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APPENDIX A: IDENTIFICATION
A.1. Proofs of Propositions 1 and 2
IN ORDER TO PROVE PROPOSITION 1, we first present and prove the following

lemmas.

LEMMA 1: Let ¢(x,t): 1 x [c,d] — R, where I is a compact subset of R™.
Suppose ¢(x,t) and its partial derivative, ¢,(x, t), are continuous and that ¢
is integrable with respect to the probability measure « for each t. Then f(t) =
[ @(x,t)da(x) is continuously differentiable on [c, d].

PROOE: By Theorem 5 (p. 97) of Roussas (2004), f'(t) = [ ¢»(x, t) da(x)
forall t € [c,d]. Let sy, 5, € [¢, d]:

|f'(s1) = f(s2)| = ‘ f @a(x, 81) da(x) — f @2(x, 57) da(x)

< /|<oz(x,sl)—qoz(x,Sz)|da(x)-

The continuity of ¢,(x,t) on the compact set I x [c,d] implies uniform
continuity, and therefore we can choose a & such that |s; — 55| < & im-
plies |@a(x, s1) — @a(x,5)] < 81) for all x € I, which in turn implies that

a(

If'(s1) — f(s2)l < & Q.E.D.

LEMMA 2: Under Assumptions 1(i), 3(ii), and 4, f (v) is continuously differen-
tiable and strictly positive on I,

PROOF: The continuous differentiability of f(v) follows from Assump-
tion 1(i), Assumption 4, and Lemma 1. f(V') > fAu friv=u(v) dFy(u) > 0 fol-
lows directly from Assumption 3(ii). Q.E.D.

In order to prove Proposition 2, we present and prove the following lem-
mas. Let S be a sub-vector of the random vector (U, ¢, Uy, Uy/) that at
least includes U and e, and let S* denote the vector of the random vari-
ables in (U, g, Ug, Uy») but not in S. Let Q be a sub-vector of the random
vector (&, Up, Uy) that at least includes &, and let Q* denote the vector of
the random variables in (U, ¢, Ug, Uy/) but not in Q. Let Iy, Is, I, Ip,
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and Iy be the smallest closed rectangle that contains the support of V*, §,
S*, O, and Q*, respectively. In the proofs, we only consider the case where
7 (V,U, e, Uy, Ug) > 0 for all i, j =0, 1 since the proofs for the cases where
some of the 77/ = 0 are similar in spirit and simpler.

LEMMA 3: (@) fs«5=s(s*) is continuous on Is s; (b) for10=4(q") is continuous
on IQ*,Q‘

PROOF: We prove part (a), and the proof for part (b) is similar. There are
three cases: (1) $* = Uy, (2) $* = Uy and (3) $* = (Uy~, Up). For case (1),

fUV/,UBrlU:u,s:e(uV’, ug)

fUB, U=u,e=e(Up')

(A]-) fUV/\UB/:LIB/,U:u,a:e(uV’) ==

/fV,UV/,UB/U_u,s_e(Ua uy, up) dv

/ /fV,UV/,UB/lU_u,s_e(Ua uyr, up) dvduy:

Note that the numerator of (A.1) is exactly fs«s—s(s*) in case (3). Both the nu-
merator and the denominator are continuous as guaranteed by Assumption 4a
and Proposition 1 in Section 17.5 of Zorich (2004). Since the denominator is
strictly positive, fu,, v, —=uy.U=u,s=c(Uy+) is continuous. The proof for case (2) is
analogous with the roles of Uy, and Uy exchanged. O.E.D.

LEMMA 4: (a) = fys—s(v) is continuous on Iy s; (b) 4 fi0—q(v) is continuous
on IV,Q-

PROOF: We only prove part (a), and the proof of part (b) is similar. Note
that

fV,UV,,UB, U=u,e=e (U, Uy, Up')

fV|S:s,S*:s*(v) =
fUV/,UB/|U:u,s:e(uV’a up)

fV,UV/,UBrlU:u,e:e(v, Uy, Up')

fVlS:s(v) = fS*\S:s(S*) dS*;

Juy Ug1U=u,0=e(Uy7, Up')

where the first line follows by Bayes’ rule, and we integrate both sides over
fsus=s(s*) to arrive at the second line. Taking derivatives with respect to v
on both sides, interchanging differentiation and integration (permitted by As-
sumption 4a, Lemma 3, and Roussas (2004)), we obtain the result following
Lemma 1. QO.E.D.

LEMMA 5: (@) =% fy+s=s(v*) is continuous on Iy« s; (b) - fy+o—q(V*) is con-
tinuous on Iy~ o.
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PROOF: We only prove part (a), and the proof of part (b) is similar. Note
that after applying Bayes’ rule and rearranging, we obtain

frois=s,si=s (V)
= Pr{Uy = 01S =5, 5" = 5" foss.s .0 o (V")
+ Pr[Uy #0IS =5, 8% = 5*] frr+js=s.55=5t, 020 (V")
= Pr[UV =0|S=s,85= S*] PI‘[UV =0V =v",S=s5,5= S*]
Fris=ssr=s+ (V)
Pr[Uy =0|S =5, 5" = 57]
x Pr[Uy #0lV =v" —up:, S =5, 8" =]

+Pr[Uy #0|S =5, 5" =5"]

« Jvis=s.se=s* (U* - MV’)
Pr[Uy #01S =5, 8" = 5]

=Pr[Uy =01V =v", 8 =5, 5 = 5] frjs=s.50=s (V")
+Pr[Uy 01V =v" —up, S =5, 8" = 5] friss.sios (v — ).

Multiplying both sides of the last line by fg«s—,(s*) and integrating over s*,
taking the partial derivative with respect to v*, and applying Assumptions 4a
and 5 and Lemmas 3 and 4, we have the desired result. Q.E.D.

LEMMA 6: (a) 7= Pr[Gy =i, Gy = jIV* =v*,S =s] and 5 Pr[G, = i|V* =
v*, S = s] are continuous on the set {(v*,s) : fy«s=(v*) > 0} for i,j =0,1;
(b) ZPr[Gy =i,Gp = jIV* =v",0 =q] and ;= Pr[Gy = i|V* =v",0 =q]

are continuous on the set {(v*, q) : fy+o=,(v*) >0} fori, j =0, 1.

