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APPENDIX F: PROOF OF THEOREM (0
F.1. Preliminaries

IN THIS SECTION, WE PROVE Theorem 0, which extends the characterizations of REU
representations in Gul and Pesendorfer (2006) and Ahn and Sarver (2013) to allow for
an arbitrary separable metric space X of outcomes. Refer to Section 2.1 of the main
text for all relevant notation and terminology. Throughout, we fix some y* € X and let

RY = {0} x R¥~0") denote the set of utility functions u in R¥ that are normalized by
u(y*) =0.
We first define the static analog of S-based representations introduced in Appendix A:

DEFINITION 13: An S-based REU representation of p is a tuple (S, w, {Us, Ts}ses) such
that
(i) §is afinite state space and u is a probability measure on S such that supp(n) =S,
(ii) for each s € §, the utility U, € R¥ is nonconstant and U, # Uy fors+#s,
(iii) for each s € S, the tie-breaking rule 7; is a proper finitely-additive probability mea-
sure on R¥ endowed with the Borel sigma-algebra,
(iv) forall pe A(X) and A € A,

p(p: A) =" u(s$)7(p, A),

seSs
where 7,(p, A) :=71,({ueR¥: pe M(M(A, U,), u)}).

Analogous arguments as for the DREU part of Proposition A.1 yield the equivalence
of S-based REU representations and static REU representations.

PROPOSITION E1: Let p be a stochastic choice rule on A. Then p admits an REU repre-
sentation if and only if it admits an S-based REU representation.

PROOF: Analogous to Proposition A.1(i). Q.E.D.
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Thus, Theorem 0 is equivalent to the following result, which we prove throughout the
rest of this section.

THEOREM E.1: The stochastic choice rule p on A satisfies Axiom 0 if and only if p admits
an S-based REU representation (S, w, {Us, Ts}ses)-

Note that because X may be infinite, continuity of each U; in the representation is not
directly implied by linearity. However, the following additional Axiom ensures this. As
in Section 3.3, let A* denote the collection of menus without ties, that is, the set of all
A € Asuch that, for any p € 4 and any sequences p" —™ p and B" —" A \ {p}, we have

lim, . p(p"; B"U{p"}) = p(p; A).
Ax10M E.1—Continuity: p: A* — A(A(X)) is continuous.

Here A is endowed with the Hausdorff topology induced by the Prokhorov metric 7 on
A(X), and A* with the relative topology. We have the following proposition.

PROPOSITION E2: Suppose p admits an S-based REU representation (S, u, {Us, Ts}ses)-
Then p satisfies Axiom F.1 if and only if each utility U, is continuous.

PROOF: See Section ES. QE.D.

Additional notation: Forany Y C X, let A(Y):={4AeA:Vpe A,supp(p) CY}C A
denote the space of all menus consisting only of lotteries with support in Y. Note that
for each A4 € A, there is a finite Y such that 4 € A(Y). We denote by pY the restriction
of p to A(Y), which can be seen as a map from A(Y) to A(A(Y)). If y* € Y, we write
RY := {0} x R0, 3

For any 4 € A(Y) and p € A(X), let Ny(A, p) :={ueR": pe M(A,u)} and let
N{(A, p):={ueR¥:{p}=M(A,u))}. Note that Ny({p}, p) = N{ ({p}, p) = R" and
that Ny(A, p) =Ny (A, p)=0if p¢ A. Let N(Y) :={Ny(A,p): A A(Y)and p €
AX)L,NT(Y):={N; (A4, p): Ac A(Y) and p € A(X)}.

We will consider both the Borel sigma-algebra on RY and its subalgebra F(Y) that
is generated by A/ (Y) UNT(Y). A finitely-additive probability measure v¥ on either of
these algebras is called proper if v¥(Ny(A, p)) =v"(Ny (A, p)) for any 4 € A(Y) and
p € A(X). Whenever Y = X, we omit Y from the description of Ny (A, p), Ny (A4, p),
N(Y), N*(Y),and F(Y).

E2. Proof of Theorem F.1: Sufficiency
F2.1. Outline

The proof proceeds as follows:

(i) In Section F.2.2, we use conditions (i)—(iv) of Axiom 0 and Theorem 2 in Gul and
Pesendorfer (2006) to construct, for each finite Y C X, a proper finitely-additive probabil-
ity measure v¥ on F(Y) representing p*, in the sense that p¥ (p; A) = v¥(Ny(A, p)) for
all A, p. Given the fact that each p” is derived from the same p, it is easy to check that the
family {F(Y), »"} is Kolmogorov consistent. We can then find a proper finitely-additive
probability measure v on F extending all the »* (and hence representing p).
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(ii) The support of v is defined by
supp(v) := (U{V e F:Visopenand v(V) = O})C.

In Section F2.3, we use part (v) of Axiom 0 to show that suppv is finite (up to positive
affine transformation of utilities) and contains at least one nonconstant utility function.
While Axiom 0(v) is similar to the finiteness Axiom in Ahn and Sarver (2013), this step
requires more work in our setting. A key technical challenge is that unlike in Ahn and
Sarver, it is not clear in our infinite outcome space setting how to normalize utilities to
ensure that N(A, p)-sets are compact. Compact sets C have the useful property (used
repeatedly by Ahn and Sarver) that if C Nsuppv =@, then »(C) = 0. Lemma ES5 exploits
the geometry of N(A, p)-sets to show that this property continues to hold for N(A4, p)-
sets in our setting, even though they are not compact.

