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SUPPLEMENT TO “MATCHING ON THE ESTIMATED
PROPENSITY SCORE”
(Econometrica, Vol. 84, No. 2, March 2016, 781-807)

BY ALBERTO ABADIE AND GUIDO W. IMBENS

THE FIRST PART OF THIS SUPPLEMENT CONTAINS additional proofs. The second
part reports the results of a Monte Carlo study that confirms the theoretical
properties of the propensity score matching estimators derived in the article.

S.1. ADDITIONAL PROOFS

We first state and prove a number of preliminary results. For real numbers
a, la] is the largest integer less than or equal to a, and [a] is the smallest
integer greater than or equal to a. If a is an integer, then [a] = |a]; otherwise,
[a]l=la] +1.

LEMMA S.1: Consider two independent samples of sizes ny and n, from con-
tinuous distributions Fy and Fy, with common support: X1, ..., X, ~ iid. Fy
and X4, ..., X\, ~ iid. F,. Let N = ny + n,. Assume that the support of F
and F, is an interval inside [0, 1]. Let fy and f, be the densities of F, and F,,
respectively. Suppose that for any x in the supports of Fy and F, fi(x)/fo(x) <T.
For1<i<nyand1<m <M < ny, let |Uy,, ., il be the mth order statistic of
{|X1’l‘ — X(),1|, ey |X1,,‘ — X(),n0|}. Then,for ng > 3,

1 ny 1 M
E[ﬁ ; M ; |Un0,n1,i|(m):|

_n i
rN]/2|_1n3/4J + M——n exp(—ny*).
0

<
— N1/2

PROOF: Consider N balls assigned at random among # bins of equal prob-
ability. It is known that the mean of the number of bins with exactly m balls is

equal to
G (-2
n — 1——
m n n
(see Johnson and Kotz (1977)). Because f;(x)/fo(x) <7, for any measurable
set A,

Pr(XL[ S A) =/ fl(x) dx = / <fl(X))f0(x) dx < l_’Pr(XO’,‘ S A).
A A\ fo(x)
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Divide the support of F; and F; in Lno J cells of equal probability, 1/ Ln3/ 4J,

under F;. Let Zy ,, be the number of such cells that are not occupied by at
least M observations from the sample: Xy, ..., Xo . Let pan = E[Za, 0,1

Notice that ny, > 3 implies Ln3/ 4J > 2. Then,
p 0

Htro = ZL 3/4( )(Ln;‘lj)m(l Ln}/q)w

M-1 —
34 nm 1 m 1 nop—m
=2 () (- )

Using Markov’s inequality,

Pr(Zy,ny > 0) =Pr(Zyn, > 1)

4 L™
<MM,,O§MnM Y (1_TM> .

Notice that for any positive a, we have that a — 1 > log(a). Therefore, for any
b < N, we have that log(1 —b/N) < —b/N and (1 — b/N)N <exp(—b). As a
result, we obtain

1 ngy 1/4\ no
(1 — T/4) = (1 - nL) < exp(—ny*).
n, no

Putting together the last two displayed equations, we obtain the following ex-
ponential bound for Pr(Z,, ,, > 0):

Pr(Zy > 0) < Mn)''* exp(—né“).

Notice that [Uy u,ilgny < 1. For 0 <n < Ln3/ 4] let ¢, , be the point in the sup-

port of Fy such that ¢, , = F; Y(n/ |_n0/4j ); then,

M
E|:Z |Un0,n1,i|(m) ZM,nO = Oj|
m=1

g/
=< Z M(cno,n - Cng,n—l) Pr(cno,n—l =< Xl,i =< cno,nle,nO = 0)

n=1
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3/4
_ lng)

= L 3/4 Z(Cnon_ nunfl)

n=1

Mr

T

iy

Now,

M
Z | Ung,nl,il(m):|

1 m:]

§\~

1 ny 1 M
= E[ﬁ M Z |Un0,n1,i|(m) ‘ZM,n[) = 0:| Pr(ZM,n[) =0)
i=1 m=1
[ 1 &1 i
+E - = v IUnO,nl,i|(m)‘ZM,n0 > 0 Pr(ZM,no > O)
\/ﬁ i=1 M m=1
1 &

1 & n
7 2 WU ilon| Zotng = 0} + 72 Pr(Zay > 0)

i=1 =1

2

Il
3

=
=

<z
1

1 « n
- E|:M |Ung . ilom ]ZM,no = 0} + N—f/z Pr(Zy1ny > 0)
i m=1

i=1

~i

nm n M 1/4 1/4

= N nl*] +MN1/2 "exp(—ny'). Q.E.D.

LEMMA S.2: Suppose that the propensity score p(X) =Pr(W = 1|X) is con-
tinuously distributed, with continuous density, f(p), and interval support, [ p, Pl,
with p > 0and p < 1. Let f,( p) be the density of the propensity score conditional
on W = w, where w € {0, 1}. Then, the densities fi(p) and fyo(p) are continu-
ous and share a common support. Moreover, the ratio fi(p)/fo(p) is continuous,
uniformly bounded, and uniformly bounded away from zero for all p such that

f(p)>0.
PROOF: Applying Bayes’s Theorem, forall 0 < p <1,

f(P)Pr(W = w|p(X) = p)
Pr(W =w)

f(p).

fw(p) =

Pr(W w)
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Therefore, the functions f;(p) and f,(p) are continuous, and the supports of
fi(p) and fy(p) are equal to the support of f(p). Now, for any p such that
f(p) > 0, we obtain

fitp) _ _p Pr#=0 P 1-p
fitp) 1—-pPtW=1) 1-p p °

Similarly,

folp) _ l-p 7
fi(p) p 1-p

Therefore, we obtain np = (p(1 — B))/((l —-Pp)p) > 1, and

~

- 1(p) <7
fop) 7 Q.E.D.

Si| =

LEMMA S.3—Inverse Moments of the Doubly Truncated Binomial Distri-
bution: Let Ny be a binomial variable with parameters (N, (1 — p)) that is left-
truncated for values smaller than M and right-truncated for values greater than
N — M, where M < N /2. Let Ny = N — Ny. Then, for any r > 0, there exists a
constant C,, such that

f(2))-e m f()]c

forall N >2M.

PROOF: Here, we prove the first assertion of the lemma. The proof of the
second assertion is analogous. Let Ny = N — N,. Let g be a scalar greater
than 1. Then,

(2] o ]
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Notice that

X<N-M
> <];’> prd—p)V

1 x>(1-1/§)N,x>
Pr(Nl > (1 — T)N) _=a 11/@1;/4, >M
q NM
> ( N ) P — v

x>M

For N > 2M, the denominator can be bounded away from zero. Therefore, for
some positive constant C, and g > 1/(1 — p),

1 x<N-M N
Pr<N1>(1—§>N>§C Z (x)px(l—p)N—x

x>(1-1/q)N,x>M
N X N—x
<C ) <x)p (1-p)
x>(1-1/g)N
< Cexp{-2(1-1/g— p)°N},

by Hoeffding’s Inequality (e.g., van der Vaart and Wellner (1996, p. 459)).
Therefore, E[(N/Ny)'] is uniformly bounded for N > 2M. Q.E.D.