PROOF: Again we only prove part (a). First, note that the continuous differ-
entiability of Pr[G, =i, Gg = j|V* =v*, § = 5] and Pr[Gy = i|V* =v*, S = 5]
is only needed on the set {(v*,s) : fi«s=s(v*) > 0} for the purpose of prov-
ing Proposition 2, because these quantities are always multiplied by fy«s—,(v*)
when they appear in subsequent proofs. We consider the two cases of i =0, 1
separately. For case 1, where i =0,

Pr[Gy =0,Gp=jIV* =v",S=35]

PGy =0, Gy = j|IS = 5]
frois=s(v)

Pr[Gy =0, Gz =j|S = 5]
freis=s(v*)

= freis=s.y=0.65=i (V")

.
= fris=s.Gy=0.65=i (V")
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—f (v") Pr{Gy =0,Ggp = jIS =] fris=(v")
— JVI8=s,Gy=0,Gp=j fV\S:S(v*) fV*lS:s(v*)

=Pr[GV =O’ GB =]|V:U*,S=S]fw=—3%
V*|S=s
— 0j (7y* * * fV‘S:S(v*)
- T (U > U, & Uy, uB’)fS*IV:v*,S:s(S )dS fi(v*)
V*|S=s
Js+15=s (S*) fV|S:x(U*)

ds* .
fV\S:s(v*) ’ fV*IS=5(U*)

The partial derivative of the right-hand side w.r.t. v* in the last line is con-
tinuous on I« g by Assumption 5 and Lemmas 3, 4, and 5. For case 2 where
i=1,

= / 7 (v, u, &, uy, up) frise—y 5= (V7)

Pr[Gy =1,Gp=jIV*=v", S =5]

= / Pr[GV = 1, GB = j|V* = U*, S = s, S* = s*]fs*‘y*zv*,szs(s*) ds*

Z/Pr[GV=1,GB=j|V=U*—MV',SZS,S*ZS*]

« Jres=s,5%=s* (U*)fs* IS=s (S*)

ds*
fV* |S=s ('U*)

fr |S=s,8%=s* (U*)fS* |S=s (s*)
freis=s(v")

Its partial derivative w.r.t. v* is continuous on I« s for the same reason as in
case 1.

Since Pr[Gy = i|V* =v*, S =] = Z,-PT[GV =1i,Gpg = jlV*=v*§ =ys],
the continuous differentiability with respect to v* of Pr[G, =i, Gy = j|V* =
v*, § = 5] implies that of Pr[Gy = i[V* =v*, S = 5]. QO.E.D.

= / m (vt — uyr, u, &, Uy, up) ds*.

PROOF OF PROPOSITION 2: For part (a), the proof is the same as for part (a)
in Proposition 1, replacing V" with 1*, letting the pair (U, &) serve the role of
U and using Lemma 5.

For part (b), we can write

(A2)  E[YIV'=v]

= /E[Y|V* = U*, U= u,e= e] dFU,s|V*:v*(u7 6)
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:/(E[Y|Uy:O,V*:v*,U:u,s:e]

x Pr[Uy =0[V*=v", U =u,e=e¢]
+E[Y|Uy #0,V*=v",U=u,e=e¢]
x Pr[Uy #0[V* =v",U = u, e =e]) dFy .y (u, €)

=/<2122 + |:f Z3Z4duV'i| (11— Zz]>25 dFy .(u,e),

where the second line follows from the law of iterated expectations, and to ease
exposition below, we use the notation:

2= y(b(v*, €), v*, u),

2 EPr[V =V"WV*=v,U=u,e= e],
z3=y(b(v" — upr, €), v — uypr, u),

24 = fu, 10y 20,15 =v,U=u,e=e(Up")

o fV*lU:u,a:e(v*)
Z5 = —fV* (U*) .

The derivative of E[Y|V* = v*] in equation (A.2) with respect to v* is

dE|\Y|V* =v* 0
(A3) M = /zizzzs dFy .(u,e) + / zl(LfS) dFy .(u,e)
dv v
&[(/ 2324 duV/)[l — Zz]Zgj|
+/ * dFU,s(”s e)a
v

where z; denotes the partial derivative of z; with respect to v*, provided that

the integrands are continuous.
In a parallel fashion, we can write

E[B V" =v"]

= / { [Z() +zg(1 — Z7)]213

+ [(/ Z9Z10 duV’)le + (/(29 + up)zipduy duB’)(l — 211)i|

x (11— 213)}214 dF,.(e),
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with

zs=b(v', e),

Z; = Pr[UB =0|Uy=0,V*=v*, e= e],
3= f uB’fUB/|UV:0,UB;£0,V*:U*,6:6(MB’)duB’7

2o=b(v' —uy, €),

210 = fUV/\UB:O,UV;éO,V*:v*,s:e(uV’)a

Zy = Pr[UB =0lUy #0,V* =v",e= e],

p= fUV/,UBr|UV¢O,UB;£0,V*:U*,5:e(uV’, Ug),

z3=Pr[V =V IV =v*, e =e],
fV*ls:e(v*)

Zu=——F

fre(v°)
And the analogous derivative with respect to v* is
dE[B*|V* =v7]
dv*

J
:/Zéz13214dFe(e)+/Z6dv* (z13z14) dF.(e)

(A.4)

+

d
I /[Zs(l — z7)z13214) dF . (e)

J
+ /{/Z9lloduw “Zin
Jv

+ / /(29 +ug)zipduy dug - (1 — Zn)}(l — z13z14)} dF . (e),

provided that the integrands are continuous.

The proof of part (b) follows from showing that the partial derivatives of
23, f2324 duy, zs, z7, zs, fZ9210 duy, zyy, ff(Z9 +up)zinduy dug, and zy3z4
with respect to v* are continuous, and noting that z; and z are continuous by
Assumptions 1a, 2, and 3a. From this, it follows that there is no discontinuity
in all but the first term on the right-hand side of (A.3) and (A.4) at v* =0 and
that the RKD estimand is the ratio of the discontinuities in the first terms of
those two equations.