(iii) In Section F2.4, we proceed in a similar way to the proof of Theorem S3 in Ahn
and Sarver (2013) (again using Lemma ES5 to circumvent technical difficulties). Letting
S:={s1,...,s.} denote the equivalence classes of nonconstant utilities in supp v, we find
separating neighborhoods B; € F of each s such that »(B,) > 0. We then define u(s) =
v(B,) and 7,(V) = % and show that this yields an S-based REU representation of p.

E2.2. Construction of v

In this section, we construct a proper finitely-additive probability measure v on F that
represents p, that is, such that for all 4 € A and p € A, we have

p(p; A) =v(N(A, p)) =v(N*(4, p))).

First consider any finite Y € X with y* € Y. By Axiom 0(i)—(iv) (Regularity, Linearity,
Extremeness, and Mixture Continuity), Theorem 2 in Gul and Pesendorfer (2006) ensures
that there is a proper finitely-additive probability measure »¥ on FY such that

p"(p; A)=v"(Ny(A4, p)) =v"(N{(A4, p))
forall A € A(Y) and p € A.

CLAIM 4: For any finite Y' 2 Y 3 y*, v"', F(Y")) and (v, F(Y)) are Kolmogorov con-
sistent, that is, for any E € F(Y'), we have

v(E x RY>Y) =Y (E). (24)

PROOF: To see this, note first that the LHS of (24) is well-defined, since E x
RY~Y ¢ F¥ by Lemma F4(iv). Note next that by Lemma F4(iii), E is of the form
UL, Ny(A;, pi) N Ny (B, q;) for some finite n and A4;, B; € A(Y). Let E’ be ob-
tained from E by replacing each Ny (A, p;) with Ny (A;, p;). By Lemma F4(ii), E' =
UL, Ny (Ci, r;) for some family {C;} € A(Y). Moreover, since both »¥ and v are
proper, we have that »¥(E) = vY(E’) and v"'(E x RY>Y) = v (E’ x RY>Y). Hence,
it suffices to prove that v¥'(E' x RY>Y) = »Y(E’). For this, it is enough to show that
for any collection of sets N|",...,Nf e N*(Y) = {N*(A4, p): A € A(Y)}, we have
vW(UL, N = vV (U, N} x RY'~Y). We prove this by induction. For the base case,

1

note that for any N*(A4, p) e N*(Y), we have

v (NT(A4, p)) x Ry =p"(p, A) :=p(p; A) =: p" (p; A) =v" (N*(4, p)).
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Suppose next that the claim is true whenever m < n. Then

m+1 m m
VY<U N;’) :VY( N;’) +v" (N, ) —VY<U(N;’ON;;+,)>
i=1 i=1

i=1

=" (U N} x RY’\Y> + 0" (N xR

i=1

—Y (U(Nl.+ NN, x RY’\Y>

i=1

m+1
— VY’ (U Ni+ % RY’\Y) ,

i=1

where the second equality follows from the inductive hypothesis and the fact that N;" N
N}, € NT(Y) by Lemma F4(ii). Q.E.D.

Now define v on F by setting v(E) := v¥ (projzv E) for any finite Y > y* such that E =
projzy E x R*>Y and projzy E € F. By Lemma F4(iv), such a Y exists. Moreover, given
Kolmogorov consistency of the family {v"}ycy, this is well-defined. Finally, it is immediate
that v is a proper finitely-additive probability measure and that v represents p.

F2.3. Finiteness of suppv
The support of a finitely-additive probability measure v is defined by

supp(v) := (U{V e F:Visopenand v(V) = 0})6.

The next lemma invokes Axiom 0(v) (Finiteness) to show that the support of » constructed
in the previous section contains finitely many equivalence classes of utility functions and
contains at least one nonconstant function. We use 0 to denote the unique constant utility

function in R¥.

LEMMA E1: Let K be as in the statement of the Finiteness Axiom and let Pref(A(X))
denote the set of all preferences over A(X). Then

#{ =€ Pref(A(X)) : 5 is represented by some u € supp(v) ~ {0}} =L,
where 1 <L <K.

PROOF: We first show that L < K. If not, then we can find utilities {u,, ..., ux 1} C
supp(v) such that each u; is nonconstant over X and u; % u; for all i # j. By Lemma E.2,
we can find amenu A ={p':i=1,...,K+ 1} € A such that u; € N*(A, p’) for each i.
Take any B C A with |B| < K. Then p’ ¢ B for some i.

Fix any sequences p’ —™ p' and B, —" B. By definition, this means that there exist
r € A(X) and a, — 0 such that p! = a,r 4+ (1 — a)p' for all n, and that, for each g € B,
there exist B, € A and B3,(q) — Osuch that B, = quB(Bn(q)Bq—F (1-B.(g)){q}) forall n.
Now, B and each B, are finite, and u; is linear with u;- p’ > u;- q for all ¢ € B. Hence, there
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is N such that for all n > N, u; - p’, > u - q, for all g, € B,. Thus, u; e N*({p’}UB,, p’)
for all n > N. But since u; € supp(v) and N*({p'} U B,, p') is an open set in F, the
definition of supp(v) then implies that v(N*({p’} U B,, p’)) > 0 for all n > N. But then
p(p{p Y UB,) =v(NT({p'}UB,, p\)) > 0 for all n > N, contradicting Finiteness.
Next we show that L > 1. Indeed, if L = 0, then for any 4 € A with |A| > 2 and for
any p € A, we have (N(p, A) ~ {0}) Nsuppv = @. By Lemma ES5 below, this implies that
v(N*(p, A)) =0 for any p € A. But since v represents p, p(p; A) =v(N*(p, A)) for
any p € A, sowe have pea P(p; A) =0, which is a contradiction. Q.E.D.

