) ()}e(0) )
=2 m=1 N =0V (i+2k, —1—m—[T/AL])

x Cgh(u)?’m> Cap()i'

. [T/A] (i—1)A(2kn—1) 3 (2kn —m—1)A(i—m—1)
MO ( (55 > O HOWG)(CIy_y)e(w)]
i=[T/An]—2kn+2 m=1 T =0V (i42kn—1—m—[T/A,))
(2kn—m—1)
XeWm) = O (OnHOWG)(Cly m>e<u>ye<v>y+m)<gh<u>$_m>cab<v>?.
=0

Notice that the quantity

(2kp—m—1)A(i—m—1)

A= o > (O HOubG)(Cly ) (W)2(0) )
=0V (i42k, —1—m—[T/AL])

is Fj*,,_1 measurable and bounded by sz Let

(i—1) (2kp —m—1)A(i—m—1)

=Y o > (O HOwG) (CF 1y ) ()2(0) ) o ()

m=1 """ =0V (i+2k,—1-m—[T/A,])
It follows that x}' is F;' ;-measurable and we have
m,n |z Y
E(|Kz ' | |‘FO) < ()‘u,v) ’
{K\/An ifu=1

A

E -Fz—m = ’
Bl Fm)l < 0 T
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K, fu=1

E nNE Fimme1) < . .
(6@ | Ficnr) {KZM M

Using Lemma B3, we deduce that for z > 2,

KO~ VEZ? ifu=1  [K./kn>? ifo=1
B(Jr)) < { Q)R Hu=1 QR T i =1
K,(A,,)*/kn ifu=2 K.k, ifo=2

u,'u)

Using the above result, we obtain ﬁ/ﬁ\m) £ 0. A similar argument yields ﬁ@(?) = 0, which
completes the proof of the equation (ﬁ).54) for w = 2. "

E.5.3 Proof of Equation (E.55) for w =1
Define

2k, —1

O, n)f " = o Z (O HOWG)(CIy 1) = (On HOWG)(Clly, ) )e(u)e(v);-

By Taylor expansion, boundedness of the derivatives of H and G, and using (B.14) with Z = ¢, we have

E((0i HOWG) (CFy 1) — O HOwG) (Cllgy, )| Fis, )| € K (hndd) < Kv/A,
B0 HOwG)(CI ;1) — (OgnHOwG)(CF 1, )|, )| < K (hn )/ < KA,

for ¢ > 2 and for j = O ,2k, — 1. Next, observe that ©(u, v)(c)’i’" is F]*, -measurable and sat-

i—

isfies [O(u, v) 7| < Ay, |E( (1,00 F gy, )| < KAYPX,, and E(10(u, o) 1|7y, ) <

KQA%/ 4(Xzﬁv)q where the latter follows from the Holder inequality. We aim to prove that

Ezi

n

[T/A,]
> O, (W)} ’ghc(w?’“"]

=2k,

converges to zero in probability for any H, G, g, h, a, and b with u,v =1, 2.
To show this result, we first introduce the following quantities:

| [1T/An]=kn A
E(l)zM[ S 0u0) R ()] ()| n]
n 1=3k,,

R 1 [E/A =k _
E<2)=[ > @(u,v)éc“’”<<(u>:"gh<<v>?’a”—E(C(u)?’”%(v)?“”wn)],

a5
with E = E (1) + E (2). By Cauchy-Schwartz inequality, we have

- . K if (u,v) = (1,1)
E(J¢(w)7"¢(0)7"19) < (\y0)"? where X, , = ¢ KA, if (u,0) = (1,2),(2,1)
KA2 if (u,v) = (2,2)

Since ¢(u)!""¢(v)*" is FP-measurable,
the martingale property of ¢(u)!9"¢(v)"* — E(¢(u)"¢(v) | F ) implies, for all (u,v),

?

E(|E@2)]?) < KAY2(AYX, )2, , < KA,
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The latter inequality implies E(Q) £ 0 for all (u,v). It remains to show that E(l) = 0.
Here, we recall some bounds under Assumption 2,

B(C()MI ()M F )| < KA, (E.57)
B(C(1)MI (1) FP ) — (CreeCmh 4 embomha)| < KAY?, (E.58)
B(C(2)m (2 Fr — T A < KAY2 (VAL + ). (E.59)

Case (u,v) € {(1,2),(2,1)}. By equation (E.57) we have

o) r 1/45 1/2 A P
IE(|E(1)\)<KA—nA1/4(A >\ LwAR) S KA/ so E(1) = 0.
Case (u,v) € {(1,1),(2,2)}. Set
1 [T/An]—k
n C),i,n
El(l) = 1/4 Z 9(”7’0)8 ) Vviinkn
AV R
1T (T/An]—kn
) C),i,n n n
E”(l) = 1/4 Z @(U,U)é ) (Vifl - Vi?l%)]
AV Ry
[T/An]—k
C),i,n n, n,a n n
B') =z 3 Ol (B @ L) - V)
n L =3k,
where
crgecmht L omgbomha i (u,0) = (2,2)
v =1ar A, if (u,v) = (1,1)
0 otherwise

Note that we have E(1) = E’(1) + E”(1) + E"”(1). Using equations (E.58) and (E.59), it can be shown that

Kbe (A5
ROE () <{ 87
(B0 =3 27 Al

u?