For a sample of scalars X, ..., Xy from a cumulative distribution function
F:la, b]— [0, 1], let F be the empirical cumulative distribution function:

1 N
F(x) = N ; Lix;<u-

Let F~' be the empirical inverse cumulative distribution function:

Fl(g) = infb{x cF(x)> q}.
Let &1, ..., én.v be the order statistics for a random sample of size N from

the uniform distribution. Let G and G~' be the empirical cumulative distribu-
tion function for that sample and its inverse.

LEMMA S.4: Suppose F :[a, b] — [0, 1] is a continuous and strictly increasing
cumulative distribution function with F(a) = 0. Then,

(1) Sup05451 |ﬁ_1(q) — F—l(q)| (l_~5)~ O,
(i) maxi_y.y |F~' (&) — F1(i/N)| = 0,
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(iii) for any two integers J and M:

N |F71(§i+M:N) - Fﬁl(gi—]:N)| 0.

i=J+1:N-M

PROOF: First, notice that F~! is uniformly continuous, because it is a con-
tinuous function defined on a compact set (e.g., Rudin (1976, Theorems 4.17
and 4.19)). Because F~! has the same distribution as F~! o G~' and

sup |§‘1(q) —q|=0

0=g=1

(see Shorack and Wellner (1986, p. 95)), the result in part (i) is implied by
uniform continuity of F~' as follows. Fix § > 0. Because F~! is uniformly con-
tinuous, then for each & > 0, there exists an ¢ > 0 such that if | p — q| < ¢, then
|F~'(p) — F~'(q)| < 8. With probability 1, for each & > 0 there exists N (&)
such that, for N > N (e),

sup |G‘1(q) —q| <e.

0=g=1

Therefore, with probability 1, there exists N (&) such that, for N > N (¢),

sup |[F~(G'(q)) — F'(q)] <6,

0<g=<1

which proves (i). Part (ii) is directly implied by (i) and by the fact that F~! has
the same distribution as F~! o G~'. To prove (iii), notice that

max |F_1(fi+M:N) — F_l(fi—J:N)’

N
= _max [F7(&y) = F7((+ M)/N))|
+ _max [F'(& ) = F'((i=1)/N)]
+ _max |F~((i+M)/N)=F'((i=J)/N)|.

Result (ii) implies that the first two terms on the right-hand side of the last
equation converge almost surely to zero. Then, uniform continuity of F~! im-
plies that the last term on the right-hand side of the last equation converges to
zero, which proves (iii). Q.E.D.

LEMMA S.5: Let Yy, ..., Yy be independent and distributed as standard ex-
ponential (equivalently, I'(1, 1), where 1" denotes the Gamma distribution with
parameters (1,1)). Let S; =31 Yyand Sy =Y Y/ SN Y, for 1< j<
N + 1. Let k denote a positive integer. Then:
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(1) S; has a Gamma distribution with parameters (j, 1) and moments
(J+k-D!

Bl ="

(ii) Sn+1,j has a Beta distribution with parameters (j, N — j + 1) and moments

(j+k—1IN!
S
[( N+1/) ] (]—1)'(N+k)'
PROOF: See, for example, Poirier (1995, pp. 98-106). Q.E.D.

LEMMA S.6: Suppose F : [a,b] — [0, 1] is a strictly increasing and abso-
lutely continuous cumulative distribution function with F(a) = 0 and derivative
f(x). Suppose m : [a, b] — R is nonnegative and continuous (hence, bounded on
[a, b]). Then, for any nonnegative integer, M,

N-M

b
S (P ) Grvaes — aen) > 2 [ )£ (5)ds

i=M+1

and

Z m 1(§1N) N(§z+MN fiszN)2

b
—P>2M(2M—|—1)/ m(s)f(s)ds.

PROOF: We first prove three results:

N-M
(S.1) Z (m(Ffl(fi:N)) - m(Ffl(i/N)))(fwM:N —&iimn) = 0,(1),
i=M+1
N-M
(5.2) Z m(F~'(i/N))(Eirmn — Eicmin)
i=M+1
oM
- N > m(F'(i/N)) = 0,(1),
i=M+1

and

1 N-M b
(S.3) N > m(F—l(i/N))—/ m(s)f(s)ds=o(1),

i=M+1
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which together imply the first result in the lemma.
First consider (S.1). For N large enough, we have M +1 <N — M. Let k be
an integer such that —M < k < M — 1. It is enough to prove

N— M
1(le) m(F _1(i/N)))(§i+k+1:N — &iien) = 0,(1).
I:M+1
Then, equation (S.1) follows from summation from k = —M to k =M — 1.

Because m is uniformly continuous on [a, b], then for any & > 0, there ex-
ists a 6 > 0 such that if x; and x, belong to [a, b] and |x, — x| < 8, then
|m(x,) — m(x;)| < €. Consider ¢ > 0. Then, there exists a § > 0 such that,
applying Lemma S.4(ii), we obtain

Pr( max [m(F~'(¢in)) = m(F~(i/N)| < &)

.....

> Pr(ii{{%w”(m) — F(i/N)| < 5) 1.
Because this derivation holds for any ¢ > 0, we obtain

(S4)  max [m(F' () —m(F™'(i/N))| = 0

Therefore,
-M

Z (F7'(&n) = m(F ' G/ND)) (Eipiesin = Evvrn)

i=M+

N-M
Z (Eivkrrn — Eivien)

i=M+1

< max [m(F~' (&) —m(F~'(i/N))]

%0,
which proves (S.1). Now consider (S.2). As before, it is enough to prove

N-M N-M

1
O mF /N G — i) = 15 D m(F'G/N))

i=M+1 i=M+1

= Op(1)7
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for —-M <k <M —1.Fori=1,..., N + 1, define the spacings 6y, = .y —
&1y (with &,y =0 and éy,1.v = 1). The left-hand side of the last equation
can be expressed as

N-M

1
Z m(Ffl(i/N)) <5Ni+k+1 — N)

i=M+1

We will show that the last equation converges to zero in probability by showing
that its mean and variance converge to zero. Using Lemma S.5, the repre-
sentation of uniform spacings via exponential variables (see, e.g., Shorack and
Wellner (1986, p. 721)), we obtain

1
S.5 E[doy; =—),
(S.5) [ONisr+1] N1l
N 1

< —.
(N+1D*N+2) N2

var(dniii1) =

Notice also that for any k,/ € {1,...,N} with k </, x € [0,1], and y €
[0,1 — x], we have

! k
Pr( > oy sy| > 8w =x) =Pr(&ni — Enk < Vi = X).
j=1

j=k+1

The distribution of &y; — &y conditional on &y, = x is the same as the distri-
bution of (/ — k)th order statistic in a sample of size N — k from a uniform
distribution on [0, 1 — x]. As a result, the probability of the event &y; — énp <y

.. . . . 1 .
conditional on §yx = x is non-decreasing in x. Therefore, };_, ., 8x; is neg-

atively regression-dependent on Zlf‘:l dn; (see, e.g., Lehmann (1966)). By ex-
changeability, this result extends to any two sums Sy, Qy of disjoint sets of
uniform spacings. Then, negative regression dependence implies that for any
non-decreasing function, e():

(S.6) cov(e(Sy), e(Qn)) <O0.

