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SUPPLEMENT TO “FUNCTIONAL DIFFERENCING”
(Econometrica, Vol. 80, No. 4, July 2012, 1337-1385)

By STEPHANE BONHOMME

THIS SUPPLEMENT CONTAINS analytical and numerical results on various mod-
els. It also presents a method to numerically compute information bounds
and check the non-surjectivity condition. Last, it outlines a specification test
of parametric random-effects models.

S1. EXAMPLES: ANALYTICAL RESULTS
S1.1. Details About Derivations in the Text
EXAMPLE 1A: Note the identity

(y—a—Ba)3'(y—a— Ba)
=(y—a—Ba)3*Q3"*(y —a— Ba)
+(y—a)3PW3ITV(y —a).

We have, for every function g(«), and denoting g = dim «,

S [Lo.gly) = / Fra(31%, @ 0)g(a) dar
R4
_ <2w>-m|2|—“2{ / exp[i(y —a—Bay
P72
x 371203 (y —a— Ba):|g(a) da}

x {exp[—%(y —a) 3P (y — a)] }
This shows (11).

EXAMPLE 1B: Here we extend the analysis of Example 1B to censored re-
gression models with random coefficients.

Let us assume for simplicity that B(x, 0) has full-column rank ¢, for all 0,
almost surely in x. Let V' be a T x g matrix such that Q =VV" and V'V =1,.
Letalso Ubea T x (T — q) matrix such that W =UU’, and U'U = I_,. Last,
let (u,v) = (V'3712y, U3 1%y).

Then let us consider a region in R” of the form

{yGRT’(M7V)ERI XRZ}C{yGRT’yl>C1’---ayT>CT}7
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where R; and R, are subsets of R? and R” 9, respectively. Finally, let us define
the function supported on that Cartesian product:

e(y) = e2(»){u € Ri}1{r € R,}.
Then (9) will hold if ¢, and R, are chosen such that

1 )
S2 o(v)exp| —=(v = U'372a) (v—U3"?a) |dv=0.
P72
Ry
In particular, if R, is chosen such that {v — U’'37"%a, v € R,} is symmetric
around zero, then
(S3)  E[UV(yi—a)l{V'3'?y, e RiJ1I{U'S"?y; € Ry} |x;] = 0.

Restrictions (S3) are valid under nonnormality if the distribution of U’3~"?y;
is symmetric around the origin.

EXAMPLE 2: To see why finding a nonzero {¢,} that satisfies (16) is equiva-

lent to all 27 products of distinct F’s being linearly dependent, F\' x --- x Fj",
(ki,...,kr)€{0,1}7, consider the case T = 2. Then (16) can be written as

oo + (@10 — @00) F1 + (@01 — @) I
+ (e11 — @10 — o1 + @) F1F> =0,

and we have

®oo 1 0 0 0 ®oo

®10 — Poo -1 1 0 0 @10

®o1 — Poo 1-1 0 1 0 Po1

P11 — P10 — Po1 + Pao 1 -1 -1 1 P11

This triangular structure holds for all 7' > 2.
Last, we prove (18). We have

T
a7 & Y e O[[Axo+a (1 - Ao +a) =0

yelo,j” 1=1
T ex;6+a Y 1 1=y
B S Rl | S
yE%}T Y E 1_|_ext0+a 1+ext9+a

T
& Y y(x, f)eSlntit —
yel0, 1}

< Z ¢y(x, H)eZtT=1)’tx;96ath:1yt —0.
ye(0,137
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So, as e**, s =0, ..., T, are linearly independent, (18) follows.

S1.2. Nonlinear Regression Model

Let us consider the model
($4)  yi=m(x;,a;,6)+v, i=1,...,N,

where m(-, -, -) is a known T x 1 function. The distribution of v; given x; and «;
is known given 6y, and is independent of «;. The non-Gaussian random coeffi-
cients model is covered as a special case, with m(x, a, 0) = a(x, 6) + B(x, 0)a.
We take ) =R”, A C R? (where ¢ = dima), and 7, = 1 and 7, = 1. Last, we
letxe X.

Let ge L'(A) N L*(A). We have

(S5)  [Luxgl(y) = / Fur(y = m(x, @, 0); O)g(e) da
A

Let us define the operator
FoLy,:L*(A) — L*(R"),

where F is the L*-Fourier transform (e.g., Yoshida (1971, p. 154)). Taking
Fourier transforms in (S5), we obtain, for all g € L'(A) N L*(A),

(S6) [FILo.g1(&) = (/ eﬁg,’”(x’“’e)g(a)da> W (élx; 0), E€R',
A

where ¥, = Ff,, is the conditional characteristic function of v; given x;. Here
we assume that ¥,, is nonvanishing (as in Carrasco and Florens (2009), among
other references).