VALY i (u,0) = (1,1)
)A3/2 i (u,0) = (2,2) < KAY? in all cases.
LAY if (u,v) = (2,

Next, we prove E’(l) = 0. To this end, write
R L [IT/A =2kt P
/ - = non
E'(1) = AL l 2 O(u, )y V(i_l)Anl.

Using the F} 5, _,-measurability of the last sum, we are able to show

1 [T/An]=3kn+1
C),i—142k, n ” P
A”“l S EOw )y V(“)An|fi_1)|] 20 and
n i=kn,+1

[T/AR]—3kn+1

an_Q 1— nsMN
[ > E(le(u )i Vu-mn)P)]:o.

1/2
An/ i=knp+1
The first result readily follows from the inequality

KEAYN, if (u,v) = (1,1)

< KA3? in all cases,
KAl/Q)\ A if (u,v) = (2,2) "

|E(@(u7v)(()c)’i_H%"”nV(i—l)An|-7:in71)| = {
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while the second is a direct consequence of

2) < {KA}/2(E;U)2 if (uv )

E(|0(u, (C),i—1+2kn,nvi_

< KAY? in all cases.

n

Finally, to prove that E”(l) =5 0, we use the fact that

E(1O(u, v)6”" (Vi-nya, — Viieakan)) < E(O(u, v) ") V2E(Vi1ya, — V-2,
KAYPX,, if (u,0) = (1,1)
T KAYN,  ALAY i (u,0) = (2,2)

2)1/2

which follows from the Cauchy-Schwartz inequality and earlier bounds. In particular, successive conditioning
together with Assumption 2 imply that for (u,v) = (1,1) and (2, 2),

1/2
E(IVi-1ya, — Vieokna,?) < A%

E.5.4 Proof of Equation (E.55) for w =2
Our aim here is to show that

R S e R
E(2) = —7 Z ( Z (% Z [(8th6abG)(C?—j—m—1) - (8th8abG)(C?—2kn)]e(u)?e(v)?—&-m

1/4
An/ i=3kn, j=0
mw%%wwhio

For this purpose, we introduce some new notation. For any 0 < m < 2k, — 1, set

2k, —m—1
i,n 3 K n . . .
O )" = 55 3 (O HOwO)N s r) — O HOwO) (e, ) (@) e(v)]
_ 2k, —1 '
plous )t = 37 O )W)
m=1
It is easy to see that O(u, v)\""™ is " | measurable and satisfies, by Hélder inequality,

~n

O, 0)(O 5 < X, and (10w, 0)(O 1| FLy, ) < KAYAR, )1

Lemma B3 implies that for ¢ > 2,

o K (AYX! yag??  ifu=1  [K,/k2 ifv=1
E(‘p(uav)(C)H ,gh|q) < Kq 1/4~7’rJ‘L’U q/2 . < 1 q . o (EGO)
(AN, ) k™ ifu =2 Kki  ifv=2
Set
| /A k
E@)=—7 >, pluo) OB (o) FL),
Ay i=3kn
(1)) ks
BQ= 1 D plun) O G~ B
n 1=3kp,
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The martingale increments property implies E(|E” 2)%) < K A? in all the cases, which in turn implies
E"(2) = 0. Next, using the bounds on p(u, v)(©@)4m9% e obtain that E’(2) = 0.

We refer to Jacod and Rosenbaum (2015) for the proofs of Lemma B1 and Lemma B2.

E.6 Proof of Lemma B3
Set

€ =P (6N = E(E|FR) = Bep 1 (MFR L) = P E(CHFR,), and €™ =€ — €

Given that [|E(C]|F™ )] < L', we have ||£;"|| < L'|¢? 4]. By the convexity of the function x%, which holds
for ¢ > 2, we have