F2.4. Constructing the REU Representation

Let i, ..., 7, denote all the preferences represented by some nonconstant utility in
supp(v), where by Lemma F.1 we know that L is finite and L. > 1. Foreachi=1, ..., L,
pick some u; € suppv representing ;. For any u € R¥, let [u] := {t/ € RY : v/ ~ u}.
By Lemma E.2, we can find 4 := {py,..., p.} € A such that u; € N*(A4, p;) for all
i=1,...,L.Let B, := N*(A4, p;) for all i. By construction, [u;] € B,, and B,, N B, =9
for j # i. Moreover, by the definition of supp(v), we have v(B,,) > 0 for each i, since
B,, € Fisopen and u; € B,, Nsupp(v) # 9.

Let S:={u,...,u;} and define the function u : S — [0, 1] by

u(s)=v(By) foreachsesS.

We claim that u defines a full-support probability measure on S. For this, it remains to
show that ) u(s) =1. Since ) u(s) =)  v(B,) = v(U,B,), it suffices to prove the
following claim:

LEMMA E2: v(|J,.¢Bs) = 1.

seS

PROOF: It suffices to prove that v(R¥ U,cs Bs) = 0. Note that RY = UiL=1 N(A, p),
since A ={p;,..., pr}. Thus,

L
R¥ (B c WA, p) ~N* (4, p).
i=1

seS

By finite additivity of v, this implies that

L
V(RX ~ UB‘> < ZV(N(A, pi) \N+(A,Pi)) =0,

seS i=1

where the last inequality follows from properness of v. Q.E.D.

Next, we define a set function 7, : 7 — R, for each s € § by setting

for each IV € F. Since v(B,) > 0 for all s € S, this is well-defined. Moreover, since v is a
proper finitely-additive probability measure on F, so is 7.

Note that for all ~A ceAand pe A(X), {ueR¥: pe M(M(A,s),u)y=N(M(A,s),
p)eF,sor({ueR¥: pe M(M(A,s),u)}) is well-defined. The next lemma will allow
us to complete the representation:
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LEMMA E3: Foreachse S, Ae A,and p € A,

v(N(A4, p)) =Z/u(s)73({u eRY: pe M(M(A,s),u)}).

seS

PROOF: We first show that for each s € S, supp 7, . {0} = [s]. To see that [s] C supp 7, ~
{0}, consider any u € [s] and any open V' € F such that u € V. By Lemma FA4(iii),
is a finite union of finite intersections of sets in N/ U A/*. Hence, since each element of
N UNT is closed under positive affine transformations, so is V. Thus, u € I implies s € V.
But then V' N B, € F is open and contains s, and hence v(V N By) > 0 since s € supp v. This
proves u € supp 7, ~ {0}.

To see that supp 7, ~\ {0} C [s], consider any u # 0 such that u ¢ [s]. It suffices to show
that there exists an open V' € F such that u € IV and (V) =0. If u ~ s’ for some s’ €
S~ {s}, then V' = By is as required since By N B, = and u € By. If there isno s' € S \ {s}
such that u ~ s, then u ¢ supp v. But then there exists an open V' € F such that u € IV and
v(V)=0,soalso 7,(V) =0.

By Lemma E6 below, this implies that 7,(N (A4, p)) = 7,(N(M(A,s), p)) forany 4
A and p € A. This implies that for any 4 € A and p € A4,

> @) ({ueRY: pe M(M(A,s),u)}) =Y w1, (N(M(A,s), p))

seS seS

=Y w7 (N4, p))

seS§

=Y v(N(4, p)NB,)

seS

:v(N(A,p)ﬂUBS)

seS

=v(N(4, p),
where the last equality follows from Lemma E2. Q.E.D.

For any s € § = {uy, ..., u.}, we write U, := s. We claim that (S, w, {U, Ts}ses) 1S an
S-based REU representation of p. Indeed, by construction, U, is nonconstant for all
s, Uy % Uy for any distinct s, € S, and u is a full-support probability measure on S.
Moreover, each 7, is a proper finitely-additive probability measure on R¥ endowed with
the algebra F. By standard arguments (cf. Rao and Rao (2012)), we can extend 7, to a
proper finitely-additive probability measure on the Borel sigma-algebra on R¥. Finally,
Lemma FE3 and the fact that v represents p implies that, for all 4 € A and p € A4, we have
p(p; A) =) ¢m(s)7(p, A), as required.

E3. Proof of Theorem F.1: Necessity

Suppose that p admits an S-based REU representation (S, w, {Us, 7s}ses). We show
that p satisfies Axiom 0. Observe first that for any finite Y € X with y* € Y, (S, u,
{Us Iy, 75 [v}ses) constitutes an S-based REU representation of p¥, where U, [y denotes
the restriction of U, to Y and 7, |y is given by 7, |y (B) = 7,(B x R*>Y) for any Borel
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set B on RY. Thus, by Theorem S3 in Ahn and Sarver (2013), p" satisfies Regularity,
Linearity, Extremeness, and Mixture Continuity.