Note that L'(A)NL2(A) is dense in L?(A), and that F is one-to-one. Hence
L., is surjective if and only if F o L, is surjective. It thus follows from (S6)
that L, is surjective if and only if

(S7)  {&p /MM g e A}

is dense in the Hilbert space L*(| %, (:|x; 0)]?).

In particular, if {m(x, @, 0), a € A} has nonempty interior in R”, then L,
is generally surjective. As an example, Ly, is surjective when T = g and
m(x, -, 0) is one-to one. When T > g, surjectivity will hold when m(x, -, 0) is
a space-filling mapping (such as a Peano curve) that maps surjectively .4 onto
R” (or an open ball in R”).
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S1.3. The Linear Dynamic Panel Data Model

In this subsection we derive the efficient functional differencing restrictions
for Example 1A. We will distinguish two cases.

e Case I: B(x, 6) does not depend on 6. As an example, the static linear
model falls in that category:

/
Yie = X;,Bo + a; + vy,

where v |x;, a; ~ NI0, 2], with 6, = (B, o¢)’, and B(x, 0) = (1,...,1) is in-
dependent of 6.
e Case II: B(x, 0) depends on 6. As an example, the dynamic AR (1) model

Yie=poYi1+oai+vy, t=1,...,T,

where v; |y, & ~ N0, 2], falls in that category. For simplicity, we have as-
sumed that the initial condition y, is observed (and is thus the only covariate
in the model). To see the correspondence with the general formulation, notice
that
Yie = ppYio + (1 +p0+ -+ Py D+ Vi 4 poviiy -+ pyva,
t=1,...,

SO, 90 = (pOa Ug)/, and
B(x,0)=(,1+4p,...,14p+-+p").
We have the next result, where for conciseness we omit the reference to x

and 6, throughout.

PROPOSITION S1: The efficient moment function for 0, is

St(y, x; 6y) = ( (7: + %E(a 103712 )> SRS (y — a)

(921

_ §|:(y a) 2 1/2W21/2 ZI/ZWE l/Z(y )

(s
30,

_(y a)z I/ZWZ]/Z 2

2]/2Q2 1/2
x(y—a-— BE(aiIQE_my)).

PrROOF: We will need the following result.
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LEMMA S1: - R(L) coincides with the set of all zero-mean functions of

1
fy\x

QZ—]/Zy.
PROOF: It is easy to show that (S1) implies, for all g € G,,
1
[Lg)(y) = E[g(a)|Q3 "y, x].
7,10 10 = Ele 23]
The result follows. Q.E.D.

By Lemma S1, the efficient moment function with respect to 6, (k €
{1,...,dim 6}) is given by

J P
(S8) Sty %3 00) = - In([Lf1(y)) — E(g ln([Lfa](yi))‘QE‘“zy, X)-
k k
Now, from (4),

J
Eln([Lfa](Y))

1 49
2% s
200 " ILRID)
[ |30 -a-Bars oo pa]
X 96, 5y —a o y—a o

X exp [—%(y —a—Ba)X ' (y—a— Ba)]f”(apc) da

1 9 J 1
—____7 e _ —B ry'—1 _ —B
270, In|3] +‘/ﬂ;q ﬁ0k|: 2(y a )3 (y—a a):|

x f(alQ3 "2y, x) da,

where f denotes the distribution function of «; given Q3~?y, and x;, and
where we have used the factorization (S1).
Moreover, we have

7 1 e
aiLEW—a—BME @—a—Bm]

da  dB \
(L2 )s ' (y—a—B
(&0k+c90ka)2 (y—a a)
93"

1
—a — Ba).
&Ok(y a — Ba)

1
~5(y—a—Ba)
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So, by (S8),
da dB
S* = - . —1 —a— Ba; —1/2
. [(aak + af)kozl> 3l y—a a,))QE y}
=A(y)
1 931
+E[——(y —a—Bay)' = (y —a— Ba)) Q21/2Y:|
2 20,
=B(y)

—E(A(y) +B(»)IQ37y).
To simplify this expression, note that
y—a—Ba=3"03"*(y—a— Ba)+3*W3*(y —a).
So

_ é’_a ﬁ . / —1(v1/2 —1/2/+, —1/2
A(y)_]E[((?Gk+r90ka'>2 (W32 (y — ) @32

+ (03 2y)

for some function A(-).

Moreover, note that Q3~'?v; and W 3~1/2v, are uncorrelated, hence (by nor-
mality) independent given x;. As v; and «; are conditionally independent, it
follows that W3~2(y, — a) = W3 V?v; and Q37 %y, = Q3'?a + 37'?Ba; +
Q3~1%y; are also independent given x;.