Because m is bounded on [a, b],

E[ 3 m(F-1<i/N>)(6,-+k+l;N - %)]

i=M+1

b4

-M

— -1 ~1(;
= NNED m(F~'(i/N)) — 0.

i=M+1
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Because m is nonnegative,

N-M 1
Var( Z m(F~'(i/N)) <5i+k+1;N - N))

i=M+1
. 1
< Z m(F~'(i/N)) var(6i+k+w - N)
i=M+1
N-M
— Y m(F /N
i=M+1

Therefore, (S.2) holds. Finally, consider (S.3):

1 N-M 1 b
Jim > m(F7'(i/N)) =/ m(F’(y))dy=/ m(s)f(s)d(s).
TN v 0 a

Next we will prove

N-M
S7) D (m(F (€)= m(F ' G/N)))N Eraprn — Eimpn)> = 0,(1),
i=M+1
N-M
(5.8) Z m(F~'(i/N))N (&mn — Emn)’
i=M+1
QMM +1) "X
—% > m(F7'(i/N)) = 0,(1),

i=M+1

which along with (S.3) imply the second result in the lemma. Because of equa-
tion (S.4), to prove equation (S.7) it is sufficient to prove that

N-M

> N(&omw — Eimen)’

i=M+1

is bounded in probability. By Lemma S.5, for N > 2M,

N-M

E|: Z N(&ivmn — gi—M:N)2:|

i=M+1
_y2Memsn o
_N(N+1)(N+2)(N 2M) — 2M(2M +1).
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Also, because of equation (S.6), exchangeability, and the Cauchy-Schwarz in-
equality,

N-M
Var< Z N(&izmN — fiM;N)z)

i=M+1
N-M
=var NOyizy+ -+ 8Ni—M+1)2)
i=M+1
N-M
< var(N (Snipu + -+ + Snicars1)?)
i=M+1

N-M N+I1ni+2M -1

+ Z Z cov(N(ﬁNHM + o Sniimen)

i=M+1 Ovi—2M+1
J#i

N (8njemr + -+ + Snj-ms1)?)

N-M

= Z var(N(8yi—ms1 + -+ + 8nism)’)
i=M+1
N-M
+(4M —2) | var(NByipe + o+ Syien)’).-
i=M+1

Lemma S.5 implies
Var(N(BNi—M+1 +eeet 5Ni+M)2) < NZE[(SNi—M+1 +eeet 3Ni+M)4]

,  (2M +3)N!
2M — DI(N +4)!"

Therefore,

N-M
Var< Z N(&imn — fiM:N)z) — 0,

i=M+1

which proves (S.7). Using Lemma S.5, notice that the expectation of the left-
hand side of equation (S.8) is

N-M
(S.9) Z E[m(F‘l(i/N))<N(§,~+M:N ) — %)]
i=M+1
MM +1)N  2M(C2M +1)\ ., .
:<(N+1)<N+2)‘ N ) > m(F7'(i/N)) - 0.

i=M+1
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Using equation (S.6), Cauchy-Schwarz inequality, exchangeability of the
uniform spacings, and boundedness of m, we obtain that for some con-
stant C,,,,

M
(Z F (l/N) (N(-fi+M:N—§i—M:N)2))

< cfn var(N (Syism + - + Syims1)’)

N-—-M N+IAi+2M -1
+ Y m(ETG/N) Y m(FTNG/N)
=M 11 Ovi-2M+1
J#L
X COV(N (Snisnr + -+ + Onim1)’s NSy + -+ + Swjom1)’)
N-M
<C, var(N (8yi—m1+ -+ + Snisnr)’)
=M1
N-M
+(4M - 2)C}, Z var(N (Syiys1 + -+ + Sisar)?)
i=M+1

— 0,

which proves (S.8). Q.E.D.

LEMMA S.7: Let X be a scalar random variable with interval support [a, b],
distribution function G, and density function g that is continuous on [a, b]. For
a random sample X, ..., Xy, let X,y be the jth order statistic. We will adopt
the convention Xy =aif j <1 and X;.y =b if j > N. Let Vi be the rank of
observation k in the sample. Let Py, be the probability that observation k will be
a match for an out-of sample observation with continuous density f:

(S.10) Py =

Xy N T Xy +M:N)/2
/ f(x)dx:l[VNka]
a
Xy N T X +M:N) /2
+/
(

() dx1ppgsi<py, <n—m
Xy NFXVy  —M:N) /2

b
+/ FO) dxliy_pi1zvy,-
(

Xy N T Xy —M:N)/2
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Assume that f/g is bounded on [a, b]. Let o be a bounded function with domain
[a, b]. Then,

N
(S.11) ZUZ(Xk)(PNk _ f(Xe) G( Xy omn) — G(XVNkM:N)> 20

T 8(Xy) 2
and
N 2
J(Xi) G(XVNk M:N) — G(XVNk—M:N)
(S.12) Zaz(xk)N(P,zk - (g(XZ) i 5 ) ) £0.

k=1

PROOF: Fixk e€{l,2,...,N} (e.g., k =1). Notice that
Xy N T XV +M:N) /2
NPy, —N f(x)dx =o0p,(1).

Xy N+ Xy -M:N) /2

Let

Zf(\}li _ O'Z(Xk)N<PNk _ f(X) G( Xy smn) — G(XVN;(M:N)>.

g(Xy) 2

Given that f and g are continuous, there are mean values X, v » and X, ;o y »

(in ((Xppyen + Xupgo-mn) /2, (Xypyoon + Xgomn)/2) and (X, —vev s Xvgeenmon)s
respectively), such that

0= 0c2(XON (PNk _ FXpina) G Xy emn) — G(XVN,(—M:N)>

§(Xgrnm) 2
+0,(1)
X fXpwwm)
:Z(l) zX (f( k . _f,,, >
wet o) 8(Xk) 8(Xgkn.m)

" N(G(XVNHM:N)Z_ G(XVN"_M:N)) +0,(1)

=Z\ +0,(1)0,(1)+0,(1).

The last equality follows from equation (S.5) and the continuous mapping the-

orem. Therefore, Z{, - 0. Next, we will show that E[|Z\,|] is bounded uni-
formly in N. Let P, Pi%,, and Py, be the three terms on the right-hand side
of equation (S.10), arranged in the same order as in the equation. By Cauchy’s
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generalization of the Mean Value Theorem, there is X ~n.v 10 (0, Xopn), such
that

F(XZM:N)

NP]l\’]k S NF(Xouw) = WNG(XZM:N)
2IM:N
= MNG(XZM:N)~
g(Xn.m)

Because f/g is bounded and because for any positive integer r,

@M +r—1)IN!  2M+r—1)!