As shown by Lemma 6, z, is continuously differentiable in v*.
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z4 is continuously differentiable in v* because
fUV/|Uy;£0,V*:u*,U:u,s:e(uV’)
= (Pr[Uy #0|1Uy = up, V* =0v*, U =u, e =e]
X fUV/ \V*=v*,U=L¢,s=e(uV’))

/(Pr[Uy #£0lV* =v*,U =u,e=e])

= ((1 —Pr[Uy =0|Uy =up, V*=v",U=u,s=e)

fV*\UV/=uV/,U=u,£=e (U*)fUV/ \U=u,s=e(uV’) )
X (1—2)
fV*\U:u,s:e (U*) / ?

and the derivative of the last line is continuous by Lemmas 3, 5, and 6.
We break up the integral [ z3z, duy- into two pieces

v* dUV’
/2324 duy = / 23z AUy +/ 23z duy
CUV/ v*
«

= / (b (v —uyr, ), v — uyr, u)zgduy

CUV/

dU /
+/ ! y(b™ (v — upr, €), v — upr, u)zs duy,
Vi

s«

where ¢y, and dy,, are the lower and upper end point of the support of Uy,
b*(v,e) =b(v, e) forv>0andall e, and b= (v, e) = b(v, e) for v <0 and all e.
Denote y(b*(v* — uy, €), v* — uyr, u) by z5. Note that z§ and z; are contin-
uously differentiable in v* on [cy,,, v*] and [v*, dy,, ] respectively by Assump-
tions 1a, 2, and 3a, where ¢y, and dy,, are the lower and upper endpoints of
the support /y;,. Since z4 is also continuously differentiable as shown above, we

can apply the Newton-Leibniz formula, which yields

J v vy,
— z3zgduy + zy zg duy
ov cu o
Vv

4

v* (? dUV’ ﬁ
= / F(Z;—ZA‘) dl/tV/ + / W (Z:,,_Z4) duV’

Uy, ¥

+ —
+ Z3 Z4|uV/:v* —Z Z4|UV/:v*-
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By Assumptions la and 3a, z; is continuous, and it follows that z7 Zalupy = —

235 Z4]u, —» = 0. Since fciw (25 z4) duy, and fUiUV' -2 (z5 z4) duy, are continu-
ous, f 2324 duy- is continuously differentiable in v*.

z5 is continuously differentiable in v* by Lemma 5 and Assumption 3a—note
that the continuous differentiability of fi«(v*) = [ fisjuuc—e dFy (U, €) is a
part of Corollary 1, and it follows directly from Lemma 5; z, is continuously
differentiable by Assumption 3a, and z; is continuously differentiable in v*

because

Pr[UB =0|Uy=0,V*=v*e= e]

3 Pr[Uy =0,Us=0|V*=v", e =e¢]
B Pr[Uy =0|V =v*", e =e¢]

b

where the derivative of the right-hand side is continuous in v* by Lemma 6.
zg is continuously differentiable in v* because

/ uB’fUB/|UV:O, U0,V 5=t e=e (Up') dup

ZfMB/Pr[UV =0|UBf =l/l3f,V* =U*,8=e]

« fUB/\V*:v*,e:e(uB’)
Pr[Uy =0V =v*, e =¢]

dI/le

ZfMB/Pr[UV =0|UBf =l/l3f,V* =U*,8=e]

x fV*\UB/:uB/,E:e(U*)fUB,\&\:e(uB/)
fV*Is:e(v*) Pr[UV =0V =v",e= e]

dMB/,

where the continuous differentiability of the last line in v* is implied by
Lemmas 3, 5, and 6. By a similar application of Bayes’ rule, we can show
that z;, is continuously differentiable in v*. Consequently, f ZoZioduy 1S
continuously differentiable in v* by applying the same argument used for
fZ3Z4 dl/lV/.

The quantity z;; is continuously differentiable in v* because of Lemma 6
and

Pr[Up=0,Uy #0|V*=v", e =e¢]
Pr[Uy #0[V* =v", e =]

2z =
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71, can be expressed as
fUVr,UB/ Uy 20, U0,V =v*, e (U7, Up')

_ Pr[UV 750, UB#O|UV/ = Uy, UB’ = MB/,V* Zv*, s:e]
N Pr[Uy #0,Up £0)V" =", e =¢|

X fUV/,UB«\V*:v*,a:e(uV’: ug)
. Pr[UV #O, UB 5& O|UV/ = Uy, UB’ =up, V= v*7 &= e]
N Pr[Uy #0, U 0]V =", e =¢|

*
fV*\UV/=uV/,UB/=MB/,£=€ v

freie=e(v")

fUV/,UB/ls:e(uV’a upg),

and zj, is continuously differentiable by Lemmas 3, 5, and 6. It follows that
[ [(zo + up)zinduy dug is continuously differentiable by the same argu-
ment as that for [ z3z4 duy.. Finally, zy; is continuously differentiable in v* by
Lemma 6 and z;4, by Lemma 5 and Assumption 3a.

As a result of the smoothness of the above terms along with Theorem 5 on
p- 97 of Roussas (2004), we can write

_dE[YIV =v]
(A5)  lim —————4

_dE[Y|V =]
- lim ———=
vo—>0t+ dv*

vo—0~ dv*

v¥=yp v¥=)

= lim | zizoz5dFy (u,e) — lim [ z,z,z5dFy .(u,e)
vo—>0t vo—0~

=/( lim z| — 1in(")1 z/l)zzzslu*=vo dFy .(u,e)

vp—0t vp—0~
=/)’1(b(0, 6’), 0’ Ll) (bir(e) - b;(e))2225|v*:v0 dFU,s(uv e)-

The interchange of limit and integration is allowed by the dominated conver-
gence theorem since z]z,zs is continuous over a compact rectangle. The last
line follows from Assumptions 1a and 3a.

Similarly, we can write

E|B* * gy
A6 tim LEBTV=v]

dE[B')V =v")
- lim ———=
vp—>0t+ dv*

v9—>0~ dv*

v¥=1 v¥=v)

= lim | z;zi3ziudF.(e) — lim [ zizi3z14dF.(e)
vy—0t vo—0~
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:/( lim z; — lim Zé>zl3zl4|v*:vo dF.(e)
0

vg—0t vo—
= /(b?(e) - bf(e))213214|m:v0 dF.(e).