In particular, this implies that

E(W3™(yi—a)|Q3' %y, x) =E(W3™*(yi — a)|x) =0,
from which it follows that

A(y) —E(A()I10Z"2y)

da  JB _ " _
_ (E + o B3 “Zy)) SEPWETy - ).

Next, we have
B) =B| ~3(S703 Ay~ a B + IEWE iy - )

-1
x &(zl/zszl/z(y —a— Bay)
90

+ 3w (y — a)) ‘QZ”zy].



FUNCTIONAL DIFFERENCING 7

So

B(y)

9371

B _l(;l/zwz_'/z(y _ a))/—(zl/ZWE—l/Z(y — a))
) 4%

=B1(»)

,(92

(3w 2y —a)) =— (zl/zgz—l/z( — a— BE(«|037'/%y)))

=B ()

,(72

+E[—%(21/2Q2_1/2(y —a—Bap) E— (21/2Q2—1/2(y —a-— Be;) ‘QZ‘l/z ] )

=B3(y)

Note that Bs(y) is a function of 03712y, so

Bs(y) —E(B;(3)1QX?y) =0

Note also that, by the above argument and the law of iterated expectations,

E[(ZWWZW(,V,- - a))

(921

i (ZI/ZQZ 1/2( a—B]E(a 103712y, ‘QZ 12 ]

So

By(y) —E(B.(3)1Q372y)
— —(ZI/ZWE_I/Z(}/ _ a))/

0"21 1/2 172 —1/2
Z/QE *(y — a — BE(;| Q37 '%y)).

Last, we have

2

E[(y, a)3- 1/2W21/2 21/2W2 1/2()’1 —a)‘QE 1/2 :|

a3t

|: 53— 12y 51275 s1ppy s-12y ‘QZ 12 ]
a0,

3

=E[v42”2W2”28 2 s }
! a0y
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- Tr[E“zWZ“zEEmWEI/Z&Z :
d0

(ZI/ZWZ*]/ZO?Z )
0 )’

EI/ZWZ 1/2:|

where we have used that W 3~1/2y; and Q3~'/2y, are independent given x;, and
that W2 =W.
Hence

Bi(y) —E(Bi(y)1Q3 ')
—%(ZWWZ‘“Z(y— )),(92,

(21/2W21/2‘92 )
a0 )’

(ZI/ZWE 1/2(y ))

2

The expression of S; then follows from combining the results. Q.E.D.

Several comments are in order. To start with, consider the case where B(x, )
does not depend on 6 (Case I). Proposition S1 shows that, in this case, the
bound coincides with the standard bound for exponential family models (Hahn
(1997)).

In the general case (Case II), the efficient functional differencing restrictions
comprise five terms. Mean and covariance restrictions in quasi-differences are

[ ‘9_“ , —1/2 —1/201, _ _
E_(a0k>2 W3 Y (y; a)i|_
and
[ Z

E|(yi—a)3" 1/2W21/2 21/2W2 Y2y —a)

93!
172 172 _
Tr(Z w3 70, ):| =0,

respectively, whereas orthogonality restrictions between quasi-differences and
levels are

3

1
E[(y, a)zl/zwzl/za EWQE Py = a)i|:

In the dynamic model, these restrictions combine those proposed by Arel-
lano and Bond (1991) and Ahn and Schmidt (1995). Note that, in this model,
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no stationarity restriction is imposed, so the extra moments of Arellano and
Bover (1995) are invalid here. Imposing these restrictions would require con-
straining the distribution of «; given yj.

The last two terms involve the conditional mean E(a;|Q3~?y;). It is inter-
esting to compare the optimal mean restrictions in the normal model,

E|:<ﬁ—a + ﬁE( i|Q2_1/2yi)) 3TPWIT(y - a)i| =0,

with the optimal restrictions obtained by Chamberlain (1992), in a model
where second- and higher-order moments of errors are left unrestricted,

da JB . /71/2 120, _
E[(aek+ 36, (azlx,)>2 W32y, a)}—

The difference between the two sets of moments is that, under normal-
ity, 0312y, = Q3 "?a + 37'?Ba; + Q37'/?v; is statistically independent of
W37V2(y; — a) = W3~Y?y; given covariates x;. This implies the existence of
additional instruments (namely, Q3~"2y,) in the quasi-differenced equations,
in addition to x;.