E[(NG(X2M:N)) ]:N 2M — DN +1)! < QM -1

we obtain that E[|N P, |"] is bounded by a constant that does not depend on N
or k. Similarly, by Cauchy’s generalization of the Mean Value Theorem, there
is Xy v in (Xyy, —ans Xy, +m:v), Such that

XN TXVy +M:N)/2
NPy, <N fx)dx

(Xvy:N+HXvp —M:N)/2

Xvy+M:N
<N f(x)dx
Xvy-M:N
_ FXvyvmn) = F( Xy, —mv)
G (Xyyrmn) — G(Xyy—mn)

X N(G(XVNk+M:N) - G(XVN/(*MZN))

X,
- %N(G(XVNHrM:N) - G(XVNk—M:N))-

Because f/g is bounded and because for any positive integer r,

; . 2M +r—-1)IN!
E[(N(G(XVNk+M:N) - G(XVNk—M:N))) ] <N QM — 1IN £+

QM +r—1)!
QM -1

we obtain that E[|[N Py, |"] is bounded by a constant that does not depend on N.
Using an analogous argument, it can be shown that for any positive integer, ,
E[INP},|"] is bounded by a constant that does not depend on N. As a result,

E[|N Py, |"] is bounded by a constant that does not depend on N. Because o is
bounded, applying Minkowski’s Inequality, we obtain that, for r > 0, E[| Z,|]
is uniformly bounded in N. This, in combination with the fact that Z{, 50,
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implies E [|ZI(\,1,Z|] — 0. Now, exchangeability of ZI(\,I,Z for any given N implies

that E[|Z\)|1=E[|Z\)|] = - -- = E[| Z|;}|]. Using Markov’s Inequality,
1 N 1 N 1 N
gPr( NZZ;;; > s) < E|: NZZ;;; } < NZE[]Z](;U]
k=1 k=1 k=1
=E[|zyi]] -0,

which proves equation (S.11). The proof of equation (S.12) is analogous.
Q.E.D.

LEMMA S.8: Assume that (i) (Wi, X1), ..., (Wy, Xy) are independent and
identically distributed; (ii) X has a continuous distribution, and W has a binary
distribution with Pr(W = 1) € (0, 1); (iii) for w = 0, 1, the cumulative distribution
functions of X given W = w, F,, are absolutely continuous with derivative f,;
(iv) there exists a constant C,, such that, for h = f,/fy, we have (1/C,) < h < C,,.
Let M be a positive integer not greater than the minimum of N, = Zfil W, and
Ny =N — Nj. Let K;;(i) be the number of times observation i is used as a match
when each unit is matched with replacement to the closest M units in the oppo-
site treatment group, and k be any positive integer. Then, E[K ()" |W; = w] is
uniformly bounded in N by a finite constant.

PROOF: Let V; denote the rank of X; among the Ny, units with W, = W, so
that V; € {1, ..., max(N,, N;)}. Also, let X,, ;, be the jth order statistic of X-
values among the N, units with W, = w. Let X,, be the N,, vector with the
stacked covariate values for units with W; = w. For 1 < v < N,,, define the
probability that unit 7 is a match for unit j, conditional on W, =w, W; =1 —w,
wa I/, =", No = Ny, and N1 =ny.

p(Ma Ny, Ny, W, U’Xw)
:Pr(iEJM(j”NO:nO;Nl :nlam:wamzl_wal/izvaxw)-

First we prove that forall ny > M, n; > M, we {0,1},andve{l,...,n,},

b QM+ k1)
(813) E[(l’lwp(M, Ny, N1, W, v, Xw)) ] < Ch W,

where the expectation on the left-hand side integrates over the distribution of
X,,, which has length equal to n,,. Let us first focus on the case with w =1 and
M+1<v<n —M.Then

p(M’ Ny, Ny, la U, Xw)

~ X1, + X1,
2 I 2

Xl,I/I/j:())
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< Pr(Xy - = X < X1 o401 X1, W; =0)
= Fo( X1, i 1X0) — Fo( X 0-an 1X7).

By continuity of F; and F,, boundedness of 4, Cauchy’s version of the Mean
Value Theorem, exchangeability of uniform spacings, and Lemma S.5, we ob-
tain

E[(mi p(M, ng, 1, 1,0, X)) ]

< E[(m(Fo(X1,m) — Fo(Xl,wa))))k]

_ kE[(Fo(XL(erM)) — Fo(Xy,0-m)
Fi(X1,0m) = F1(X1,0-m))

k
X (FI(XI,(v+M)) - Fl(X1,<v—M>))> :|

< Cun{E[(Evantin, — Evrten))"]
CM+k-1!  m!

_ kpk
=M TG !
@M k1)

oM =1)!

For the case with w =1 and v < M, we have
X+ Xiw
p(M7n0)n17w7U7Xw):Pr<Xj§w‘xl?I/I/f:O)

<Pr(X; < X1 i Xi, W; =0)
< Fo( X1, X1).

Using the same argument as before, the expectation of (n;p(M, ngy, ny, 1,
v, X,,))* can be bounded by C,f(ZM +k—1)!/(2M — 1)!. The argument for the
case with v+ M > N + 1 is similar and is omitted. This proves (S.13). Condi-
tional on X;, Ny = ny, Ny =n,, W; =1, and V; = v, the random variable K, (i)
follows a binomial distribution with parameters (ny, p(M, ny, n1, 1, v, X;)).
Therefore,

(5-14) E[KM(i)k|X1, No=no, Ny=n,W;=1,V,= U]

Xk: S(k, ng!(p(M, no, ny, 1,v,Xy))"

(ng —n)!

=~

(k r)( ) (nlp(Man(]’nlalaUaXl))ra
0

r=
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where S(k, r) is a Stirling number of the second kind (see Johnson, Kotz, and
Kemp (1993)). Taking expectations over X, we obtain

(S15)  E[Ky()*|No=no, Ny =n, W;=1,V; =]

k r
no\ QM +r—1)!
=2 S, () &

Because the bound does not depend on v, it applies also to E[K,,(i)*|Ny = ny,
Ny =n;, W;=1]. Now, from Lemma S.3, it follows that

k
. QM +r—-1)!
k _ r
E[Ky(D)*IW;=1] < r§:0 Sk, r)C,Ch—(ZM D
The same argument applies to E[K ()*|W; =0]. O.E.D.

LEMMA S.9: (W, X1), ..., (Wy, Xy) are independent and identically dis-
tributed, where X has a continuous distribution on [a, b], and W has a binary
distribution with Pr(W =1) € (0, 1). Let Py be the probability that observation
k is used as a match for any particular observation in the opposite treatment arm,
conditional on W and Xy, . Assume that f,/f, is bounded and bounded away from
zero; then, for all 6 > 0,

kinl,?.),(NPNk =0, (N_1+3),

PROOF: For the proof, we focus on the case when W, = 0. The derivations
for the treated observations are analogous. Let {Py (1), ..., Py v, } be the catch-

ment probabilities for {Xo ), ..., Xony}. If k is such that k > M + 1 and
k <Ny— M, then

(X0, (k) +X0, 1)) /2
P0,<k>=/ fitx)dx.
(X0, (k—M)y+Xo,k))/2
Now apply the change of variables z = F;(x) to obtain
FolXo,aran+Xo,0)/2) f (Fo_l(z))
PO,(k) = / Ff]
Fo(Xo,(k—m)+X0,(k))/2) fO( 0 (Z))

Fo(Xo,ksan) -1
</ 0(Xo, (k+M1) fl(F(i](Z)) ds
Fo(Xo,(k-m)) fO(Fo (Z))

Using the assumption that f;/f; is bounded by some constant C, we obtain

Py < C(Fo(Xo,m)) — Fo(Xoce-mry))-
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The derivation kK < M + 1 and k > Ny — M is similar, so it is omitted. Now
the result follows from the fact that the maximal uniform spacing is 0,,(N ')

for all 6 > 0 (see, e.g., Theorem 1 in Shorack and Wellner (1986, p. 726)).
Q.E.D.