2k, —1 2k, —1 2k, —1

1Y el < k(IS elr+ 1 Y &),
j=1 j=1 j=1

Therefore, on the one hand we have

2k, —1 2k, —1 2k, —1
’ _ ’ _
1Y &t < Kki™h D0 65,1 < KR Y oyl
j=1 j=1 j=1

which by E(H@gﬂ,lnﬂfﬁ,l) < L9, satisfies

2k, —1 2k, —1
E(l Y &hlUF ) < KL > B(lery ;|91 F" ) < KLk LA
j=1 j=1

On the other hand, we have E(||&;7,[|7F ) < E(||¢7,1|9[F7 1) < LyL® and E(&,7,|F ) = 0, where the

first inequality is a consequence of E(||§;¢]H‘1|]:ZL_1) < BI85 19 F ) < LgL%, which follows from the
Jensen’s inequality and the law of iterated expectation. Hence, by Lemma B.2 of Ait-Sahalia and Jacod
(2014) we have

2k, —1
E(| Y &l < KyLiLgkd/?.
j=1

To sce the latter, we first prove that the required condition E(||£;']|7|F/ ;) < LyL?) in the Lemma B.2 of
Ait-Sahalia and Jacod (2014) can be replaced by E(|[& ;[|7|F ) < LyL?) for 1 < j < 2k, — 1 without
altering the result.

E.7 Proof of Lemma B4

We use i € L (n,T) throughout the proof of Lemma B4. We use the terminology “successive conditioning”
to refer to either of the following two equalities,

T1Y1 — ToYo zo(y1 — yo) + Yo(x1 — o) + (1 — 20)(y1 — Y0),
T1Y121 — ToYoZo = ToYo(z1 — 20) + Tozo(y1 — Yo) + Yozo(x1 — ®o) + o(Yo — y1)(20 — 21)
+yo(zo — 1) (20 — 21) + 20(To — 1) (Yo — Y1) + (1 — o) (y1 — ¥0)(21 — 20),

which hold for any real numbers xg, yo, 20, 1, y1, and 21.

To prove Lemma B4, we first note that )\?’j k/\?’lm is F}! o -measurable. Therefore, by the law of iterated
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expectations, we have

n,jkyn,lmyn,gh n,ab ny\ __ n,jkyn,lm n,gh n,ab n n
E(/\z )‘z )‘i+2k”)‘i+2k" ‘7:1' ) - E<>‘z /\z E(/\i+2kn>‘i+2kn i+2kn>|‘7:i )

By equation (3.27) in Jacod and Rosenbaum (2015), we have

2 anAn—n,gh,ab

n,gh n,ab n n,ga n,hb n,gb n,ha
|E(/\i+£]2kn /\i+2kn i+2kn) - k_i(ci-',-ngn Ci+2kn + Oi—i—%k" Ci+2kn) - 3 Ci+2k,,, |
< KA (AYS + Nivok, 2k, ), and
n,j n,tm 2 n,j n,km n,jm ~n 2k A —n,jk,lm n
|E(/\i"Jk/\i ! | ) — k*(Ci"]lCi km i’ Ci"kl) - 7% ROTTTT < KA (AYE + Niok, )-
From the above, it follows that
. 2 2k, A h,ab
n,jkyn,lm n,gh n,ab n n,ga n,hb n,gb n,ha n&=n A9, n
|E()‘i ! )‘z‘ {E(Ai+gzkn>‘z‘+2kn i+2kn) - ?(Ci+92kn,ci+2kn + Ci+%knci+2kn) - 3 Ci+2kn ] fi >|

< VAGE(NTFINT AL 0ok, 20| FT) < KV AGA RN N )

kil
+ K/ A E(NE NN 02 ok, ok, |

F1) < KALAY 4 ar,),

where the last inequality follows from Lemma B1. -
Now, using equation (B.14) successively with Z = c and Z = C' (recall that the latter holds under Assumption
2), together with the successive conditioning, we also have

an An —n,gh,ab

2 7 "
3 Ci+2}c” — F(Cifb,gacin,hb + Cin,gbcin,ha)

n,jkyn,lm 2 n,ga n,hb n,gb n,ha
|E()‘z )\z |:/{3 (Ci+2kn Ci+2k71 + Ci+2kn Ci+2kn) +
n

2knAn% gh,ab
_ c.7
3 7

; 2
BTN [ (O et + oot

o)1= ot

anAnﬂ,gh,ab 2 n,jl ~m,km n,jm ~n,kl 2knAn*n7ijm
+ e ] [H(Ci e ]
2 2k, A, —n,gh,a
x [ (croeeptt  cpstephey + ZREnTT ] | F) | < KAWL + 0,

The result derives from the last inequality.