Note that efficient estimation of 6, in the normal model requires a non-
parametric estimate of E(a;|Q3~'/2y;). This is similar to efficient estimation of
common parameters in Chamberlain (1992). A regularized estimate of the op-
timal instruments may be based on a (semi-) parametric random-effects speci-
fication, as discussed in the text.

S1.4. Uniform Fourier Convergence in the Random Coefficients Model

We consider Example 1A, where, in addition, we assume that ¥ is known.
We also assume that rank(B) = dim a = g, that is, that L, , is injective.

Let us take 7, =1, and m,(y) = exp[—3iny'3~'y], where n > 0. Let Q =
3-12B[37'?B]", and define V a T x g matrixsuch that Q = V'V and V'V = I,.
Letalso W =1Ir — Q,and define U a T x (T — g) matrix such that W =UU’,
and U'U =1Ir_,.

Let us define H the Hilbert space of functions ¢ : R? — R such that

2 1 ’
() expl —onup dp < oo,
RY

endowed with its canonical scalar product. Last, let L,, : H — H be the integral
operator such that, for all y € H,

[Lynp1(2) =/

R4
for all z € RY.

1 / L
exp|:—Z(Z — ) (z— M)] x eXp[—QW u}w(,u)dp«
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We note that L,, is Hilbert-Schmidt, so it admits a singular value decomposi-
tion, and that L,, is self-adjoint.
We have the following result.

PROPOSITION S2: The left singular functions of the operator L, . : G, — G, are
given by

1
(S9) $.0(y)=C(O)H;(V'3y) exp[—i(y —a)3PUU S VA (y — a)],
where H;, j = 1,2, ... are the singular functions of the self-adjoint operator L,

and where C(0) is a positive constant, uniformly bounded on O provided a(-) is
continuous in 6 and O is compact.

PROOF: Let Y =R7”, and A =R?. We have
[Lo Ly h1(y)

— / / Friea (V1% @ 0) foea (1%, @ O)7, (F)A(F) da dF
YJA

_ / { / Fren (15, @ 0) e 1, e>da} 7Y dF.
R% A

k(y,y)

Moreover,
1 /
Fyma(Ylx, a; 0) exp[—z([/fz—l/z(y —a)— V/Z—l/zBoz)
x (VI (y—a) - V’Zl/zBa)}

X exp[—%(y —a)3PUU S (y - a)j|,

where A o« B denotes the fact that 4 and B are equal up to a multiplicative
constant (possibly dependent on 6, x).

Using the change of variables 8 = V'37"2Ba, and noting that "3~'?B is
nonsingular, we obtain

k(y7 y) = / fv\x(y —a— BO[; H)fv\x(y_ a— Ba; 0) dO[
A
o / eXP[—%(V/E‘”(y —a)—B) (V'3 (y —a) - B)
A

1 - / ~
- E(V/Z"/z(y —a)—-B) (V' (§F—a) - B)] ap
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1 rN—1/2 /5—1/2
X €Xp —E(y—a)E Uus'"*(y—a)
1 - /172 IN—1/2 7
—i(y—a)Z vus'*Gy-a)l.
So, from the usual decomposition of quadratic forms,
~ 1. N 1t ~
k(y,y)anp[—Z(VE Py-m) 'z ’/2(y—y))]
1 ry—1/2 /5i—1/2
X exp —E(y—a)E Uu's “(y—a)
1 /=172 IN=1/2
—E(y—a)E vu's ' (y—-a)l.

As the left singular function ¢, , belongs to the range of L ,, there exists a
function 4; such that

1
bjo(y) =h;(V'Z7?y) eXp[—i(y —a)3PUU'S A (y - a)]-
The function ¢, 4 satisfies

[LoxLy, bjol(y) o< djo(y).

This is equivalent to

sy o [

y

1 T N
{eXp[—Z V'EPy-») (Ve - y))]
1
X exp[—i(jf— a)3VPUU'STA(y — a)j|
X wy(y)hj(V’E‘”Z?)} dy.
Then we note that, as VV' 4+ UU’ = I,
~ 1 o~
m(§) = exp| —5ny 27y
1 / ~
= exp[—in(V’E‘l/zii) V’E‘“Zy]

1 ~
X exp[—iny/Z]/ZUU/E”zy]
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We thus obtain, using the change in variables (u, v) = (V' 3712y, U 3Y2y),

sy o [

R4

exp[_%(V/zl/Zy _ M)’(V/Efl/Zy _ M)i|

1
X eXp[—Emﬂﬂ] hi(p)dp.

So, (89) follows. Last, as [|¢; 4]l = 1, the proportionality constant C(6) satis-
fies

1 . 1 o o 2
(o) =/3,<H"(V2 ") eXp[‘QW—a)E RyU's '/%y—a)D

1
x eXp[—iny/E‘ly] dy
1/2 2 1 ’
=13 Hj(p)"exp| —5mu'p du
RY
x / exp[—(v—U'3""2a) (v —U'S"a)]
RT-q
2]
x exp| —=mv'v | dv
2
2 (T—-q)/2
- |Z|l/2<—ﬂ- ) exp[——n a/Zl/ZUU/Zl/za},
2+n

241

where we have used that ||H;|| = 1. As a(-) is continuous in 6 and @ is com-
pact, and as W = UU’ is a projector, a'3~/>*UU’37'%a is bounded. So, C(9) is
uniformly bounded.