LEMMA S.10: Assume that the conditions of Lemma S.9 hold. In addition,
assume that o*(w, x) =var(Y|W = w, X = x) is uniformly bounded. Then, (i)

N N

Niw WXZ:w o (w, X)) K (i) — Niw WX; o2 (w, X)N_Py; = 0,(1),
and (ii)
i i o?(w, X)) Ky (i)?
No iW=w
1 &, -
b i:;wcr (w, X)) (N7, Py: + Ni—wPyi(1 — Pyy))
=0,(1).

PROOF: Here we prove (ii) only. The proof of (i) is analogous but slightly
less involved. In the proof we adopt w = 0. The proof for w = 1 is identical after
switching treatment subscripts. Reorder the sample units so those units with
W; =0 come first, W; =--- =Wy, =0. For 1 <k <Ny, 1 <l <Ny, and k # 1,
let w., = E[K},(k)|W, Xo] and u, . = E[K},(k)K;,(1)|W, X,]. We first prove
the results for the single match case, with M = 1. Notice that, if M =1, then
conditional on W and X, the vector (K;(1),...,K;(Ny)) has a multinomial
distribution with parameters N, and Py, ..., Py y,. The moment generating
function of this distribution is

Ny Np
M(l‘l,...,tNO)=<ZP0’k€tk> .
k=1

Then,
Mok = N1Py e + Ni(Ny — 1)P§,k’
M2.2 k1 = Nl(Nl - 1)P0,kP0,1
+ Ni(N; — 1)(N; — 2)(P(ikP0,1 +P0,kP(i[)
+ Ni(N; — D(N; = 2)(N, = 3)P; Py .
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Therefore,
W22k — Mo ko = —NoPo Py — 2No(Ny — 1)(Pg,kP0,1 + Po,kpg,l)
— 2No(Ny — 1)(2N, — 3)P; . P7,
<0.

Now,
1 ’
E[(M 20, X)(Ki(D - m,i)) w, X0:|
ZZO’ 0, X)a*(0, X)

Otl]l

x E[(Kz(z) — p2.0) (KF() = 2,))IW, Xo |

N2 ZO- (0 X)(/-'L4z /-Lzl)
0 =1

No

1
+ 27 2.2 00, X000, X)) (121 = it )

0 =1 j#i
<—Zo<0 Xi)pha i
0 i=1

Therefore, from equation (S.15), we obtain
1 Q ’
2 20>
E[(—N0 Ei:1:0' (0, X)) (K2(i) — Mz,,-)) ‘Wi|
<C L Elpy ;W]
—= 0'4N I"L4,l

M) o (e

where C,4 is a bound on o*(w, x) for w € {0, 1} and x in the support of X.
Now, Lemma S.3 implies

1 2
E[(FZUZ(O,XI-)(K%@ —Mz»’)) } -9
021

which yields (ii) for the case of w=0and M = 1.
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Now consider the case with M > 1:
1 ’

1 &
= F Z 0'4(0, Xi)(,U«zt,i - M%,,’)

0 =1
No

1
+ N2 Z Z a*(0, X;)o*(0, X)) (Mo2,ij — M2,iMa2,j)-

0 =1 j#i

The proof that the expectation of the first term on the left-hand side of equa-
tion (S.16) converges to zero is the same as for the case of M = 1. However,
if M > 1, then it is not the case that all elements of the second term on the
left-hand side of equation (S.16) are negative. If M > 1, an observation i,
with W, =0and M +1 <V, =v < N, — M, is a match for all observations
in the opposite treatment arm that have covariate value in the catchment in-
terval

Ay (i) = (XO,(IH-M) + Xo,0) ’ Xo,-m) + Xo,(u)>’

2 2

which overlaps with the catchment intervals of other 2(M — 1) untreated ob-
servations. The catchment intervals of an untreated observation with V; < M
or V; > Ny — M overlap with less than 2(M — 1) catchment intervals of other
untreated observations. As a result, relative to the proof for M = 1, overlap-
ping catchment intervals create terms, u, 5 ;; — M2,i M2, j, that are not necessarily
negative. The number of such potentially nonnegative terms is smaller than
2(M — 1)Nj. Let I;; be an indicator function that takes value equal to 1 if the
catchment intervals of observations i and j overlap, and value zero otherwise.
Let Ky (i, j) be the number of treated observations with covariate values in
A (i) U Ap(j). Then,

No
% > %0, X)a%(0, X))

0 =1 j#i
x E[(K3 (i) — ) (K3 () — a.1) IW, Xo
1
<522 00, X)a%(0, X))
NO i=1 j#i

X (E[szw(i)Kf(jNW, Xo] - Mz,iﬂz,j)lij
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1 &
= Y20, X)a (0, X)E[KG (DK ()HIW, X, |1

0 i=1 j#i
ZZE (K3 (i, )IW, Xo] I
0 i=1 j#i

Using the same argument as in Lemma S.8, it can be seen that

4 N k
E[KY (i, HIW, [;=1] < ch<ﬁ1) ,
k=0 0

for some positive constants, c,. Now, Lemma S.3 yields the result. Q.E.D.

LEMMA S.11: Suppose that the assumptions of Lemma S.10 hold. Assume also
that the density of X is continuous on [a, b]. Finally, assume that, for w =0, 1,
o?(w, x) is continuous on [a, b]. Let p* =Pr(W = 1); then, for w=0, 1, (i)

1
N D 0w, XK (D)

w .
i:Wi=w

% 12w
—p>ME[o-2(w, X,«)( P )
I-p

izw}a

fw(Xi)

and (ii)
1 .
N 2 W, X)Ky (i)’
w i:Wi=w
* 172wf
2 ME[UZ(w, X,-)( P ) Lol 2 Ny wi|
1- p fw(Xz)
MQ@M +1)
2
12w 2
* —w Xi
1- p fw(Xz)
PROOF: The result follows from Lemmas S.6, S.7, and S.10. QO.E.D.

PROOF OF PROPOSITION 1: Let

Dy = «/LN ;(‘ £(1, p(X) — (0, p(X))) —7)

«/—_ S oW - 1)(1 + K”;;i))(Yi — (W, p(X)))
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and

1 N
Ry = QW — 1)
N N;

5

1
p(1=Wo p(XD) =72 > B(1=W, p(X,-))).

jeam (i)
Notice that
\/N(E'\;V —T) :DN +RN

We will first show that Dy AN (0, o). Notice that

2N
DN:Z§N,k7
k=1
where
1
=—((l, p(Xp)) — @(0, p(Xi)) —
Eni m(u( p(X0) — (0, p(X0)) — 7)

for1<k <N, and
1
Enge = \/—N(szN -1)
Ky(k —N)
| A
x< =+ i
for N +1 <k <2N. Consider the o-fields Fy, = o{W, ..., Wi, p(X1), ...,

p(Xk)} fOI' 1 Sk SN and ‘/T"N,k=(T{I/Vl,...,WN,p(Xl),...,p(XN),Yl,...,
Y.~} for N+ 1<k <2N.Thenforeach N > 1,

{ZfN,,»,fN,,», 1 siszN}

j=1

)(YM = (Wi, (X))

is a martingale. To obtain the result of the proposition, we apply the Central
Limit Theorem for martingale arrays (e.g., Billingsley (1995)). The following
three conditions are sufficient:

2N
(S.17) ZE[|§N,,(|2+‘S] — (0 for some & > 0,
k=1

(S.18) D" E[& | Fvani] > E[(2(1, p(X)) — (0, p(X)) —7)°],

k=1
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and
2N
(S19) > E[& x| Fnii]
k=N+1

£ E[&Z(l, p(X))(L + L(L — p(X))ﬂ
p(X) 2M \ p(X)

+E[&2(0, p(X))

1 1 1
< (1 o T W(l—p(X) B (1_”()())))]

Equation (S.17) is the Lyapunov condition (which is sufficient for the usual
Lindeberg condition to hold). Because the functions w(w, p) are continuous
on a compact support, these functions are also bounded. Let C; be a bound on
max,, , w(w, p) for w € {0, 1} and p € [p, pl. We obtain

> i) = LT

k=1

IA

— 0.