E.7.1 Proof of Equation (B.16) in Lemma B5

We start by obtaining some useful bounds for some important quantities. First, using the second statement
in Lemma B2 applied to Z =Y”, we have

[E(a} M7 < KAY(VAu +1i). (E.61)

Second, by repeated application of the Cauchy-Schwartz inequality and making use of the third and last
statements in Lemma B2 as well as equation (B.14) with Z = ¢, it can be shown that

E(a]*a) " F) - A2 (Cprtept oot )| < KAy, (E.62)

? 7 3
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Next, by successive conditioning and using the bound in equation (B.14) for Z = ¢ as well as equations
(E.61) and (E.62), we have for 0 < u <k, —

gk 3/2
B2 7| < KAY2 (VA +172,) (E.63)
Bl - a2 (cpreptn 4 opimertt) | < Kay? (E.64)
i+u z+u n ) [3 ) ) — n .
To show equation (B.16), we first observe that v//*4/"!"19" can be decomposed as
1 kn—1 kn—2 kn—1
njk n,lm ngh n]k nlm ngh njk n,lm ngh n,gh ~n,jk ~n,Im
v; v; k‘3A3 ZC Czu k‘3A3 Z Z [zu v zv +C sz sz
n u=0 n u=0 v=u+1
n,lm ~n,gh ~n,jk ,]k n,m n ,gh n,gh ~n,jk ~n,lm n,lm ~n,gh ~n,jk
+ Ci,u Ci,v Ci,'u :| ]i}3 AS Z Z 7, z u 7, v +C Cz,u Ci,v +C Cz,u Ci,v :|
u=0 v=u+1

kn—3 kn—2 k,—1
,]k n, lm n,gh n,jk ~n,gh ~n,lm n,lm ~n,jk ~n,gh n,lm ~n,gh ~n,jk
kg Ag Z Z Z [ 7,U 1 U 1 ,w + C Cz,v Ci,w + Ci,u Ci,v Ci,w + Cl u Cz,v Ci,w

u=0 v=u+1w=v+1
_|_< 7ghCn lmC n,jk + gn ghCn ]kcn lm:|
\gith Ciw = afy, +(CF, — C)A,, which satisfies E(||¢}', [|7|F7") < KAY for ¢ > 2.
et

=2 kn—

fi k3A3 Z ank nlm th; glb k3A3 Z Z Cn]k nlm ,gh

n u=0 v=u+1

-2 kn—1 kn—3 kn—2 kn—1

,jk n, l7n n,gh z : 2 : z : ,Jk n, lnL n,gh

£i k3A3 Z Z C 7.v and 5 k‘SAS C .
u=0 v=u+1 u=0 v=u+1w=v+1

The following bounds can be established,

[E(&(DIF)] < KAy (E.65)
[E(&(2)1F)] < KAy (E.66)
B (3)F < KA, (E.67)
B @)F)] < KAV AV +my,)- (E.68)

E.7.2 Proof of Equation (E.65)

The result readily follows from an application of the Cauchy Schwartz inequality coupled with the bound
E(IC 91 F) < K A, for g > 2.

E.7.3 Proof of Equation (E.66)
Using the law of iterated expectation, we have, for u < v,
gkl h gk l ,gh
E(C?+Ju C?—&-:;n Z—gv |]:n) = (<1+Ju ]E( :L—&-:)n z+g'u | i+u+1 |'an) (E69)
By successive conditioning, equation (E.62), and the Cauchy-Schwartz inequality, we also have
l h 1 h lh
BTG Pl ) = ACH S Ol + Ol O

n,gh n,gh n,lm n,lm
- Ai(cﬂiﬂ - )(C¢+u+1 - < KA?/Q-
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Given that E |§H’_Jf|q|]-'” < AY, the approximation error involved in replacing E(¢ ::_l;" :L+9Uh| Tus1) by

AZ(Cb cmmt ot o mg )+ AZ(Cmeh  — omahy o™ — ¢ in equation (E.69) is smaller

1+u+1 i+u+1~itu+1 i+u+1 7 1+u+1 7
than AZL/Q.
We can also easily show that
gk ~mylm n,lm n n
E(ai ) (Cliiy = CHIFN| < KAYA(VAp +17,,)- (E.70)

Since (C7,, — C}') is Fj', ,-measurable, we use the successive conditioning, the Cauchy-Schwartz inequality,
equation (E.61), equation (E.62), and the fifth statement in Lemma B2 applied to Z = ¢ to obtain

[E(a 90 (CH — O™ — Cl R P < KAS/?
E(affralm(Cral — e FM| < KAY? (E.71)
(O™ — erimyertt — oty el — e IF] < KA,

The following inequalities can be established using equation (E.61), the successive conditioning together with
equation (B.14) for Z = ¢,

n,jk n,lg n,mh n,lh n,mg 3/2
‘E 1+u (C1+u+10 +u+1 + C1+u+107.+u+1)“7:in) S KAn/
(Cn,jk Cn,jk) (Cn,lg Cn ,mh + Cm JLh Cn ,mg )|J—_-n < KA1/2
i+u i i+u+1~itu+1 i+u+1~itu+1 [ — n

< KAYA(VAL 40t

2Jk ,gh ,gh )0 1
(Bl H (s, = Ol = CIED)

The last three inequalities together yield [E(&]'(2)|F)| < KA,,.