The result follows. O.E.D.

Using the expression for the left singular functions, we then verify uniform
Fourier convergence for model (2).

COROLLARY S1: The following condition is satisfied for all h € G, a.s. in x:

(S10) sup(Z(@,g,h)z)JifOO.

0cO I

PROOF: We start by checking condition (S10) when /4 is a polynomial. It is
enough to check the result for 4 of the form (3-2y)®, where y* =y x
X AT Let (u, v) = (V'3 12y, U’3-"2y). We have

(E_I/Zy)(k) — (VV,E_l/zy + UU/Z—I/Zy)(k) _ (V/J/ + UV)(k)-
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We note that (Vu + Ur)® is a polynomial in u and », the coefficients of
which are uniformly bounded as U and V' are orthogonal matrices. So it is

sufficient to check the result for 4 of the form (V'3~12y)m (U’ 371/2y)®,
For such an £, we have

(10, h) = C(O) / {(V’zl/zy)””)(U’zl/zy)(“Hj(V/zl/zy)
Yy
X eXp[—%(y —a)3PUU'S P (y - a)}wy(y)} dy

=C(9)|2|”2f

R4

1 !’
w ™ H () eXp[—zw p«} dp
1 /
« / O exp[—— (v— U'S"2a) (v — U/EI/Za)]
RT—¢q 2
1 /
X exp|:—§nv v:| dv,

where we have factored 7, as in the proof of Proposition S2, and where we
have used the change in variables (u, v) = (V'3 Y2y, U'3"12y).
Now, as u™ belongs to H,

1 2 s
Z(/ p™ H,(p) CXP[—E”)M’M} dM) =20.
RY

j=J

In addition,

1 / 1
/ vWexp| —=(v—U3"%a) (v — U'3"a) |exp| —smv'v | dv
RT-q 2 2

1
< f [v|© exp[——nl/vi| dv < 0.
RT—q 2

This shows uniform Fourier convergence for polynomial 4.

Last, let & € G,, and fix £ > 0. We start by noting that polynomials are dense
in G,. For example, when T = 1, the (generalized) Hermite polynomials form
an orthogonal basis of the weighted L? space G,. So, there exists a polynomial
h such that || — k| < £.

For this Z, and by the previous result, there exists a J; such that, for all J > J;,

sup Y (0, <2

0O j>J 4
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Therefore,
Supz<¢f’9’ h>2 = Supzz((d)j,e, E)Z + <(,'bj,9, h - E)Z)
0@ j>] 0cO j>]
<2xsup Y (¢ B2 +2x |k — |
Geg; ¢] 0
& &
2x —4+2x%x =
<zX 4 +2 X 1
=g,
and the corollary is proved. Q.ED.

S2. EXAMPLES: NUMERICAL EVIDENCE

In this section, we discuss several numerical issues. We start by describing an
approach to numerically compute semiparametric information bounds.

S2.1. Computing Information Bounds
General Approach

Let m, =1/f4., and 7, = 1/f,,. Here f,, and f,, are assumed known. The
efficient moment restrictions are given by (30). Moreover, the information
bound, conditional on x4, ..., xy, is given by

1 - 2 &LG ,x,-fa\x &LG ,x,-fa\x
(Sll) ﬁ ; E(Wy()’i) [I/V(io,x,- ;70} ) |:I’Veo,x,- (;70/} ) |xi) .

Note that the bound depends on parameter values 6, and f,,. Note also
that the information bound simplifies relative to the general formula for the
asymptotic variance of GMM, due to information equality.