Now, let C;2+5 be a bound on E[|Y; — w(W;, P(X,))|**°|W;, P(X;)]. Now, using
the Law of Iterated Expectation and the fact that K, (i) has bounded moments
(Lemma S.8), we obtain

< o 5]
G2+ M
> E[lénal] <

NS/Z

— 0.

k=N+1

This proves equation (S.17). Equation (S.18) is easy to prove because the data
are i.i.d. To prove equation (S.19), notice that

2N , 1 N KM(I) 2_2
S E[&,1Fvs] =NZ(1+ ut ) &2 (W, p(X,).
k=N+1 i=1

Now, Lemma S.11 implies the result in equation (S.19) after some algebra.

To finish the proof of part (i), we will show that Ry - 0. We can write Ry =
RN,O + RN,la where

> ﬁ(l—VK,p(X,))>.

JjeIm (D)

1 & 1
Ry,=—— i(1—W, p(X) — —
N, mmz_w(u( PX)) = -
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We prove Ry ; = 0,(1). The proof for Ry = 0,(1) is analogous, so we omit
it. By Markov’s Inequality, it is enough to show that E[|Ry ;|] — 0. Without
loss of generality and to simplify notation, we reorder the observations in the
sample, so that the observations with W, = 1 come first. Because the function
@ has a derivative bounded by C;, we obtain that, for Ny = ny (with Ny = n,,
M <ny<N—M)andn, =N — ny,

E[|Ry1lINy = no]

< fZ Y E[|a(0, p(X) — (0, p(X))|INo = o]

JeTM (D)

_fZ Y E[|p(Xi) — p(X)|INo=n].

jeTm (i)

Now, Lemmas S.1 and S.2 imply that there is some 7 > 0 such that

n; Ny p-1/4 1/4
+ M —ny' ™ exp(—ny*).

E[|Ry.1|INy = no] < C;F N1/2|_ 7| N7

3/4 M+1/2

Because n /Ln | and n, exp(—né“) are bounded for all ny > 1, there
exists some constant C such that

C (n N"*
E[|Ry.lINy=no] < N1/4<Nn/4>'
0

Therefore,

C N Y

which converges to zero because of the result in Lemma S.3. This completes
the proof of part (i). To prove part (ii), first notice that /N (Tiy—T)=D/n+
R, v, where

ZW (1, p(X)) — (0, p(X)) — 7.)

L INS K
= 2 (W a - B v — . px)

i=1
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and

VN G/ 1 _
R/ n= N, ZW(/‘L(O’p(Xi))_M Z M(OaP(Xj))>-

i=1 JETM (D)

Because R,y = (N/N))Ry1, N/N; 5 1/E[p(X)] and Ry, - 0, we obtain
R, n £o. Therefore, we need to show that D, y AN (0, o). Notice that

2N
Dt,N= E 'ft,N,k,
k=1

where

N
1

'ft,N,k =

for1 <k <N, and

VN Ky(k— N
£ = TI(WM —a- Wk_m%)

X (kaN — /-1(I/Vk7N’ P(kaN)))

for N + 1 < k <2N. Consider the o-fields F, yr = o{W, ..., Wy, p(X1), ...,
P(Xk)} for 1 S k SN and ]:l,N,k = O-{I/Vh ey WN: p(Xl)’ '-'?p(XN)y Yl7 sy
Yi_n}for N+1<k <2N.Then for each N > 1,

{Zfz,z\/,]’,fz,mi, I<i< 2N}

j=1

is a martingale. To obtain the result of the proposition, we apply the Martingale
Central Limit Theorem. The following three conditions are sufficient:

2N
(8200 Y E[léwil*?]—0 for some 8 >0,

k=1

N
(S21) D E[& y il Frnii]

k=1

4 1 - - 2
Fo LA CO0(a(L, 00) 0, p) =)
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and
2N
(822) Y E[& 5l Finic]
k=N+1
1
5 ————E[p(X)a*(1, p(X)
oo T )]
1
+ 7E[&2 0, p(X)
P(X) 1 1 pi(X)
- <1—p(X) POt T e (X))]

Equation (S.20) follows from the same arguments employed for equation
(S.17) and from the fact that the moments of N/N, are bounded (Lemma S.3).
In particular,

N N @02 s
Z |§tNk|ZJr6 SZE[ N 2C +1 tl) j|
=1
)2+5

(2C; + |7, N\ »
:—“Nm E[(m) ]—>0.

Using the Law of Iterated Expectation and the fact that K,,(i) has bounded
moments, and the Cauchy—Schwarz inequality, we obtain

2+8 . 248
S (N DN
> E[léwal™] < :

NS/Z

— 0.

k=N+1
It is easy to show that

2N

N
Z E[WM—N(Y/(—N - l_‘«(l, p(Xk—N)))Z‘]:t,N,k—l]

k=N+1 1

N>21 S
=) = D_Wa* (1, p(X))
(%) ¥

=

—— S E[p(X)a*(1, p(X))].
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In addition,

2N N Ky(k—N)\*
Zﬂ{ﬁa—mN(J%v—)

k=N+1 1

X (Yiey — 2(Wiew, p(Xk—N)))Z‘]:t,N,k—l]

N21N K . 2
=<E)N2h—m4Xf)H&mx»
i=1

Now, Lemma S.11 implies the result in equation (S.22). Q.E.D.

PROOF OF LEMMA 1: Assumption 4(i) implies that there exist finite con-
stants C; and Cy such that C; < x'0 < Cy for any 6 € int(®) and x in the
support of X. Because f is continuous and everywhere positive, it follows that
it is bounded away from zero on the compact interval [C,, Cy] (see, e.g., Rudin
(1976, Theorem 4.16)). Similarly, F (1 — F) is bounded and bounded away from
zero on [Cp, Cy]. Therefore, there exist positive constants ¢y and ¢; such that
L < fA(X'0)/(F(x'0)(1 — F(x'0))) < cy, for any 6 € int(®) and x in the sup-
port of X. Then, for 0 € int(@) and any nonzero v € R*, we obtain

. [(X'9)
Ehx”mxmu_mxmﬂ<w

and

f*(X'0) /
Fum@_nxmx}

v/E|:X UZCLU/E[XX/]U > 0.

As a result, I, is finite and positive definite for all 6 € int(®). By Assump-
tion 4(i) and (ii), f*/(F(1 — F)) is continuous and bounded in [C;, Cy] and
| X is bounded. By the Dominated Convergence Theorem, we obtain that
I, is continuous on int(®). This, along with continuous differentiability of F,
implies that the parameterization 6 — P’ is regular on int(®) (see Proposi-
tion 2.1.1 in Bickel et al. (1998)).