To show that p satisfies Regularity, consider any p € A € A4'. Pick a finite Y € X
with y* € Y such that 4, A’ € A(Y). By definition, p(p; A) = p"(p; A) and p(p; A') =
pY(p; A"). Hence, by Regularity for p¥, we have p(p; A) > p(p; A'), as required. Simi-
larly, we can show that p satisfies Linearity, Extremeness, and Mixture Continuity by using
the fact that for each finite Y, each pY satisfies these axioms.

Finally, to show that p satisfies Finiteness, let K := |S§| and consider any A4 € A. For
each s € S, pick any g, € M(A, Uy), and define B := {q, : s € S}. Note that |B| < K. If
B = A, then Finiteness is trivially satisfied. If B C A, then pick any p € A~ B. We can pick
a large enough finite Y € X such that each Uj is nonconstant on Y and U, [y# Uy [y for
any distinct s, s’ € S. Let r € A(Y) be given by r(y) := - foreach y e Y. Foreach s € Y,

Iy
pick any y; € argmax ., U,(y). Note that U,(y;) > U,(r). Define B" := "1B + 1{y,:s € §}
and p" :=“~1p + 1r. Then B" —" B and p, —™ p. Moreover, for all large enough #,
we have Us(",,;l% + %ys) > Uy(p") for each s € S. Thus, p(p"; {p"} U B") =0, proving

Finiteness.

F4. Additional Lemmas for Section F
F4.1. Properties of N(A, p)-Sets

LEMMA F4: Fixany X' C X with y* € X. For any collection S, we let U(S) denote the set

of all finite unions of elements of S.
() IfEe N(X') (resp. E€ N (X)), then E e UN (X)) (resp. EC e U(N(X")).

(ii) IfE|,E, e N(X') (resp. E1, E; e N* (X)), then E,NE, e N(X') (resp. E, N E, €
N*H(X).

(iil) F(X') is the set of all E such that E =\J,., M, N\ N, for some finite index set L and
M, e N(X'), N, e N*(X') foreach ¢ € L.

(iv) F(X') is the set of all E for which there exists a finite Y C X' with y* € Y and EY €
F(Y) such that E = EY x R*>Y.

PROOF: (i) If E = N(A, p) e N(X'), then E° =, ., N"({p, g}, 9) e UNF(X"))
if pe Aand EC =RY e UN* (X)) if p ¢ A. Similarly, if E=N*(A, p) e N*(X'), then
E‘= quA\(p}N({p, g}, q) eUN X)) if pe Aand EC =RX e UN (X)) if p ¢ A.

(ii) If N(Ay, p1),N(As, p2) € N(X'), then N(Ay, p1) N N(As, po) = NGA +
1A, 3p1 + 3p2) € N(X'). The same argument goes through replacing all instances of
N with N*.

(iii) By standard results, F(X’) can be described as follows: Let Fy,(X") denote the
set of all elements of A/(X’) UN*(X’) and their complements. Let F;(X’) denote the
set of all finite intersections of elements of Fy(X’). Then F(X’) is the set of all finite
unions of elements of F;(X’). By part (i), Fo(X) =UN(X)) UUN(X")) is the col-
lection of all finite unions of elements of A(X') and of all finite unions of elements of
N*H(X"). By part (ii), F1(X') = Fo(X) UZ(X"), where Z(X") consists of all finite unions
of the form | J,., M, N N,, where M, € N'(X’) and N, € N*(X") for each ¢ € L. Note that
RY e N(X") NN*(X"), since RY = Ny ({p}, p) = Ni.({p}, p) for any p € A(X"). Thus,
Fo(X)=UNX))UUNX")) CZ(X).Hence, Fi(X)=Z(X)=F(X).

(iv) Note first that for any Nx/(A, p) € N(X') (resp. N (A, p) € NT(X')) and any
finite Y € X’ with y* € Y and 4 € A(Y), we have Ny (A4, p) = Ny(A, p) x RX>Y (resp.
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Ni(A, p) = Ny(A, p) x R¥>Y). Now fix any E € F(X'). By part (iv), we have a finite
index set L and M, € N'(X'), N, e N*(X") for each ¢ € L such that E = J,., M, N N,.
By the first sentence, we can then pick a finite Y € X’ with y* € Y such that for each ¢,
we have M, = M) x R¥~Y and N, = N} x R¥~Y where MY e N(Y) and N} e N*(Y).
Then E = EY x R*>Y, where EY :=J,., M NN} € F(Y). Conversely, if EY € F(Y),
then by part (iv), EY is of the form |J,., M NN} € F(Y) for some finite collection of
M} e N(Y) and N} € N*(Y). Then by the first sentence, M, := M} x R¥~Y e N (X")
and N, = N) x R¥>Y e N*(X"), s0 EY x R¥~Y =JI, M, N N,) € F(X’) by part (iv).

O.E.D.

F4.2. Properties of Proper Finitely-Additive Probability Measures on F

LEMMA ES5: Let v be a proper finitely-additive probability measure on F and suppose
that (N(p, A) ~ {0}) Nsuppv = @ for some A € Aand p € A, where 0 denotes the unique

constant utility in RX. Then v(N*(A, p)) =v(N(A, p)) =0.
PROOF: Since (N(A, p) ~ {0}) Nsuppv =¥, we have
N(A, p) ~ {0} C (suppr)‘ := U{V € F:V open and v(V) =0}.