Finally, consider the term z,2s|,«—,,. First, a similar argument as in (6) leads
to

fV\U:u,s:e (U$)

zzzPr[V:V*|V:v*,U:u,s:e] (*)
V| U=u,e=e\V

After applying Bayes’ rule and rearranging, we have

22Zslymy =PIV =V |V =0,U =u, e =¢]

> fVlU:u,a:e(O) fV*\U:u,s:e(O)
fV*IU:u,s:e(O) fV* (0)

fV\U:u,s:e(O) fV(O)
fr0)  fir(0)

=Pr[V=V*V=0,U=u,e=e|

Similarly, we can derive

Ivie=e(0) fr(0)
() fire(0)

Because % can be pulled out of the integral in both (A.5) and (A.6), we

have the result

213214l ymy = PI[V = V¥V =0, e =¢]

i dE[Y|V* =v*] i dE[Y|V* =v*]
i dE[B*|V* =v"] i dE[B*|V* =v*]
UUEI(]I+ TL}*:UO B UUI*I;I()17 Tlv*:vo
= fY1(b(0, 6)7 0) u)()D(uy e) dFU,a(ua e)7
where
o(u,e)
Pr{Uy =0|V =0,U = u, e =el(b} (e) — b;(e))%
_ Vv
/Pr[UV =0[V =0, e=w](bj (w) — b;(w))M dF.(w)
fr(0)
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Note that Assumptions 3a and 6 guarantee nonnegative, finite weights and
that [ ¢(u,e)dFy .(u,e) =1. Q.E.D.

A.2. Identification in the Presence of Both Slope and Level Changes—Remark 3

In Remark 3, we consider the identification of the treatment effect when
there is both a level change and a slope change at the threshold ' = 0.
To ease exposition, define lim, .o+ b'(vy) = b'(07), lim, .- b'(vy) = b'(07),
lim,_.o+ b(vy) = b(0*), and lim,_o- b(vy) = b(07). We study the case where
b'(0%) £ b'(07) and b(0") #£ b(07), but b(-) is still a smooth function on 1, /{0}.
Similarly to the derivation in the proof of Proposition 1, we can show that the
RK estimand identifies the following parameter:

. dE[Y|V =v] . dE[Y|V =v]
Im ——M— — lim ———
vp—>0t+ dU =1 vo—>0~ dU V=1

db(v) . db(v)
lim — 1
vo—0t d‘l) _ vg—>0~ dv _
V=1 v=vp
(]

_ <b/(()+) / (607, 0, u) =D 4y

fv(0)

=00 [ 50070020 arw)

(0 =5(0)

” (/ {[”(b((’*)’ 0, u) = y2(b(07). 0, u)]%
+D(6(07.0.0) = 5(6(07),0,)) 7 0O iy
/(0% -v/(07)),

which is, in general, not readily interpretable as a weighted average of the
causal effect.

On the other hand, we can show that the RD estimand identifies a weighted
average of the causal effect of interest:

lim E[Y|V =vy] — lim E[Y|V = v]
vp—0~

vo—0t

lim b(vy) — lim b(vy)
vp—0t vp—>0~

= ( lim E[y(b(UO)a Vo, U)|V = UO]

vo—>0t
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~ lim E[y(bw). v, U)IV =)

vg—0~

<11m b(vy) — 11m b(Uo))

vo—>0*t
E0),0.0) b0 ),0,0) ]
=£ b(07) —b(0) =0

= E[y(b,0, )|V =0],

where b is between b(0") and b(0~) and the last line follows from the mean
value theorem.

Similarly, in the fuzzy framework of Section 2.2.2, it can be shown that the
RK estimand no longer identifies the causal effect of interest if we allow a
discontinuity in b(-, e) for some e at the threshold. However, the RD esti-
mand still identifies a weighted average of the causal effect y;. To see this, let
limvsﬁm b(vi,e) = b(0," e), limvaﬁo- b(v;, e) = b(0~, e) and modify Assump-
tion 3a and Assumption 6 by replacing by (e) with b(0*, e); using notations
from the proof of Proposition 2, we have

lim E[Y|V* =u] - lim  E[Y V" =]

v—0+

1111(‘)1+E[B*|V* =] — hm  E[B|V* =]

v)—>
lin(}+ z212pz5dFy (u,e) — im | z,z,z5dFy . (u,e)
vg—> vg—0

lim 26213214 dFy . (u, e) — lim zez13z14dFy . (u, €)

vp—>0t vp—>0~

/ [/(b(0°, €), 0, u) — y(b(0", ¢), 0, )]

fVlU:u,e:e(O)
fr(0)

/(/[b(0+’e) —b(07, ¢)]Pr[Uy =0|V =0, e =]

fV\e:e(O) )
———~dF.
oy e

(b(0%,¢),0,u) —y(b(07, e),0, u) . -
Z/y - Y [6(0*, ¢) — b(0", )]

(0%, e) —b(07, e)

x Pr[U, =0|V =0,U =u, e =¢] dFy .(u,e)

friv=ue=(0)

x Pr{Uy, =0|V =0,U =u, e =e¢] 72(0)

dFU,e(”? e)
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/</[b(0+’€) ~b(07, e)]Pr[Uy =0V =0, e =e]

fVls:e(O)
fr(0)

=/y(5(€), 01 M)l//(e, M) dFU,a(u’ e)s

X

dFs(e)>

where l;(e) is a value between b(0", e¢) and b(0~, e) for each e and

Yle,u) = [b(O*, e) — b(O’, e)] PriU, =01V =0,U =u,e=e¢]

fV\U:u,s:e(O)
fr(0)
/(/[b(o+,e) —b(0, )] Pr[Uy = 0]V =0, e = e]
fV\a:e(O) )
D= 4F,(e) ).
Ty O

A.3. Applying RKD When the Treatment Variable Is Binary—Remark 6

We provide details on the RK identification result stated in Remark 6. The
identifying assumptions are the following:

ASSUMPTION 1c—Regularity: (i) The support of U and m are bounded: they
are subsets of the arbitrarily large compact set I, C R" and I, = [c,, d,] C R, re-
spectively. (ii) y(¢, v, u) is continuous on I y for t =0, 1. (iii) ¢(b, v, n) is contin-
uously differentiable on Iy, y ,, and is strictly increasing in n for all b, v € Iy .