E.7.4 Proof of Equation (E.67)

First, note that, for u < v, we have
gk m,l ,gh gk oyl , h
E(C?JrJu CZHT z+gv |]:7L) = (CerJu CZ:»;”E(C?JFZ; z+u+1 ‘]:n (E72)
By successive conditioning and equation (E.61), we have
h SN
| ( ?+€u| z+v+1)| S KA?I,/Q( An + 77i+v+1,'w—v)' (E73)
Using the first statement of Lemma applied to Z = ¢, it can be shown that

E((C12 — Ol ONIF!) = An(w — v — 1)b590

S K(’LU — U= 1)Anni+v+l7w7v S KA}L/QniJrv«H,wfv'

The last two inequalities together imply

‘E(C?+’%L| z+v+1) (Cﬁﬁq]fll - Cinhqh)An - Ai(w —Uv = 1 b?ﬁiﬁkl‘ < KAS/Q V n + 771+v+1 w— v) (E74)

Since E(|¢}; Jk\ |F*) < AZ, the error induced by replacing E(¢ % |F1yi1) by (C19  —C9™M A, + A2 (w—
v— 1)b:l_;fi}}:_1 in equation (E.72) is smaller that A2,

Using Cauchy Schwartz inequality, successive conditioning, equation (E.71), equation (B.14) for Z = ¢ and
the boundedness of b; and C; we obtain

,jk n,m /~n,jk n,gh n
‘E< Q' Xy (Cz+u+1 - C@ )|'7:z+u

,Jk n,lm7n,gh n
’E( z-‘ru z+u bz+u+1|‘Fi+u

IN

KA>/?

A

KA2
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[E(alfb et — oty - M) | < KAVIAYR(VAL + i)
E(afiorir - ot F) | <A
B((cpal - ooyt - optmpsta FE)| < KAy
‘E( Cn,]k Cn,jk)(cn Jm Cn lm)(cn,gh _Cn gh |]_—n) < KA
itu i+u % it+u+1 [ 7 — n-

The above inequalities together yield [E(£(3)|F/)| < KA.

E.7.5 Proof of Equation (E.68)
We first observe that £;'(4) can be rewritten as
kn—1lw—1v—1

€ = A T DI DY WecHaEugai

w=2 v=0 u=0

where
n,jk ~n,0m ~n,gh __ n,jk n,m n,gh n,jk n,lm n,gh n,gh n,jk n,lm n,dmy n,gh
Ci-‘ru Ci-l—v Ci—i—w - az-‘ru aH—'U iH+w + az-i—u A aH—v (Cz+w Cz ) + az—i—u A (CH-U Cz )ai+w
2 n,jk n,lm n,lm n,gh n,gh n,jk n,jky n,0m n,gh
An 1+u (Cl+v C )(Cz+w C ) + A (ClJr’u. Cz )ai+v aier
2 n,jk n,jky\ _n,m n,gh n,gh 2 n,jk n,jk n,lm n,lmy _n,gh
+ A (Ceru Ci ) z+'u (Oerw Cz ) + A (Cz+u Cz )(Ci+v - Ci )aier

+ A3 (CZL_;_]uk ijk)(cn Jm Cn lm)(cn,qh C_n,gh) )

) 1+v 1+w [3

Based on the above decomposition, we set

with x(j) defined below. We aim to show that |E(y ]]—"” | < KA3/4(A1/4 + 0tk ), i =1,...,8.
First, set

kn—1lw—1v—1
n,jk _n,m n,gh
X(1> k‘ A 7. A \3 Z Zzaeru 7,+v z+w
2 0 0
w=2 v=0 u=

Upon changing the order of the summation, we have

1 el n n,lm _n
x(1) = (W Z Z (Zazﬁf) ey
ne=n w=2 v=0

Define also

kn—1w
1 n,ik\ nlm gh
X/(l) (k A Z Z (Zaz+]u) z+v E 7,+iu| inJrv+1>‘
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Note that E(x(1)|F) = E(x'(1)|F).
By Lemma B3, we have for ¢ > 2,

(H Zo‘z+u

The Cauchy-Schwartz inequality yields

—1lw—-1 v-1
( (Zazﬁ;f) ol E(a]

w=2 v=0 u=0

< [2(

n,lm

ai+v

n,gh| n
2+w | i+v+1) ‘

n,gh
14w

)] e

where the last iteration is obtained using equation (E.73) as well as the inequality (a + b)'/? < a'/2 4 b1/

n,jk

‘]:i") < Kquq/4_

f?) < KK2[E (!Z%iﬁ“

=)

2 1/2
Fra)| |F2)] T £ KAWRZAY A2/ B+ ),

which holds for positive real numbers a and b, and the third statement in Lemma B1. It follows that