Thus, for some possibly infinite index set I, there exists a family {}}};.;, with V; € F open
and v(V;) = 0 for each i such that

N4, p)~ {0y c UV

iel

We now show that there is a finite subset {i;, ..., i,} C I such that

N4, py~ {0y V.

j=1

To see this, define L(A, p) := (N(A, p)N[—1, 11%) \ {0}. Note that since [—1, 1]* is com-
pact in R* (by Tychonoff’s theorem) and N (A, p) is closed in RX, C(A, p) is compact in
the relative topology on RX {0}. Hence, since L(A, p) € N(A, p) ~ {0} is covered by
U,e; Vi and each V; is open, it has a finite subcover J_, V.

We claim that N(A, p) ~ {0} is also covered by U;l:l V. To see this, consider any
u* € N(A, p) ~ {0}. We can find a finite Y € X such that y* € Y, u* [y is not con-
stant, N(A4, p) = Ny(A4, p) xR*>Y,and foreach j=1,...,n,V, = Vl./,Y x R¥>Y for some
V. € FY (see Lemma FA(iv)).

Since Y is finite, there exists @ > 0 small enough such that au*(y) € [—1, 1] for all
y € Y. Define u € R¥ by u [y= au* |y and u(x) =0 for all x € X \ Y. Note that u €
N(A, p): Indeed, u* € N(A, p) = Ny(A, p) x R*>Y u |y=au* |y, and Ny(A4, p) is
closed under positive scaling. Moreover, u is not constant, since u* [y is not constant.
Finally, u € [—1, 1]¥. This shows u € L(A, p). Since L(A, p) is covered by U7=1 Vi, there
exists j such that u € V;, =V, x R*>". But note that V}" is closed under positive scaling,
since, by Lemma F.4(iii), it is a finite union of sets which are closed under positive scaling.

Since u [y= au* |y, this implies u* € V,-j.
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The above shows that N(A4, p) ~ {0} is covered by U7:1 Vi and hence sois N*(A4, p).
But since v(Vij) =0 for all j=1,...,n and v is finitely additive, it follows that
v(N*T(A, p)) =0. Moreover, by properness of v, this implies v(N (A, p)) =0. O.E.D.

LEMMA E6: Suppose v is a proper finitely-additive probability measure on F and suppv
{0} = [u] for some u € RX. Then for any A € A and p € A, we have v(N(A, p)) =
V(IN(M(A,u), p)).

PROOF: Fix any A € A and p € A. Note first that for any g € 4,
gEM(A,u) = v(N(4,q)=0. (25)

Indeed, if g ¢ M (A, u), then ¥ =[ulNN(A, q) = (N(A, q) ~ {0}) N suppv. But then
Lemma E5 implies that v(N (A, q)) = 0, as claimed.

Suppose now that p ¢ M (A, u). Then (25) implies that »(N (A4, p)) = 0. Moreover,
N(B, p):=0if p ¢ B,soalso v(N(M (A, u), p)) =0, as required.

Suppose next that p € M (A, u). Then

N(A,p)SN(M(A,u),p)SNA,pu ] N, 9,

geA~NM(A,u)
so that
v(N(A, p)) <v(N(M(A,u), p)) <v(N(A, p)+ Y. »(N(A4,9)=v(N(4,p)),
qe A~NM(A,u)

where the last equality follows from (25). This again shows that v(N(A, p)) =
v(N(M (A, u), p)), as required. O.E.D.

ES5. Proof of Proposition F.2

“Only if” direction: We prove the contrapositive. Suppose that there exist some s’ € §
and x € X such that lim, Uy (x,) # Uy (x) for some sequence x, — x. Since S is finite, by
taking an appropriate subsequence of {x,}, we can assume that lim, U;(x,,) exists (allow-
ing for +o00) for every s € S.

Let S, :={seS:lim,Uy(x,) < Uyx)}, S_:={se S :1lim,Uy(x,) > Uy(x)}, and S, :=
S~ (5. US_). Then there exist y > 0 and N such that foralln > N, Uy(x,) + 2y < U;(x)
forall s e §; and U(x,) > Uy(x) +2yforallse S_.Let p=ad,+ (1 —a)d,,. By setting
« sufficiently large, we can guarantee that foralln > N, Us(x,) + v < Uy(p) forall s € S,
and U(x,) > Us(p) + vy for all s € S_. Note also that U,(x) > Us(p) + 2v(1 — «) for all
seS, and Ug(x) +2y(1 —a) < Uy(p) foralls e S_.

Since S is finite and each U, is nonconstant, we can assume that U,(p) # U,(x) for
all s € S. (Otherwise, we can replace p with a lottery that is obtained by mixing an ap-
propriate lottery to p, without violating the above construction.) This implies that there
exist v’ > 0 and N’ such that, for all s € S, either min{U,(x,), U,(x)} > U,(p) + v for all
n> N’ or max{U(x,), Ug(x)} + v < Uy(p) for all n > N'. Let Sy_ be the set of states in
Sy that satisfy the former inequality, and Sy, be the set of states in .S, that satisfy the latter
inequality.