Now, Proposition 2.1.2 in Bickel et al. (1998) implies that, under P,

1
ANWHmoz—h%NwNy—§h7hh+ogly

Continuity of I, implies the result in equation (1). Also for regular parametric
models, equation (2) is derived in the proof of Proposition 2.1.2 in Bickel et al.
(1998).
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Suppose that By is asymptotically linear. That is, under P%,
VN(Oy — 6*) = I, Ay (67) + 0,(1).

By contiguity (see, e.g., Proposition 2.1.3 in Bickel et al. (1998)), we obtain that
the previous equation holds also under P%V. Therefore, under P~

VN @Oy — 0n) = —h + ;' Ay (6) + 0,(1).

Now, equation (3) follows from equation (15) in Proposition 2.1.2 in Bickel et
al. (1998). Therefore, if Oy is asymptotlcally linear, then equation (3) holds. To
prove asymptotic linearity of By, notice first that, given that F(x'6) is continu-
ously differentiable and bounded away from zero and 1 on int(®) for all x in
the support of X, and that I, exists and is continuous, Lemma 7.6 in van der
Vaart (1998) implies that {P?: 6 € int(0)} is differentiable in quadratic mean.
Moreover, given that f(x'0)/F(x'0) and f(x'68)/(1 — F(x'0)) are uniformly
bounded by a constant for all 6 € int(®) and x in the support of X, and that
Iy is nonsingular, then by Theorem 5.39 in var der Vaart (1998), consistency
of 6y implies that equation (3) holds. Now, given that E[X X’] is nonsingular,
F(x'0) is continuous in 6 for all x in the support of X and bounded away from
zero and 1, and @ is compact, Theorem 2.5 in Newey and McFadden (1994)

implies Oy > 0" Q.E.D.

In the setting of Section 3, the following lemma provides primitive conditions
for Assumption 5.

LEMMA S.12: Let X, be the first coordinate of X and let X, be the sub-vector
of the last k — 1 coordinates of X . Assume that the distribution of X, conditional
on (Xy, Yy) (respectively, (X1, Yy)) admits a density, fx,x, v, (X0, X1, y1) (respec-
tively, fx,x,,v,(Xo, X1, o)), with respect to the Borel measure, A. Assume that
Fxoixy, v (X0, X1, y1) and fx,x,,v,(Xo, X1, Yo) are bounded and continuous func-
tions of xo. For N =1,2,...,let X'0y = X0 + X 6,y. Assume that 6y — 6*
such that 6 # 0. Let r(y, w, x) be a bounded function from R**? to R, continu-
ous in the first coordinate of x. Then

Eo [r(Y, W, X)|W,F(X'6y)] — E[r(Y,W, X)|W,F(X'6%)],
almost surely.
PROOF: Because F is strictly increasing, we have
Eo[r(Y, W, X)|W,F(X'0)] = E[r(Y, W, X)W, X'8].
Therefore, it is enough to prove

Eo [r(Y, W, X)IW,X'0yx] — E[r(Y,W, X)W, X'6"],
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almost surely. Notice also that

Eo[r(Y,W,X)|W,F(X'6)]
=WEy[r(Y,W, X)W =1,F(X'0)]
+ (A= W)E[r(Y,W,X)|W =0,F(X'6)].

It is, therefore, enough to prove convergence of Ey, [r(Y, W, X)|W =1, X'0x]
and E,, [r(Y, W, X)|W =0, X'0y]. We will prove convergence for E,, [r(Y,
W, X)IW =1, X'6y]; the proof for Ey, [r(Y, W, X)|W =0, X'6y] is analo-
gous. Let ri(y, x) =r(y, 1, x). Given that W is independent of (Y}, X) con-
ditional on the propensity score, we obtain

Eo [r(Y, W, X)W =1, X'0y]
=Ey, [n(Y,, X)W =1, X'60y]
= Eg [r1(Y1, X)X 6y]
=E[r (Y1, X)| X 6y].

Similarly, E[r(Y, W, X)|W =1, X'6*] = E[r(Y;, X)|X'6*]. Hence, we aim to
prove

E[”1(Y1,X)|X/9N] - E[’”l(Y1, X)lX'G*],

almost surely. More precisely, if we make g,(X) = E[r (Y7, X)|X'0], we aim
to prove gy, (X) — go-(X) as Oy — 6*, almost surely.

Let fy, x,(y, x1) be the density of (Y3, X;) with respect to some o-finite mea-
sure, u. ((Y;, X;) may include variables that are not continuously distributed.)
Other densities are denoted analogously. By the change of variables formula,
if 0y #0,

1 z—x,0
fX’e,Yl,Xl(Z,Ya X)) = _le,XO,Xl Y, Lt » X1
[6o] 6o
1 <z—x’101

= T, ) X01X1,Y;
|00|f0‘ IERS 00

> X1 )’)fyl,xl (¥, x1)
is the density of (X'6,Y,, X|) with respect to A x u. Because ri(y,x) =
r(y, 1, x), the function r; is bounded and continuous in the first coordinate

of x. With a slight notational abuse, we will write r (Y, Xy, X;) = (Y, X).
Then, by continuity and boundedness of r; and fx,x,,v,, and the Dominated
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Convergence Theorem, we obtain that, for all x in the support of X,

X/BN —X/101N
ny, Tyxl

x'GN — x;GlN
X froxn | —p——
0N

X0y —x,0
/(/fxmxl,yl(%,xl,Y)fyl,xl v, xl)d,U«),
oN

which is a version of gy, (x), converges to

X0 —x,0]
ny, Taxl
0

X0 — x| 67
X fxox,v (70* =L X, y)le,Xl v, xl)d,l»b)
0

X0 —x' 07
/(/fxmxl,yl(ie* . ',xl,y>fyl,xl(y, xl)d,U«>,
0

which is a version of gy (x). O.E.D.

> X1, Y>fY1,X1()’> xl)d/vb)

S.2. MONTE CARLO EVIDENCE

In this section, we report the results of a simulation exercise designed to
investigate the sampling distribution of propensity score matching estimators
and the quality of the approximation to that distribution that is proposed in
this article. The Monte Carlo results in this section illustrate the effect of ad-
justing standard errors and confidence intervals for the estimation error in the
propensity score and confirm our theoretical results.

We report results for five designs and for the four type of estimators consid-
ered in Section 2. In all cases, we use N = 5000 observations, two covariates,
and 2000 Monte Carlo replications. For each design and each estimand (ATE
or ATET), we calculate two estimators. The first estimator is based on match-
ing on the true propensity score, 7y = 7y(8*) for ATE and 7}y, =7, 5 (6*) for
ATET. The second estimator is based on matching on the estimated propensity
score, ?N :?N(ON) for ATE and %,N :’ﬁ’N(eN) for ATET.