E(X(l

Next, we introduce

kp—1w—1 wv-—1
Jk Jk N/ ,gh
X(2) = (kn, A (e A3 Z Z (ZA (€ =G ))a?-‘r;na;l-‘r%u’
w=2 v=0 u=0
kn—1lw—1 ov—1
n,jk l N ,gh
X(3 k A T A3 Z Z (Zal-‘rjv) C:l-&-?:n Czn m)a?_‘jl”
w=2 v=0 u=0
kn—1lw—1 ov—1
\Jk Jk l N}
W = i 2 3 (A — e ) e - o'
w=2 v=0 u=0

Given that for ¢ > 2, we have

v—1
(| S

Similar steps to x(1) lead to

n]k ,]k‘
4w _C

H ’]—"”) < K,A3/4 and E(|C77F -

JF) < KAV (VB + )

i+u

n,gh
4w *

CE||F7) < KAyt

for j=3,4.

cpen)

2)|F < KAV (VA +nty,) and [EG)|F < KA(VAL+n,)
Define
kn—1lw—1 wv-—1
x(5) = (nAn)? > (Za?jf) Q) An(C = O
w=2 v=0 u=0
kn—1lw—1 v-—1
n,jk n,lm n,gh n, h
X/(5 3 Z Z (Zal-i-ju) Qito A ]E((Cz—i-gu C 7 | 1+v+1
w=2 v=0 u=0
kn—lw—1 wv-—1
n,jk n,jk n,lm n,gh
X(G knAn (kA3 Z Z (ZA Cl-‘rju C7 ! )> Qjpy A (Cz-&-gu
w=2 v=0 u=0
kn—1lw—1 wv-—1
Jk n,lm n,lm n,gh
X(7) = (kn A T A3 Z Z (Zaz+Ju) (Gl = G ARG —

w=2 v=0

u=0
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where we have E(x(5)|F*) = E(x/(5)|F). Recalling equation (E.74), we further decompose x'(5) as,

5
= x()[j]

Jj=1

with

—1lw-1

VO =G5 Z > (wa) o (B(Crs = P F)

<c:‘+)zﬁ1—crﬁghm B AL w =0 - 1)

kn—1lw—1
n,gh n,h n,jk n,lm
X’(5)2 (k‘ A )3 Z ZA Cz+€1 Cz . (Zaz+ju) z+'u
w=2 v=0
kn—1lw—1 v-—-1

VOB g 2 3 (L o) An(Clith, — Gty
ne=mn w=2 v=0 u=0

kn—1lw—1 v-—1
n,lm

X/(5)[4] = (knin) Z Z (Z az—;ﬂf) AQ —v—= 1)(b?—ﬂ)h+1 - b?—&-gvh)ai-;-v

w=2 v=0 u=0

kpn—1w—1 w1 ‘
VOBl = R 2, 3 4w W (et
nsan w=? v—0 =

Using equations (E.74), (E.73), and (E.70) and following the same strategy proof as for x(1), it can be shown
that

E(eG)IIF)| < KAV B+, for j=1,....5,
which in turn implies
E(x(5)|F)| < KAV (VA +0ik,), for j=1,....5.
The term x(6) can be handled similarly to x(5), hence we conclude that

E(x(O)|F7)| < KAYA(/By +nly,)

Next, we set

kn—1 fw—1 wv-—1
1 X n,j n,lm n,lm n n
x(7) = m Z (Z (Z%Jgf)An(Oii) -G ! )An(ci-ilﬂl -G ’gh)>-
nen w=2 v=0 u=0
Define
1 kn—1 w—1 ov—1
X(M[] = (kn )3 ( (Za?ff)An(Cﬂ" CI™M AL (Cl8l ) — Cﬁ?ﬁ))
n=n w=2 v=0 u=0
1 kn—1 w—1 wv—1
A R W (Z (Yl )an(Crsy - ermaucs - c;“g%)
n=mn w=2 v=0 wu=0
1 kn—1 w—1 wv—1
XM = Gz ( (S art)an(err - oAz w — v - )@, - blff))
n=mn w=2 v=0 wu=0
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kn—1 fw-1
XM= i 2 (me—v bmﬁ(zazﬁ) (i - c;’*“'w).

w=2 v=0 u=0

It is easy to see that

Similarly to calculations used for x(1), it can be shown that
EC(DUF < KAYVHAY + ), for j=1,...,3.