Let m :=|S|. By Lemma E.2, we can find distinct lotteries {q, ..., g,} such that
U, e N*({q1, -, g}, q:) for each s; € S. Define p; = (1 — €) p + eq; for each s; € S, and
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A:={p1,..., Pm,0x} and A, :={p1,..., pm, 0,,}. By construction, if we take ¢ suffi-
ciently small, then for all # > max{N, N'},

[Us, e N*(A,, p) NN*(A,8,),Vs; € S,],

[Us, e N*(A,, 8:,) NN*(A, p),Vs; € S_],
[Us € NT(A,, 8:,) NN (A, 5,),Vs; € Sy_],
[Us, e N*(A,, p) NNT(A, p),Vs; € So.].

By Lemma E.3, 4, A, € A* for all n > max{N, N'}. Note that S, US_ # ( by assumption.
Take any s; € S, US_. If 5; € S, then p(p;; A,) = u(s;) for every n > max{N, N'} and
p(pi; A)=0.If 5, € S_, then p(p;; A,) =0 for every n > max{N, N’} and p(p;; A) =
©(s;). In either case, Axiom FE1 is violated.

“If” direction: Suppose each U, is continuous. Take any sequence A, — A of menus
that converge under the Hausdorff metric such that 4, 4, € A* for each n. Enumerate
the elements in A by A ={p, ..., pn}, where we can assume up to relabeling that, for
some k < m, we have p(p;; A) >0 foreachi=1,...,k and p(p;; A) =0 for each i =
k+1,...,m Foreachi=1,...,k,define S;,:={seS: M(A, U;) = {p;}}. Note that by
Lemma E.3, S =, S; since A € A*.

Take any B that is a continuity set under p(-; A4). Foreach i=1,..., k, we have either
p; €intB or p; € int(A(X) \ B). We can pick ¢ > 0 sufficiently small such that:

(i) B.(p) CintBif p; € int B, and B,(p;) Cint(A(X) \ B) if p; € int(A(X) \ B),

(ii) forany i, j=1,..., mwith i # j, we have B.(p;) N B.(p)),

(iii) foranyi=1,...,k,j=1,...,mwithi# j, g, € B.(p;), and q; € B.(p;), we have

Usi(qi) > Usl.(q]‘) for all S € S,‘.
Here B.(-) denotes e-neighborhoods with respect to the Prokhorov metric 7, and (iii)
holds by the assumption that each U; is continuous. Since 4, — A, there exists N such
that for all n > N, we have the following: (a) for each g € A,, there exists i =1, ..., m
such that g € B,(p;); and (b) for each i = 1,...,m, there exists g € A, such that g €
B.(p:). For such n > N, we then have M (A4,,U,,) € B.(p;) foreachi=1,...,k and s, €
S;. Thus p(B; A,) = Zf;l wn(S;) = p(B; A). By the Portmanteau theorem, this guarantees
that p(-; A,) — p(-; A) under weak convergence, as claimed.

APPENDIX G: PROOFS FOR SECTION 5
G.1. Proof of Proposition 1

The first part is immediate from the i.i.d. full-support assumption on &. To show the
second part, suppose that v;(z;) < v;(z;). We consider the equivalent problem of scaling
v terms by « := 1 > 0 while fixing £ terms. That is, we write

. big ,
U (2, Atl’lg) = avy(z) + sff”’AllE) + SE[max{av;(z1) + &', avi(2}) + &' B
(Zn,Ablmall)

Uo(Zo, Aiman) =avy(2) + ¢, + dav;(z1),

where the second line used the fact that &' has mean zero.
By the i.i.d. full-support assumption on &, the desired claim follows if we show that the

difference Uy(zy, AY%) — Up(z, AS™") is decreasing in a. To show this, suppose without
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loss of generality that v,(z,) = 0. Then, for all &, the derivatives of the utilities satisfy

dU(Zo, Atl)ig) dU(Zo, Aimall)
da do

where we can suppress the dependence on histories in p; since ¢ shocks are i.i.d. More-

=8(pi(z1, A*)vi(20) + pi (2}, AT%)vi (1)), = 8vi(z)),

over, letting f denote the density of the & shocks and setting «( sii ) = a(vi(2) —vi(z1))+

&', we have that p(z;, A°%) = [ fo(oz/l)f(sfl)ds?f(s?)dsi‘ and p(z}, A% =1 —
. K 81

pi(z1, All’lg). Note that both choice probabilities are strictly positive since the &; shocks

AUz, A%8)  dU(zp, A5mal)
<
da da

are 1.i.d. with full support. Thus, v,(z;) < v,(z}) implies
required.

for all «, as

G.2. Proof of Proposition 2
BEU: For BEU, we have
Uo(x, A7) = E[max{E[us(0)|F1], E[u2(2)|Fi [} Fo]
Uo(x, A7) = E[E[max{ux(y), u2(2) }|F1 ]| Fo].
By the conditional Jensen inequality and convexity of the max operator, Uy(x, A5™™) <
Uy(x, A}*). Moreover, this inequality is strict at w as long as there exist o', »” € Fy(w)
with F (") = Fi(w") such that u,(y) — u,(z) changes sign on {w’, ®"}.