By Assumption 1c and the implicit function theorem, we can define the
continuously differentiable function 7 : Iy, x Iy — R such that #(b, v,
1n(b,v)) =0. Let n(b(V), V') be the image of I, ,» under the mapping 7.

ASSUMPTION 2c—Smooth Effect of V: y,(¢, v, u) is continuous on Iy y for
eacht =0, 1.

ASSUMPTION 3c—First-Stage and Nonnegligible Population at the Kink:
(i) b(-) is a known function, everywhere continuous and continuously dif-
ferentiable on I, \ {0}, but lim,_ ¢+ b'(v) # lim,_o- b'(v). (i) The set Ay =
{u: fvyu=u(v,n) >0 VY(v,n) €Iy z0m)v)} has a positive measure under U:
fAU dFU(u) > 0. (111) tl(b(], O, nO) ?é 0.

ASSUMPTION 4c—Smooth Density: The conditional density fy ,u-.(v, 1)
ﬁfV,n\U:u(”s”)

and its partial derivative w.r.t. v, =

, are continuous on Iy, y.
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PROPOSITION 3: Under Assumptions 1c—4c:
(a) Pr(U < ulV =) is continuously differentiable in vat v=0Vu € I.

(b)
_dE[Y|V =]
m —_—

. dE[Y|V =v]
li - lim ——
vyg—0t dv v=g vo—0~ dv v=vp
. dE[T|V =] dE[TV =v]
lim ——— - lim ——
vo—>0t+ dv _ vp—>0~ dv _
v=1) V=1
fv mu=u(0,1°
- f [¥(1,0,1) = (0,0, “)]%(no)) dFy(u).
> ’
PROOF: The proof of (a) is analogous to that of Proposition 1(a).
For part (b), note that
d
—E[T|V =
v (7] v]
d d [
= %E[l[T*EOHV = U] = dv /;’(h(v),v) me:v(”l) dn
= — | fov=v(n) |dn
/ﬁ<b<v>,v> 070[ = ()]

—[71(b(), v)b' (V) + 72 (b(V), V)] o= (7 (b(V), V),

where 7, denotes the partial derivative of 7 with respect to its kth argument.
The second line follows from Assumption 1c, and the interchange of differenti-
ation and integration in the third line is permitted by Assumption 4c. It follows

that the denominator can be expressed as
. dE[T|V =]
lim ————

. dE[T|V =v]
- lim ———
vo—>0t dv

— vo—0~ dv

V=1

= —[ lim &) — lim /() |11(bo, 0)fy=n (1 (b0, 0)

. . ~ fV n (07 nO)
=—| lim & — lim b by, 0) ——/———
Lﬁ% (v) — lim, (vo)]m( 0,0) 700)
Similarly, by Assumptions 1c, 2c, and 4c,

d
—E[Y|V =
P YV =v]

d
= E(TV, D)V =]
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d dn
- d_v {/: y(l’ v, ”)fn\V:v,U:u(”l) dn
7

(b(v),v)

7(b(v),v)
+/ Y0, v, u) fry—v,u=u(n) dn} dFyy—,(u)

n

d'” (?
=/{f(b() )%[y(l,v, ) fo—v,u—a(n)] dn
n(b(v),v

1(b(v),v)
+ / %[)’(0, v, u)me:v,U:u(n)] dn} dFyy—,(u)

n

- /[y(l, v, M) - )’(0, v, u)]fn\V:v,U:u(ﬁ(b(v)> U))
X [fll(b(v)) U)b/(v) + ﬁZ(b(v)a U)] dFU|V=v(u)7
and it follows that the numerator is

. dE[Y|V =]
Iim —

. dE[Y|V =]
— lim ——
vy—0F dv

vp—>0~ dv

=1 V=19

= [ tim ') — Tim b'0) |78y, 0)
vp—

vo—>0t

x / [/(1,0, ) — (0,0, )] fop—o.0mu (") dF oo ()

=_[ lim_b'(vo) — lim b/(vo)]ﬁl(bo,o)
vo—>

vo—0t

=u O’ 0
x f [¥(1,0, 1) — (0.0, u)]fV”"‘]i—((O)”) dFy(u).
vV

Assumption 3c(iii) and the implicit function theorem imply that 7,(by, 0) # 0,
and therefore,

. dE[YV =] . dE[Y|V =]
lim —— — lim ————
(A 7) vo—>0t+ dv v=vg vog—0~ dv —
' lim dE[T|V =v] ~ lim dE[T|V =v]
vp—0F dv vy V00" dv e
0 0
—.(0,n°
- / [(1,0,u) = ¥(0,0, u)]fV;V'”(—O(nO)) dFy(u)
SN\
by Assumption 3c.

Q.E.D.
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When the benefit variable b directly affects the outcome, that is, ¥ =
y(T, B,V, U), the fuzzy RKD estimand no longer identifies the causal effect
of T on Y; rather, the effect of 7 on Y is confounded by the direct effect of B
on Y. If Assumptions 1c—4c are modified accordingly, it can be shown that the
RK estimand identifies the parameter

fV,nlU:u (0, n0)

dF,
fV,n(O’ no) U(u)

/[y(l’ 0’ Lt) —y(O, 07 u)]

(i)
B E[y(T,b(V),V,U)|V =0]
11(bo, 0) frw=0(19)
(i)

b

where term (i) is the same as the RHS of equation (A.7) and term (ii) is
the component that depends on the direct impact of B on Y. To the ex-
tent that the researcher can determine the sign of (ii), which involves signing
Ely(T,b(V),V,U)|V =0] and 7,(by, 0), she can bound the treatment effect
(1) with the RKD estimand. For example, when 7 represents a student’s ability
in the empirical example in Remark 6, we may assert that 7,(by, 0) < 0 be-
cause the expected return from college attendance increases with the amount
of financial aid. The conditional expectation of the direct impact of B on Y,
Ely(T,b(V),V,U)|V = 0], may be positive because a more generous aid
package allows a student more time to focus on her study. If these arguments
were true, then the RKD estimand would serve as an upper bound on the eco-
nomic returns to college attendance.