Let
(?L XiJalx
Eu = B my 07| Wiy 2t ox
a6
(9L X;J ajx
<[ ook =),
We will compute &, by simulation, drawing N, values Y (s=1,...,N,)

from f,.(-|x). That is,

Ny
1 > 2 ﬁLH ,xfalx (9L9 ,xfa\x
o e s o o o, et
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Let us write W, . =1, — Qq, x, Where Qy, , is the orthogonal projection op-
erator onto R(Ly, ). Equation (S12) may equivalently be written as

1o (aln[Leo,xfax](y )
56 x N — =
s=1

y a0
_ 1 aLGg,xfax] )
[LQU’XfD“X](XS) |:Q60,x 070 (Xs)
(&ln[Leo,xfax](Xs) 1 |:Q aL@o,Xfaxj|( ))/
X - x .
99 TISNANIER) TR

Now let us define the N, x 1 and N, x 1 vectors

£y = [Feaylx, s 00)),],

aéeo,xialx _ i afy\x,a(zslxa gn; 00)
0761{ N (90k ) ’

n=1

and the N, x N, and N, x N, matrices

LQO,X = [(fy\x,a(zslxa @, 00))s,n]7

No
Qﬁg,x = diag[(nyx,a(Xs|x> Qn; 90)) j|

n=1

We shall adopt a discretization strategy closely related to that of Section 6
in the paper, using N, draws y from fy., and N, draws @, from 7 = fu..
We start by notlng that it follows from the choice of T that - 7, = 1, and
that [(u(y)),] ~ N L,, f (y ’. We will thus approximate [Qg, xﬁL"" "f"'x](y) in the
family of functions

&L 90 xfalx i|

(J’)sz fy\xa(Y|x a5 60) .

n=1

|:Q00 x

=vn(y)

The projection yields

[(Dn)n] ~ [( / vnl(y)vnz(y)wy(y)dy) }
Y ni,ny
60 xfa\x
x V(¥ ) 6, »m(ydy) |,
v ni
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that is, using importance sampling with N, draws from f,,, =1/,

.
[(Bn)a] = [(Z T o (Y )V, (Xg) }
e ny,ny

Ny
’ 1 ﬁLngfax]
e ) |

Na  Ifylx,a(y |X,a,:00)

Combining, and noting that [ "0 o “"‘]( Y~ + -3 = . we obtain
{?L XJalx
|:Q90X % f‘ ]( )
oL, .f
) -2 _ =00,xL_gx
(f Fo ) (L iDLy ) Ly Dy — 0=
oL, .f
(62} — —b00,XL_q|x
(fg):) x) (—90 XLG[) x) DGU x 0,)0—1( .
Using this approximation, we thus have*
1 1 O”LGO’xialx '
(S13) & ™ N, D, g [In, — (D5 Ly, ) (g L, x) ]
Df) 1x ﬁLHOJlex .
0> 0'19/

This formula is intuitive: not knowing f,, results in a loss of information,
which can be seen by comparing the fixed-effects information bound &, , with
the parametric information bound for f,, known,

ML 1 » aéeo,xza‘x . &LBO,XLW
Eo |\ Doy = | \ Lops = )
’ N, 0- a0’ 0 a0’

Hllustrative Calculations

Figure S1 shows the results of a computation of the inverse information
bound for three models, using the formula (S13). We use two different ap-
proaches to compute (S13). The first one is based on the J-modified pseudo-
inverse of the matrix L, ., which we mentioned in the text (Section 6).

4Note that this formula differs slightly from the one that appears in the proof of Theorem 1.

This is because in the above derivations we have used N, draws from fj,, (while the proof of the
theorem relies on draws from a discrete uniform distribution).
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We refer to this approach as singular value decomposition (SVD) -based.
As a second approach, we use a least-squares (LS) regression to compute
(DGU L, x)TDGO xm using only the first J columns of the matrix L, ..
We refer to this method as QR-based.”’

The left panel shows the results for a simple linear model y;, = a; + 0,(¢ —
1) + vy, t =1, 2, where v; and v;, are independent standard normals. We take
0y = 1, and «; standard normal. In this case, the first-differenced estimator
reaches the information bound (e.g., Hahn (1997)), the inverse of which is
equal to 2. This provides a convenient benchmark against which to compare
our discretization strategy. We take N, = 10,000, and N, = 1000.

We see on the left panel that both methods converge to the theoretical
bound. The SVD-based method gets faster to the solution. However, when J
gets large, the SVD-based method tends to deviate from the theoretical value,
while the LS-based method remains stable. The difference is accentuated when
we increase J beyond 50 (not shown).

The central panel shows the results for Chamberlain’s model, with a similar
pattern for the two methods. This calculation suggests that the inverse informa-
tion bound is ~1.25. That is, when N = 100 or 500, the corresponding standard
deviations are ~,/1.25/100 = .112 and ~,/1.25/500 = .050, respectively.