i.i.d. DDC: For i.i.d. DDC, to simplify the notation we assume v, (x) = v;(x) = 0 without
loss of generality. Take a measurable function o : R* — [0, 1] such that

o (&', &%) e argmaxa(va(y) + &) + (1 — a)(v2(2) + &)

aegl0,1]

late

for all (¢’, &7) € R Then U,(x, A™) — séx’Al Vs equal to
8’E[max{v,(y) + &3, 12(2) + &3}]
=8E[o (&3, &) (v2(y) + &83) + (1 — (&3, &3)) (va(2) + &3) |
=8 (a'v(y) + (1 — &) 0a(2)) + 8E[o (&3, 83) &) + (1 — o (&3, £3)) &3],

where a* := E[o (&), £5)]. Since &), and &5 have mean zero, §*(a*v,(y) + (1 — a*)v,(2))
in the last line is equal to the expected value the agent would obtain from A% if, in
period 2, she chooses y with probability a* regardless of the realization of &,. Since such
a decision rule is strictly suboptimal at 4! under the full-support assumption on &, the
term 8°E[o (&), &5)&) + (1 — (&), €5)) 5] in the last line is strictly positive. At the same

. early (X,ATMIY) .
time, Uy(x, A;"°) — &, is equal to

SE[max{8v(y) + &, 6va(2) + &{"}]
> S]E[O_(E(lx,(y})’ 8?’{2}))(3112()/) + 8ix,{y})) + (1 . U(eix,{y})’ Six’{Z})))(SUZ(Z) + Slx’{Z}))]
= 8 (a'0a(y) + (1= @)0a(2)) + 3E[ 0 (23, &) + (1 = (&3, 3)) 5],

83The existence of such a function follows by the measurable selection theorem.
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where the inequality follows since the value in the second line is the expected payoff if the
agent follows the decision rule o at A5"". The equality holds by the i.i.d. assumption on

(X’Aiarly (X’Allatc)
0 .

&1 and &,. Since 6 € (0, 1), it follows that Uy(x, A5™) — &, 'S Uy(x, Aley — g
Thus, the desired claim follows from the i.i.d. assumption on &,.

“Moreover” part: We consider the equivalent problem in which we scale v terms by a
scaling factor o := § > 0 while fixing & terms. Assume v,(y) > v,(z) without loss of gen-
erality. Then,

earl
Up(x, A7) = g D4 SE[max{8av,(y) + &', av.(2) + &"7'}],
Uy (x, Alt) = Séx,All'dtC) + 8°E[max{av,(y) + &3, ava(z) + &3 }].

By the i.i.d full-support assumption on &, the desired claim follows if we show that
Uy(x, Ai"“ly) — Uy(x, A"*°) is strictly decreasing in «. As in the proof of Proposition 1, the
derivatives of utilities with respect to « satisfy

dUy(x, A7)
da

dU(x, A
da

=8 (pi((x, )); AT™)02(0) + o1 ((x, (2)); A7™)02(2)),

= 8*(p2(y: {y, 2D)v2(y) + pa(2; {y, 2})v2(2)),

where we can again suppress the dependence of choice probabilities on histories due to
the i.i.d. & assumption. But note that

p1((x, 01); A7) = Pr[8(va(y) — 12(2)) = &7 — &)
<Pr{a(y) —0a(2) = & — &3] = pa(y: (. 2).
where the inequality holds since § < 1, v,(y) > v,(z) and by the i.i.d. full-support assump-

AUy (x, A5™) - ot Af)
da da

tion on &. Thus, , as required.

G.3. Proof of Proposition 3

Let G denote the cdf of the difference ¢ — &’ of two shocks ¢, ¢’ that are independently
drawn from F.

PROOF OF PROPOSITION 3: Because the density of & is symmetric and unimodal
around 0, G dominates F in terms of the peakedness order by Theorem 3.D.4 in Shaked
and Shanthikumar (2007). Thus, F(y) > G(y) for any y > 0 and F(y) < G(y) for any
v < 0 by Theorem 3.D.1 in Shaked and Shanthikumar (2007); moreover, the inequalities
are strict because the distribution F has full support.

We express choice probabilities of a in each period as functions of parameters (w, 8),
where we can suppress the dependence on histories by the i.i.d. assumption on shocks.
That is, for each model M = DDC, BEU, let p)(w, 8) := p}!(a; Ay) and p)(w, 8) :=
pM(a; A,) for each (w, 8). Let V(w) := E[max{w + &7, £}]. Note that V' (w) > 0 since
shocks have mean zero, and the inequality is strict because of the full-support assumption.
We have pPP¢(w, §) = pPEY(w, §) = Pr(w + &% > &b) = G(w). Moreover, pPP%(w, §) =
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Pr(w + & > 8V (w) + &/") =1 — G(8V (w) — w). Finally, pB*(w, 8) = Pr(w + & >
oV(w)=1-F(6V(w) —w).
For each model M, we consider the maximization problem

max po(a; Ao)log[pd (i, §)] + (1 — po(a; A)) log[1 — p}i(, 8)]

(&,8)c0
+ (1= po(a; Ao)) (p1(a; Ap)log[pY' (i, §)] + (1 — pi(a; A)log[1 - p}' (i, 8)]).

By the assumption that p is compatible, for each model M = DDC, BEU, there exists
(WM, 8M) € O such that

po(a; Ay) = pii(@M, M) and p(a; A,) = pM(WM, ™) (26)

hold. By Gibbs’s inequality, (M, SM) achieves the maximum of the above maximization
problem. The latter condition in (26) implies W°P¢ = WPEY = G~'(p;(a, 4;)) =: w* (the
value is unique as G is strictly increasing). Then the first condition in (26) implies 1 —
po(a; Ay) = G(8PPCV (%) — 0*) = F(8BEVV (w*) — w*) and the corresponding values of
5PPC, SBEU are uniquely determined (as F, G are strictly increasing and V' (-) > 0). If
po(a; Ay) > 0.5, then 8°PCV (") — ¥, SBEVY (") —* < 0. By the observation in the first
paragraph, this implies 8°°CV (*) < 8BV (w*). Thus, 8°PC < 58V since V (%) > 0. If
po(a; Ag) < 0.5, a symmetric argument yields 6°°€ > §BEU,

By standard results (e.g., Theorem 2 in White (1982)), the maximum likelihood esti-
mates (M, 8M) for each model M converge almost surely to (W™, 8M). This completes

n’-n

the proof. Q.E.D.