To handle the remaining term x(7)[4], we decompose it x(7)[4] = 23:1 x(7)[4][], where

kn—1lw—1v—1

XU = G35 D D D e (Gl — GGl - O
S

(N2 = o A AT D D (O = CPal (G — O
11: E11;1 Oluv 01

VDR = A T D D D (R = O (O — CIF)
kw—fwv 10U“ 10

(MU = o A AT 2 2 2 (O = O (O — Ol
ot vt

(MU = 7 A T Z Yoo - erttyest - e tarys
) et

X(MIB] = 3t 21 D0 D (I = Ol (O = Gl
R

X (7)[2][5] = TAs SN N (O - e Ml PYRE(CHS — el )
w=2 v=0 u=0
—1lw—1v-—-1
XMW = R Z SO ariierin, - orimers - ol

w=2 v=0 u=0
kpn—1lw—1v-—1

h h gk N N
XOUIT = 3 SN e - e tarr (e — o)
w=2 v=0 u=0
kn—1lw—1v-—1

k h h N N
x(7)[4][8] = 3 Z Zza?+Ju Zliﬂfcﬁi )(C?-k:lfcﬁﬁl)
w=2 v=0 u=0
kpn—1lw—1v-—1

XA = o A TATE 2 D 2o (CIET = CRI)(CHT - O,

w=2 v=0 u=0

Using arguments similar to those involved for the treatment of x(1), it can be shown that

EC(DAIG]|FM < KAYHAY* +n,.,), for j=1,....8,
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which yields
DIF < KAYHAY 4y ,).
Next, define

kn—lw—1v—1

XE) = 1 D0 ST SO CrI R - (g - .

" w=2 v=0 u=0

This term can be further decomposed into six components. Successive conditioning and existing bounds give

IE(
B (
B
(
B(

n,jk n,jk n,lm n,lm n,gh n,gh n
Cz+u C Cz+v Cz+u )(Cz+w CZ+U ’]: )| S KATL

Cn JIm Cn lm)(Cn,gh Cn,gh

i+v i+u i+v z-‘ru )| < KA3/4 A1/4 + 771 kn )

i+u

n,jk C n,jk Cm Im Cn lm)(cft,gh 7gh |]:n

(
(
i (Cify" — OO = G i
(
(
(

)

Cn,jk Cn,]k)
) < KA
)

(
(
(&
(
(
(

Cral = OpM)(Cr = et (e — O Fr ) < Ka

k ik l |1 ,gh ,h

Gl — Oy (Ot - et (Cr CZLZ F)| < KA
E((Cral - eryen - ertmyenst - o) < KA

These bounds can be used to deduce
8)|F| < KA,.

This completes the proof.

E.7.6 Proof of Equations (B.17) and (B.18) in Lemma B5
Observe that

,Jk(cn Jm C:z,lm)(C:LJ;%h Cn gh k A Z C ,jk n lm Cn lm)(cn ,gh C«;L,gh)7

v; i+kn 7 z+k: i+kn
1 kn—1
n,jk_ n,m n,gh n,ghy __ ,jk n, lm n ,gh n,gh
vty (CiJrk,,L - = LZA2 E C 7, u z+k" =)
n=—n
kn—2kn—1 kn—2kn—1
,jk n, lm n ,gh n gh n lm ,]k n ,gh n,gh
k2A2 § : 2 :C zv z+k _OZ kQAQ 2 : § :C zv H—k:n_ci )
u=0 v=0 u=0 v=0

Hence, equations (B.17) and (B.18) can be proved using the same strategy as for (B.16).

E.7.7 Proof of Equations (B.19) and (B.20) in Lemma B5
Note that we have

n,jkyn,lm n,gh_ n,gh_ n,jk nlm ,gh n,jk_ n,Im n,gh_ n,m_n,jk n,gh_n,m_n,jk
Y )‘ 3 _Vz Viik, Vitk, +v v; v’ _Vz v’ Vitk, — Vi v’ Vitk,

n,gh n,jk n,lm n,lm n,gh n,Jk n,lm n,m n gh n,m n,jk n,jk
+v e, (G, — O — v (Gl — O + v (G, — )

O — ORI O — Py - o,
and

n,gh\n,jk n,lmi n,gh n,jk  n,lm ngh n,]k n,lm n,gh n,m_n,jk n,gh n,0m_n,jk
AN VitknVitknVidkn T Vitk Vi~ Vi ~Vitk, Vi Vitk, ~ VitkaVi Vitkn
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n,gh n,jk (Cn,lm _Cp,lm) _ n,gh n,jk(cn JAm Cﬁ,lm) n,gh nlm( n,jk Cn,]k)
% %

ik Vitn, (Cidk, ik i+ VitkaVitk, (Cith,
el (e el B (e AL (A S/

—v; ghv:’ﬁk’“ vitin = Vit e et Il

v (O = O v RO — P = v (gl - O
v 9%? R — ) — O — GO — €

n,jk  n,m n,gh n,gh ,jk nlm n,gh n,ghy _  nidm_n,jk n,gh _ ~m,gh
—H/H-k Vitkn ( itkn - C) + vy (C'H-k -G —v; Vi—i—kn( itk ;")

_pmlm, n.gk (C%gh _ C,"vgh) 4 n,jk (C%lm _ C«n,lm)(cﬁygh _ C%gh)

% it+kn \itky itkn \itky it+kn

PRI — ORI (O — O (O — ORI (O — ot

n,lm O n,jk C n,jk Cn,gh Cn,gh C n,jk O n,jk Cn,lm Cm,lm Cm,,gh On,gh
v (O, — GG, — G + (O — GGy — C (G, — CFo).