For the Tobit model, we see that the numerical problems in the computa-
tion of singular vectors arise earlier. In particular, the SVD-based method
starts to diverge from the QR-based method when J > 20. We verified that,
for small singular values, the numerical computation of singular vectors starts
being very imprecise. In contrast, the QR-based method gives more stable re-
sults. This computation exercise shows that precise calculation of information
bounds may be difficult, due to errors caused by finite machine precision. Nev-
ertheless, the evidence obtained suggests that the inverse bound is ~5.0, and
that the corresponding standard deviations for o, (obtained using the delta

method) are ~,/5/100/2 = .112 and ~,/5/500/2 = .050, respectively.*®

S2.2. Checking the Non-Surjectivity Condition

A similar discretization approach may also be used to provide numerical
evidence on (non-) surjectivity in a given model. To proceed, let us return to
the setup of Section 6, where , is integrable, and integrals with respect to «
are approximated using importance sampling based on a density 7. Fix x € &,
and 6 € 0. For any & € G, the squared norm of W, .4 may be computed as

1, _
(S14) W, h|*~ ﬁyﬁ [Iv, — L, L} ]k,

47In Matlab, linear regression based on the QR decomposition can be done using the backslash
operator.
“8The fact that the bounds are numerically equal in the two models is due to chance.
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where h = [(h( yy))s] is an N, x 1 vector and where the expression of the N, x
N, matrix L, is given in Section 6.

To illustrate the practical usefulness of this type of calculation, we computed
(S14) in the Tobit model and in the simple random coefficients model, for the
special choice h(y) = 1. Note that, given that 7, is integrable, & belongs to
G, and its norm is equal to 1. We take 6 = 1 (o =1 for tobit), and we show
the results for T =1, T =2, and T = 3. We also compare the SVD-based
and QR-based approaches to approximate the projection, as we explained
above.

The results presented in Figure S2 clearly show that Wyh # 0 when T =2
or T = 3. This provides numerical evidence on the fact that the operator L,
is not surjective for that value of common parameters. In contrast, the graphs
for T =1 suggest that Wyh = 0, consistently with the fact that L, is surjec-
tive when only one period of data is used. The figure thus illustrates the fact
that the availability of panel data is essential to the success of the functional
differencing approach.

S2.3. Varying the Number of Singular Values

In the two upper panels of Figure S3, we show the mean of & and , as well as
the mean =+ two standard deviations, across 1000 simulations, for a sample size
N =100. In both models, we set h,(y) = ¢(y — w,), where ¢ is the standard
normal p.d.f. and where u, takes 49 different values in R*:

{(07 0)5 (07 1)3 (O’ _1)7 (07 2)7 (07 _2)7 (07 3)’ (Oa _3)’ e (_37 _3)}

On the x-axis of the figure, we report the number of singular values J used
in the numerical computation of the discretized version of the within projec-
tion operator (using the SVD-based approach). We see that the results quickly
stabilize around the true value (0 =1 and 6, = 1, respectively). This result
is consistent with the absence of ill-posedness in the estimation of common
parameters.*

S2.4. Numerical Evidence on Uniform Fourier Convergence

Here our aim is to provide some numerical evidence on uniform Fourier
convergence in the two models that we used as illustration in Section 6 in the
paper. In Section 5, we assumed uniform Fourier convergence to show root-
N consistency and asymptotic normality of common parameter estimates. In

“We also compared the SVD-based approach with the QR-based approach which we men-
tioned above, and found little difference on the simulated data.



Tobit model
T=2

squared norm of Wh

squared norm of Wh

squared norm of Wh

(=% | =k |
1 ‘ 10 15 20 1 5 0 15 20
# eigenvalues # eigenvalues
s
Chamberlain’s model
— —Ti 1

i \ \

| \ \

\ \ \

1 1 \

@11 @41 @4

- 1 | \

1 < ~
E \ s \ H o
15} | = s A

o] Swol S0
g 1 £ e, - £ \
N 2 ) g !
g ! B \\ ? L
S < l\ 5 < \ T4 5= e
o =1 \_ g_ N
@ \ I I e e e S S S, 5
\
Y I o o
.
\\
o e e e e o4 o4
1 5 10 15 20 1 5 10 15 20 1 5 10 15 20
# eigenvalues # eigenvalues

# eigenvalues

FIGURE S2.—Numerical evidence on non-surjectivity (7 = 1, 2, 3). The curves show estimates of the squared norm of WA, where i(y) =1 and

(0, 0) = (1, 1). The results are plotted against the number of singular values (or columns of L,) J used in the computation. Diamonds (solid line)
correspond to the SVD-based approach; triangles (dashed line) correspond to the QR-based approach.