As stated in Remark 6, we can also allow the relationship between B and V'
to be fuzzy as in Section 2.2.2: B =b(V, ¢). In addition, we allow measurement
error in V', Uy, which has a point mass at 0, and we only observe 1'* =V + U,
We do not need to consider the measurement error in B since the observed
value of B does not appear in the RK estimand. We abstract away from poten-
tial measurement error in 7 and leave it for future research. The modified set
of identifying assumptions are:

ASSUMPTION 1d—Regularity: In addition to the conditions in Assumption 1c,
the support of € is bounded: it is a subset of the arbitrarily large compact set
1. C RF.

ASSUMPTION 3d—First-Stage and Nonnegligible Population at the Kink:
b(v, e) is continuous on I, and b,(v, e) is continuous on (I \ {0}) x I,. Let
bT(E) = lirnv%(]Jr bl(v7 €), bl_(e) = limv%ﬂ* b1(v> 6), Ae = {e : fV\e:e(O) > 0}, and
n’(e) = 7(b(0, e),0); then [{|b}(e) — by (e)|lM1(b(0,e),0)|Pr[Uy, =0V =
07 e=e, n= no(e)]fl/,n\s:e(o; nO(e)) dFs(e) > 0
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ASSUMPTION 4d—Smooth Density: The conditional density
fV,n,UVrleu,eze(U, n, uy:)
and its partial derivative w.r.t. v,

afV,n,UVdU:u,a:e(va n, uV’)
Jv

b
are continuous on ly , v, v.e-

ASSUMPTION 5d—Smooth Probability of No Error in V' and B: As a function
of the realized values of V', U, &, m, and Uy, the conditional probability of U,, = 0,
denoted by w(v, u, e, uy, ug), and its partial derivative w.r.t. v are continuous on

IV,U,s,n,UV/-

ASSUMPTION 6d—Monotonicity: (i) Either by (e) > by (e) forall e or b (e) <
by (e) for all e. (ii) t,(b(0, e),0,n’(e)) > 0 for all e or t,(b(0,e),0,n(e)) <0
forall e.

PROPOSITION 4: Under Assumptions 1d, 2, 3d-6d:
(a) Pr(U < u,e =e,mn=n|V*=v") is continuously differentiable in v* at
v'=0V(u,e,n)ely,,.

(b)
. dE[Y|V =] . dE[Y|V =v]
Iim —— - lim —
vy—0t dv v=vy vo—>0~ dv —
. dE[T|V =] . dE[T|V =v]
Iim —M— - lim ———
vo—>0*t dv v=rg vo—0~ dv v=vp

= f [¥(1,0,u) — (0,0, u)|¢(u, e) dFy .(u,e),

~ 167 (e)—b] ()11 (b(0,€),0) Pr{Uy =01V =0,U=u,e=e,n=n"()Ify' v =u,e=e (0,1°(€))
7 = —— - - .
where ¢(u, e) JUbT ()b ()71 (b(0,€),0) PrUy =01V =0,e=¢,n=n"(e)]fy/, | s=¢ (0,n%(€)) dF¢ e)

PROOF: The proof is similar to that of Proposition 2 and is omitted. Q.E.D.

APPENDIX B: ESTIMATION
B.1. Two-Sample RKD

As suggested by a referee, the triplet (Y, B, ') may not be jointly observed
from a single data source. Instead, the vectors (Y;,V;) fori=1,..., n; are ob-
served in data set 1 and (B;,V;) for j=1,..., n, are observed in data set 2.
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Because of the requirement of a zero point mass in the U, distribution in As-
sumption 3a, an RKD typically calls for administrative data as opposed to sur-
veys based on a complex sampling design. Therefore, we assume that (Y;, V)
and (B, V}) are independent i.i.d. samples as per Inoue and Solon (2010) The
variances of the first-stage and reduced-form kink estimators, 73 = k7 — k| and
Ty = Bf — ,éf, can be calculated by using the sharp RKD variance estimator,
and the covariance between 73 and 7y is zero by the independence assump-
tion. It follows that the variance of the fuzzy RKD estimator :—,Y; can be calcu-
lated by an application of the delta method. The robust confidence intervals
in Calonico, Cattaneo, and Titiunik (2014c) can be constructed analogously by
setting the covariances between the first-stage and reduced-form estimators to
Zero.

B.2. Optimal Bandwidth in Fuzzy RKD

In this section, we propose bandwidth selectors that minimize the asymp-
totic MSE of the fuzzy RD/RKD estimators, building on that in Imbens and
Kalyanaraman (2012) (henceforth, IK bandwidth) and Calonico, Cattaneo,
and Titiunik (2014c) (henceforth, CCT bandwidth). First we introduce nota-
tion similar to Calonico, Cattaneo, and Titiunik (2014c). Define u'} and u”
as the vth right and left derivatives of the conditional expectation of a ran-

dom variable (Y or B) with respect toV atV =0;let 1y, = ,u(") p,(y”i and
TBy = ,ug’l wy’. In addition, let Oy, Oy_, 05, Op_, Oyps, and oyp_ be the

conditional Variances of Y and B and their conditional covariance on two sides
of the threshold. Finally, let

1 ¢
Sopa(h) = ——[(A73(0) = 1Ay () = (uyh = D'y )]
+ :;’,V [(A(V)(h) _( 1)3 ~ (V) (h)) (l“/g—i _ (_1)3’1/](;2)],
B,v

where Y and 4 are the pth order local polynomial estimator of u'? and
w”, respectively.
Next we propose the lemma that generalizes Lemma 2 of Calonico, Catta-

neo, and Titiunik (2014c) and serves as the fuzzy analog of its Lemma 1:

LEMMA 7: Assume that Assumptions 1-3 in Calonico, Cattaneo, and Titiunik
(2014c) are satisfied with S > p+ land v < p.If h — 0 and nh — oo, then

MSE, ., = E[(5.,..()) 11V}, ]

1
= J2pt1- v)[BivperU-}-op(l)] h1+2v[VFVP+0P(1)]
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where
(r) +r4s (1) (r) +r+s (1)
1wyl — (=D""Puyl Ty, ppy — (=)™ Wy
BF,v,p,r,s = | ) |
TB,V r! ’TB v r!
/ —1
xvie "9, ,,

o T T T T

2 -1 -1
xvlte, IV, I e,

2 2 2 9 2
Vi, = ( 1 oy_+oy, 27y,0vp +0yps Ty, 05 + 0'B+>
Fv,p —

with e,, I',, ¥,, and 9 ,, as defined in Calonico, Cattaneo, and Titiunik (2014c).
If, in addition, By, ,,, # 0, then the asymptotic MSE-optimal bandwidth is

_ YCp+d) _1/(2p+3) _ Cv+DVF . p
hMSE,F,V,P - CF,V,p,s n s where CF7V7P,S - 2(p+1,,,>32_ .
v, p, pt+1l,s

PROOF: The proof of Lemma 7 is analogous to that of Lemma A2 of
Calonico, Cattaneo, and Titiunik (2014c). Q.E.D.