From (A.4), notice that v} is 7', -measurable and satisfies [|[E(v}'|F]")[| < KAY?
The law of iterated expectations and existing bounds imply

Bl FD < KA,
[E@ vt | FL < KA,
[E@ (Ol — Ol M | FL < KA,
E@ET(CRE = CrMFm| < KAV,
E((CI7E — Cpamy (e — etmy(Csh — el oM Fm) < KA, (E.75)
It can also be readily verified that
B VPR, ) — oo (OO Ot + Ot o) = Bt

<Ky Ay, (Ayl/s + 77?+kn,kn)'

b (ot cmgh o™ty which satisfies B(|o9" 9| Fr) < KAY* and E(o7"|Fr) <

Hence, for ¢." e
K A:/ . One can show that

kny —n,jk,Im
,gh_n,jk N/ ,gh gl k , kl n,J K,

B ik v ) = B [l e + e et ) - Emgia ] 1)
< KA AV +i,).

Next, by combining the successive conditioning together with existing bounds, we have

JJk,dm n
IE(p; ’ghCerJkn )< KAYHAY 407
B " Ok, Ol < KA,
which together imply L
E(p " v vt \FI < KAY AV +n7ay,,)- (E.76)

It is easy to see that equations (B.16), (E.75) and (E.76) and the inequality 77, < 0y, ~together yield
equations (B.19) and (B.20).
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E.8 Proof of Lemma B6

Equation (B.21) can be proved easily using the bounds of p(u, v
(B.22), (B.23) and (B.24), we set

)9 in equation (E.60). To show equations

AL(H, gh,u; G,ab,v) = A(u,v)i Y (OgnHOwG)(Ci—1)¢(u)" ¢ (v) 1.

2 3

ieL’ (n,T)
Then,
A1/4 (All(H gh,u; G ab,v) — A11(H, gh,u; G, ab v)) 0.
The above result is proved following similar steps as for equation (E.54) in case w = 1 by replacing

O(u, v)(c)’l’n by A(u, v)5((0gn HOubG)(Ci—1) — (OgnHOabG)(Ci—2k,,)), which has the same bounds as the

former. Next, decompose A1l as follows,

All(H,gh,u;G,abw):A(u,v)g[ > (0gnHOwWG)(Cimn) Vi,

i€L'(n,T)
Y OnHORG)(Cimy) (B w)) N F) — Vi)

€L/ (n,T)

Y OnHOWG)(Comn) () = (G ) ) ) |-

€L’ (n,T)

We follow the proof of equation (E.55) for w = 1, and we replace @(u v)(c B by Au, V)8 (O HOupG)(Ci-1),
which satisfies only the condition |A(u, v)§ (0gnHOaG)(Ci-1)| < /\u’v. This calculation shows that the last

two terms in the above decomposition vanish at a rate faster than Ai/ ‘) Therefore,

A1/4 (AII(H gh,u; G, ab,v) — \(u, v)g( Z (8th3abG)(Ci—1)Vfi1>> =0.

ieL!(n,T)

As a consequence, for (u,v) = (1,2) and (2, 1),

A1L(H, gh, u; G, ab,v) = 0.

A1/4

The results follow from the following observation,

A}M ( ( Z Z thaabG (Ci )Viril(uvv))

g,h,a,b=14i€L’ (n,T)

T
—032 / (8th8abG)(C’t)(Of”’Cfb+C’tgb0th“)dt> =0, for (u,v)=(2,2),
0

1

d
A”“( > A(UW)S( > (5th3abG)(Ci—1)Vfil(%v))[H(C%G(C)]T>:$O,

g,h,a,b=1 i€L/(n,T)

for (u,v) = (1,1).
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F Additional Figures
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Figure F.1: Monthly R? of two Return Factor Models (]:E%j) the CAPM (the blue dotted line) and the
Fama-French three factor model (the red solid line). Stocks are represented by tickers (see Table 1 for full
stock names).
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Figure F.2: Monthly R? of two Return Factor Models (fz%/]) the CAPM (the blue dotted line) and the
Fama-French three factor model (the red solid line). Stocks are represented by tickers (see Table 1 for full
stock names).
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