0¢

HININOHNOY ANVHdY.LS



FUNCTIONAL DIFFERENCING

Tobit model: o (true=1)

21
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FIGURE S3.—Parameter estimates (N = 100, 7 = 2). On the x-axis we report the number of

singular values used in estimation, while the y-axis shows parameter estimates. The functions
used to construct moment functions are ¢ (- — w,), r =1, ..., 49, where the set of values for w, is
indicated in the text. The solid and discontinuous lines show the mean estimate and the mean +
2 standard deviations, respectively. The thin solid line indicates the true parameter value.

Figure S4, we report the sum ) i bje, f,)?, for various J and for common

parameters (0 and o) in a grid of values ranging between .5 and 1.5.%°
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FIGURE $4.—Uniform Fourier convergence (T = 2). We report the quantity 3~ (¢}, %
where (J + 1) is shown on the x-axis. The various curves correspond to different parameters 0 (o
on the left panel), which belong to a grid {.5, .6, ..., 1.5}.

In our experiments, we observed that estimates of singular vectors associated with very
small singular values were affected by numerical error. In Chamberlain’s model, the sum
Z';:l (¢}, f,)? increased steadily with J and seemed to reach a plateau after a few singular values,
yet the sum jumped after the 19th singular value (and actually became >>| f, ||). For this reason,
we discarded the singular values A, j > 19 in the sum. For the Tobit model, this phenomenon
occurred after the 14th singular value, and we proceeded similarly. This is additional evidence of
the difficulty of computing singular vectors associated with small singular values.
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Figure S4 shows that the Fourier coefficients tend quickly to zero, and there
is visual evidence that the convergence is uniform over the set of parameters
that we have considered. This provides numerical support for uniform Fourier
convergence in those two models.

S3. SPECIFICATION TEST

In applied work, a common approach is to assume a parametric model for
the individual effects. Here we show how to use the functional differencing
restrictions for the purpose of specification testing.

Let

fyu(ylx) = f Fra (Y1, @ 60) fun(tlx: m0) da
A

be a complete parametric specification of the distribution of the data, which
includes a parametric model for the individual effects. A popular choice is to
let f,.(a|x; no) be a Gaussian density, with means and variances that are par-
simonious functions of covariates x; (Chamberlain (1984)).

We wish to test the null hypothesis that f,,, is correctly specified. For this,
we consider the random-effects maximum likelihood estimator (MLE) of 6,,
which solves

N
6= argmax[argmax ln(/ Fora(ilXis @; 0) fux(alxi; m) da>:| .
0 i=1 A

n

Then, we define the statistic
1 o ~
S = N ;¢(yt, Xiy 0))

where ¢ = (¢4, ..., ¢r) is given by (35). The statistic S is simply an empirical
counterpart of the functional differencing moment restrictions, evaluated at
the random-effects MLE.

PROPOSITION S3: Under the null of correct specification, and under regularity
conditions given in Section 5 and standard regularity assumptions on the MLE,

VNS4 N0, V3],
where the expression of Vs is provided in equation (S15) below.

PROOF: Letusdenote ¢;(0,n) = ln[fA o (ilxi, a5 0) foc(alx;; m) da, and

2p. . . . .
Ly = E[W], with a similar notation for the three other components of
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the Hessian: Ly,, L., and L,,. Then, under standard regularity conditions
and under the null of correct specification,

VN = 6,) -5 N[0, V31,

where V5= [Lgy — L(,,,L;},Ln{,]‘l.

Let ¢;(0) = ¢ (1, x;, 0). It is easy to show that, under the null, and under the
regularity conditions of Theorem 4 and standard regularity assumptions on the
MLE (see Arellano (1991)),

VNS4 N0, V5],
where
(S15) Vs = E[(‘Pi(eo) — GVisi) (@i(6o) — GV@‘Si)/]a

. Jl; _10¢; Jo;
with S = rf;(?gﬂo) _ Leanl, Z,(go,m)), and G = E[ <P(;;(’9o)].

A consistent estimator of V5 is then obtained as
Vs =E[(¢:(8) — GViS) (9:(8) — GVis)'],

where V7 is a consistent estimator of V3, §; = “450 — [, [ ;1‘7%‘;’”), with Ly,

and Z,m consistent estimators of Ly, and L,,, respectively, and G is given by
(49) with 6 in place of 6. Q.E.D.

Let us assume that V5 is nonsingular. In particular, this requires that the
vector of moment functions ¢ is not identically zero, thus restricting the model
to be non-surjective. As N tends to infinity, we then have, under the null of
correct specification,

(S16)  NSV'SSx2,

where Vs is a consistent estimator of V. Thus, (S16) provides a simple way
to test the validity of random-effects specifications in non-surjective models.
This provides an analog of the Hausman test (Hausman (1978)) in a nonlinear
context.
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