Note that Lemma 2 of Calonico, Cattaneo, and Titiunik (2014c) is a special
case of Lemma 7 above with s = (. As in the sharp case, the bias of the fuzzy
RD estimator depends on the difference or sum of the derivative estimator
from the first stage and the outcome equation. Whether it is a difference or
sum depends on the order of the derivative estimated as well as the order of the
estimating polynomial. Based on Lemma 7, we propose procedures to compute
the CCT and IK bandwidths adapted to the fuzzy RD/RKD designs in the two
following subsections.

B.2.1. Fuzzy Bandwidth Based on the CCT Procedure

Define the local variance estimator

~ ~2

~ 1 A 2Ty, ~ Ty, ~
Vewn(h) = Vv p(h) = S Vg p(h) + =2 Vag,,, p(h),

B,v TB,V TB,V

where

Vi, oo (1) = Vi, yt.p () + Vi rymp ()
=12, T (W) Wrygyv p (TS (R)e, />

v +,p

+vle, I () Wryr,— (W) (h)e, /nh?,

with R; and R, serving as place holders for Y and B, and the quantities
e,, I't ,(h), and Wg g,; ,(h) as defined in Calonico, Cattaneo, and Titiunik
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(2014c). The constants I, ¢, 4, B, ,, and C, ,(K) also follow the same defini-
tions in Calonico, Cattaneo, and Titiunik (2014c).

Step 0: Use the CCT bandwidth (optimal in the MSE sense for estimating
Ty,,) to obtain preliminary estimates 7y, and 75,,.

Step 1: v and ¢

1. v = Const-min(S,, IQR, /1.349) - n™"5 where Consty = (L& 15,
S% and IQR,, denote the sample variance and interquartile range of . The
selection of v,, which is based on Silverman’s rule of thumb, is the same as
in Calonico, Cattaneo, and Titiunik (2014c). Use v to compute the variance
estimator Vi g11,411(0), Vr, p+1,4(0), and Vg, , (D).

2. Run global polynomials of order g + 2 separately for B and Y on each
side of the threshold. Obtain estimators of the (¢ + 2)th derivatives on both
sides of the threshold e, 2 Yv+q+2 and e, +2¥B+.q+2, and use them to calculate

: “1/(2q+5 _
the bandwidth ¢: c = C;/ 74" | n71/@a),

. SN .
CF,q+1,q+1,v+q =(2q+ 3)”Unq+ VF,q+1,q+1(v)

1
2 f ~ vq ~
/<ZBq+l,q+1 { K[%mwﬂ = (=" v ]
v

~ 2
TY,V / o v / Y
- %[eq+273+,q+2 - (=D +qeq+ﬂ3—,q+z]} )
Step 2: h,

Perform local regressions with bandwidth ¢ to estimate the (g + 1)th

derivatives on both sides of the threshold and calculate bandwidth 4,: fzq =

A1/(2q+3) —1/(2q+3)
CF,p+1,q,v+q+1n >

CF,p+1,q,V+q+l

= (2p + 3)nUiP+3I>F,p+l,q({})

/ (Z(q - D)

1 ) A v N A
x Bi+l,q{§[eq+1BY+,q+l(C) — (=D +q+leq+1BY—,q+l(C)]

SV

~ 2
T v / A ~ 12 / A ~
= = [eBrign(@ = (=D +q“eq+]BB,q+l(c>]} )
B,v
Step 3: h
Perform local regression with bandwidth A, to estimate the bias in the
fuzzy RD/RKD estimator 75, , and calculate the resulting main bandwidth A:
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r_ Al/@2p+3) —1/(2p+3)
h - CF,v,p,V+p+1n >

CF,V,p,V+p+1

= v+ Do Wy, (D)

/<2(p +1-v)
L o
* B,ip{ K[e/erlBth(hq) - (_1)V+p+le/p+1:3Y—,q(hq)]

- 2
TYwr A r v ’ ) 7
a %[epHBB#q(hq) - (=1 +p+lep+1:83,q(hq)]} )

B,v

Similarly to Calonico, Cattaneo, and Titiunik (2014c), we have the following
consistency result for the fuzzy CCT bandwidth selectors proposed above.

PROPOSITION 5—Consistency of the CCT Bandwidth Selectors: Let v <
p < q. Suppose Assumptions 1-3 in Calonico, Cattaneo, and Titiunik (2014c)
hold with S > q + 2 and that

R . R
;—[e;+2’YY+,q+2 —(=1) qe:]+2’YY7,q+2]

B,v
TYwr ,

A A P
7~_T [eq+273+,q+z - (—1)V+q€;+2’)’3—,q+2] —>c#0.
B,v

Step 1. IfBF,p+1,q,q+1,V+p+1 ;é O, then

hq _P) 1 and MSEF,p+1,q,V+p+l(hq) _P) 1.
hMSE,F,p+1,q,V+p+1 MSEp+1,q,V+p+l(hMSE,p+1,q,V+p+1)
Step 2. IfBF,V,p,erl,O # 0, then
h MSEr,. ,.o(h
— = %1 and £ p0 () 2.
hMSE,F,u,p,O MSEF,u,p,O(hMSE,F,u,p,O)

PROOF: Because the CCT bandwidth optimal for estimating 7y, shrinks at
the rate of n=1/P*3  the preliminary estimators, 7y, and 7p,, are consistent.
The rest of the proof follows the arguments in the proof of Theorem A4 in
Calonico, Cattaneo, and Titiunik (2014c). Q.E.D.