We estimate standard errors in three different ways. For estimators that
match on the true propensity score, we construct standard errors using the
formulas derived in Abadie and Imbens (2006) for the case when matching
is done directly on covariates. Those formulas are valid because in this case,
matching is done using a covariate, which is the true propensity score. For the
case when matching is done on the estimated propensity score, we first esti-
mate standard errors without adjusting for estimation of the propensity score.
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That is, these are the standard errors that are obtained when the estimated
propensity score is used for matching and for the estimation of the standard
errors, but the fact that the propensity score is estimated is ignored in the cal-
culation of the standard errors. These standard errors correspond to &/+/N for
ATE and &,/+/N for ATET, where & and @, are given in Section 4. For the case
of matching on the estimated propensity score, we also calculate the standard
ITOTS Oyqi/ VN and Tz /\/N , which adjust for estimation of the propensity
score. For each estimator/standard error pair, we evaluate the performance of
(nominally) asymptotic 95 percent confidence intervals constructed by adding
and subtracting 1.96 times the standard error to the estimator.

Design I: Two covariates, X; and X,, are both uniformly distributed on
[—1/2,1/2] and independent of each other. The potential outcomes are gen-
erated by Y(O) = 3X1 — 3X2 + U() and Y(l) =5+ 5X1 + X2 + Ul, and U()
and U, are independent standard Normal random variables, independent of
(W, X1, X,). The treatment variable, W, is related to (X, X,) through the
propensity score, which is logistic

exp(x; + 2x,)
1+exp(x;+2x,)

Pr(W =11X,=x,, X =x;) =

ATE and ATET estimators use one match (M =1).

Design II: X, and X, are distributed as in Design 1. Potential outcomes are
generated by Y (0) = 10X; + Uy and Y (1) =5 — 10X, + U;, where U, and
U, are standard Normal random variables independent of each other and of
(W, X1, X,). The treatment variable, W, is related to (X, X;) through the
propensity score, which is logistic

exp(2x;)

Pr(W: 1|X1 =x1,X2=x2) = H—Tp(Zx)
2

In this design, average treatment effect varies widely as a function of X, so
dt1,(6%)/d0 is large. In addition, in this design each value of the propensity
score is associated with a unique value for the covariates, and therefore both ¢
and ¢, are equal to zero. ATE and ATET estimators use one match (M =1).

Design I1I: In this design, we modify Design I by using four matches (M =4)
on the estimated or true propensity score rather than a single match. The re-
mainder of the design, including the potential outcome distributions and the
assignment mechanism, is identical to that in Design I.

Design IV': This design is identical to Design II, except the estimated
propensity score is misspecified as

exp((x2 +1/2)%)
1+exp((x2+1/2)%)°
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Notice that this specification is still a valid balancing score (Rosenbaum and
Rubin (1983)) because the log odds ratio is a monotone function of the covari-
ates.

Design V': In this design, we change the distribution of the covariates. With
probability 0.7, X; has a uniform distribution on the interval [—1/2, 0], and
with probability 0.3, it has a uniform distribution on the interval [0, 1/2]. With
probability 0.6, X, has a truncated exponential distribution on the interval
[—1/2, 0], and with probability 0.4, it has a truncated exponential distribution
on the interval [0, 1/2]. Hence the distribution of the covariates is discontinu-
ous at zero.

In Table S.I, we present Monte Carlo results for the ATE, and in Table S.11,
we present Monte Carlo results for the ATET. In Design I, the standard devia-
tion of the estimator based on matching on the true propensity score is equal to
0.055 for ATE and 0.064 for ATET (row 1). The average standard errors across
simulations are 0.055 for ATE and 0.065 for ATET, very close to the standard
deviations. Asymptotic 95 percent confidence intervals provide coverage close
to nominal (row 3). As predicted by the theoretical results, matching on the es-
timated propensity score leads to a smaller standard deviation for ATE, 0.057
(row 4), than matching on the true propensity score. For this design, the same
is true for ATET: estimation of the ATET parameter matching of the estimated
propensity score is more precise than matching on the true propensity score.
Row 5 reports average standard errors when the fact that the propensity score
was estimated is ignored in the construction of the standard errors. Row 6 re-
ports average standard errors that adjust for the estimation of the propensity
score. Standard errors that do not account for the estimation of the propensity

TABLE S.I
MONTE CARLO RESULTS FOR AVERAGE TREATMENT EFFECT?

Design
1 11 111 v A%
Panel A: Matching on the True Propensity Score (PS)
Standard deviation 0.055 0.106 0.052 0.054 0.053
Average standard error 0.055 0.106 0.052 0.054 0.053

Coverage rate of 95% confidence interval 0.947 0.950 0.943 0.946 0.943
Panel B: Matching on the Estimated PS

Standard deviation 0.045 0.105 0.039 0.045 0.044
Average standard error:
Ignoring estimation of the PS 0.055 0.106 0.046 0.054 0.053
Accounting for estimation of the PS 0.045 0.106 0.039 0.044 0.044
Coverage rate of 95% confidence interval:
Ignoring estimation of PS 0.985 0.950 0.981 0.986 0.981
Accounting for estimation of the PS 0.951 0.950 0.947 0.949 0.946

AN = 5000, number of replications = 2000.
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TABLE S.11
MONTE CARLO RESULTS FOR AVERAGE TREATMENT EFFECT ON THE TREATED?*

Design
I I 111 v \%
Panel A: Matching on the True Propensity Score (PS)
Standard deviation 0.064 0.123 0.058 0.059 0.063
Average standard error 0.065 0.123 0.057 0.059 0.063

Coverage rate of 95% confidence interval 0.950 0.942 0.946 0.948 0.949
Panel B: Matching on the Estimated PS

Standard deviation 0.057 0.143 0.048 0.051 0.055
Average standard error:
Ignoring estimation of the PS 0.065 0.122 0.057 0.059 0.063
Accounting for estimation of the PS 0.057 0.145 0.049 0.050 0.055
Coverage rate of 95% confidence interval:
Ignoring estimation of PS 0.972 0.899 0.970 0.978 0.972
Accounting for estimation of the PS 0.953 0.952 0.949 0.945 0.952

4N = 5000, number of replications = 2000.

score are severely biased, as they approximate the standard deviation of the
estimator for the case when the propensity score is known (in row 1). In con-
trast, the adjusted standard errors closely approximate the standard deviation
of the estimators that match on the estimated propensity score (in row 4). Ac-
cordingly, using unadjusted standard errors to construct confidence intervals
leads to over-coverage, while confidence intervals constructed using adjusted
standard errors produce coverage rates that are close to nominal.

Our theoretical results predict that, in Design II, both the adjusted and un-
adjusted standard errors for ATE should perform well. The reason is that ¢ = 0,
so adjusting the ATE standard errors is not necessary. Moreover, our theoret-
ical results predict that, in this design, the adjustment to the ATET standard
errors for first step estimation of the propensity score is positive. The reason
is that, in this design, ¢, = 0 but J7,(6*)/960 # 0, which implies that matching
on the estimated propensity score produces estimators with higher variance
than matching on the true propensity score. Accordingly, confidence intervals
for ATET constructed using matching on the estimated propensity score and
unadjusted standard errors lead to under-coverage. The simulation results are
consistent with these predictions.

In Design III, with the number of matches equal to four instead of one,
the precision of the estimator improves. There remains a bias in the standard
errors that are based on ignoring the estimation of the propensity score. In De-
sign IV, the propensity score is misspecified. However, the misspecified propen-
sity score is still a valid balancing score, and thus matching on it continues to
remove the bias from all covariates. Coverage rates of the confidence intervals
are still close to nominal levels. In the fifth and last design, the distributions of
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the covariates include discontinuity points. This appears to have little effect on
the performance of the confidence intervals.
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