The optimal fuzzy RD bandwidth was proposed in Imbens and Kalyanara-
man (2012). We suggest an extension to be used in the fuzzy RKD case (v = 1)
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and state the bandwidth selectors for a generic v. Calonico, Cattaneo, and
Titiunik (2014c), Calonico, Cattaneo, and Titiunik (2014b), and Calonico,
Cattaneo, and Titiunik (2014a) adapted the IK bandwidth selection proce-
dure to A, so that it can be used to bias-correct the RD estimator. Building
upon these studies, we propose a further extension of the bandwidth selec-
tor for h, to a general fuzzy design with a discontinuity in the »th deriva-
tive.

B.2.2. Fuzzy Bandwidth Based on the IK Procedure

Step 1: Use the sharp IK bandwidth (optimal in the MSE sense for estimating
Ty,,) to obtain preliminary estimates 7y, and 7p,,.

Step 2: v

1. v=1.84-8,-n'5.

2. Use h, to estimate i (V), 03.(D), Oyps(D), and f(f;) as specified
in Imbens and Kalyanaraman (2012) (note that Imbens and Kalyanaraman
(2012) used W to denote the treatment variable and use 4, to denote this pre-
liminary bandwidth).

Step 3: h,

Run global regressions:

Y=08" Ay V'+ay +afV+--+al V7P 46",
B:SB . 1[VZO] . VV+aOB+alBV+ +ag+2Vq+2+8B’

~Y ~B
and use @,,, and &, , to construct

A % /D) 102045
° hy,,qu] = (Cq+]7‘l+l(KU):TY2)2) /(2q+ ),
g+

A 53, /D) 12045
° hy+,q+1 = (Cq+1,q+1(KU)7::(&y+2)2 ) /2q+ ),
q

A G50/ FD) 1 /2045
° hB—,q-H = (Cq+1’q+1(KU)f(&T) /(2q+ )’
—@p

]’,} =(C K ‘}123+(ﬁ)/f(’3) 1/(2q+5)
° B+,q+1 ( q+1,q+l( U) n+(&3+2)2 ) .
q
Perform (q + 1)th order local regressions of Y and B on each side of the
threshold with the uniform kernel Ky and bandwidths Ay, 441 and g, 1. Us-

ing in the resulting estimators ,éytqﬂ(fzyiqﬂ) and ,é Bi,qﬂ(ﬁgiqﬂ), we obtain

I A1/2q+3) —1/(2¢+3)
hl] - CF,p+1,q,V+q+1n ’

CF,p+1,q,V+q+1

1 1
- p+1,q<1<>~<f i { [62,(5)+ 62 ()]

U) TB,V
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=052 ()4 2, ()] 4 [ Gy (9) + aB+<v>]})
B v
/(D= D>y,
where
D, = %ﬂ}[e/q+1:éY+,q+l(l;Y+,q+l) — (—1)V+q“€;+1éyf,q+1(}Alyf,qﬂ)]
and
D, = %[e;ﬂém,ﬁmﬁm,w) (1€ By i (i gen)]
Step 4: h

Run global regressions:
Y:5 1[V>(]] V +YO +y V+ +’qu+qu+1+8Y;
B=38" Ay V' + v +vV+- +y. VI + 6,

and use ¥, ,, and 7, to construct

T &2 _(0)/f (D) 1/(29+3
o th,q = (Cerl,q(KU):T) /@a+ )

52 v)/fv) 1/(2g+3
. hY+q—(C +1,¢(K U):JFT)/( 7+,

O'B (v)/f(v) )1/(2q+3)
n— (7

o hpg=(Cpiry(Ky)

A 6%, (0)/f(D)
— B 1/(2g+3
o hB+,q = (Cp+1,q(KU) ni—(yB 2 ) 12a+3),

Perform gth order local regressions of Y and B on each side of the thresh-
old with bandwidths izYi,qand ilBi,q and obtain local regression estimators
[§Yi q(szi 4) and BBi q(fzgi ¢)- Plugging them in, we have an estimate of the
main bandwidth A: i = /70D | n1/Cr+D),

CFu,p,v+p+1
1 1, . P
=C,,(K)| —1{ =[07.(D) + o7 _(D)]
f(l)) B,v
27y, 7y

2
— 5[0y (D) + 675, ()] + [ 55 (U)+‘TB+(U)]D

TB, v TRy
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1 A ~ . .
/{ {[elerlBY%q(hYﬁq) - (_1)V+p+1e,p+lByf,q(hyf,q)]

. 2
TY,V A » 1 N A~
= [e/p+1ﬂ3+,q(h3+,q) — (=1Lrtr* e/p+1:BB—,q(hB—,q)]} .
B,v

We have a similar consistency result for the IK bandwidth selectors below.

PROPOSITION 6—Consistency of the IK Bandwidth Selectors: Let v < p <
q. Suppose Assumptions 1-3 in Calonico, Cattaneo, and Titiunik (2014c) hold
with S > q +2 and that ), &l ), v),,, and vy}, are nonzero. Selector for h,: If
BF,p+1,q,q+1,v+p+l 7é 07 then

h MSE vipse1(h
a 21 and Epttaripi () 2.
hMSE,F,p+l,q,v+p+1 MSEp+1,q,V+p+1(hMSE,p+1,q,V+p+1)
Selector for h.If B, . p+1,0 # 0, then
h MSE;, ,.0(h
21 and rrp0M) Ry
NMSE, Fv, p,0 MSE¢ . .0(AMSE, F,v,p,0)

PROOF: Because the IK bandwidth optimal for estimating 7y, shrinks at
the rate of n=1/?r*3  the preliminary estimators, 7y, and 75, are consistent.
The density, variance, and covariance estimators are consistent as argued in
Imbens and Kalyanaraman (2012). Since the higher derivative estimators also

. . A P

converge to their population counterparts, Cr pi1,4+g+1 — CF pt1,gv+q+1 and
A » ..

Cr.vpv+p+1 = Cro posps1, and the results of the proposition follow. O.E.D.
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