In Proposition 3, we assumed that distribution F has a symmetric and unimodal den-
sity around 0. While this assumption is satisfied by several commonly used distributions
including the probit model, it rules out other instances such as the logit model. The fol-
lowing proposition accommodates such distributions under the assumption that ' and G
have finite crossings, that is, |[{y : F(y) = G(y)}| < oo.

PROPOSITION G.1: Suppose that p is compatible with both models. If F and G have finite
crossings, then there exist a, a € (0, 1) such that almost surely

(i) lim, wPPC = lim, WEEY,

(i) lim, 8PPC < lim,, 8BEY if py(a; Ay) > @ and lim, 5PPC > lim,, 85EY if p,(a; Ap) < a.

The proposition shows that the same conclusion as in Proposition 3 holds as long as
period-0 choice probabilities are relatively extreme. The proof is identical to Proposition 3
except for modifying the first paragraph in the following manner. Note that ' and G
cross at least once since they have the same mean. By the finite crossing assumption, we
can take 7y and vy to be the largest and smallest crossing points of ' and G. Since ¢ has
mean zero, G is a mean-preserving spread of F by construction. Thus, since their means
are finite, [" F~'(q)dq > [ G'(¢q) dg and f; F(q)dqg < fpl G~'(q)dqhold for any p €
(0, 1) (Theorem 3.A.5 in Shaked and Shanthikumar (2007)). This implies F(y) < G(vy)
for all y <y and F(y) > G(vy) for all y > 7. Based on this modification, the remaining
proof goes through by defining @ := F(y) and « := F(7y).

Finally, while we have assumed that shocks to each option are identically distributed
according to F, this assumption is also not crucial. In particular, suppose that the shock
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distribution can depend on both the option and the time period; that is, for each x €
{a,b, A1} and t € {0, 1}, &7 follows some mean-zero distribution F; with full-support den-
sity and all shocks are independent. In this more general case, the same argument as
above yields the same predictions as Proposition G.1 as long as F¢ and F;" have finite
crossings.

APPENDIX H: PROOFS FOR SECTION 6

We use the following preliminary lemma in the proofs.

LEMMA H.1: Take any finite set of nonconstant utilities {u, .., u™} C R” and a convex set
D C R? such that {u', .., u™} N [D] # 0. Suppose there exist €, { € A(Z) such that u'(£) >
u'(L) for each i =1, ..., m. Then there exist a finite set L € A(Z) and ¢* € int A(Z) such
that (i) IM(L, u")| =1 forall u', (ii) M(L, u*) = {€*} if and only if u’ € [D].

PROOF: We suppose {u', ..., u"} ¢ [D], because otherwise we can take any lottery £* €
int A(Z) and set L = {¢*}. For convenience, we relabel the utilities such that u’ € [D] for
i=1,....,kand u' ¢ [D] for i = k + 1, ..., m. By the affine aggregation theorem (e.g.,
Theorem 2 in Fishburn (1984)), for any u € R#, the following statements are equivalent:

(i) for any w € R? such that Y _, w(z) =0,

[Vi=1,...,k,u"-w=<0] = wu w=0,

(i) u € [coful, ..., u*}].
Note that by definition for any i = k+1, ..., m, u’ does not belong to [co{u!, ..., u*}] C
[D]. Thus, by the above equivalence result, foreachi =k +1, ..., m, we can find a vector

w' € R” with Y___, w'(z) =0 such that v’ - w' > 0> w/ - w' for any j =1,..., k. Fix any
£ eintA(Z). Foreachi=k +1,...,m, we construct £(i) € A(Z) such that the vector
£(i) — £ (in R#) is proportional to w'. Note that such a construction is possible because
¢ is in the interior of A(Z). Thus, u/(¢) > max;_;;. ., u/ (£(i)) foreach j=1,..., k and
u'(l) <u'(L(i)) foreachi=k+1,...,m
Let ¢*:=1¢ 4 (€ — £), where ¢ > 0 is small enough so that the lottery is well-defined
(this is possible because ¢ is in the interior). By choosing ¢ small, we can guarantee that
W (L*) > max,_y ., u(£(i)) for each j = 1, ..., kand u'(¢*) < u'(£(i)) foreachi =k +
1,...,m. Let L:=¢*U{{(i):i=k+1,...,m}. Since each utility is nonconstant, up
to perturbmg lotteries in L, we can assume w1thout loss that |M (L, u')| =1 for each
i=1,...,m while preserving the above strict inequalities. This completes the proof as
M(L, u/) = {¢*} for each j=1,...,k and M(L,u') # {¢*} for each i=k + 1,.
Q.E.D.

H.1. Proof of Proposition 4

“If” direction: Consider any L, € L, L, € A; with L, € L, such that pZ(¢; L),
P (€ Ly) > 0.

Let Uy(£) := {up(w) : @ € C(Ly, )} and Uy(£') := {uy(w) : o € C(Ly, £)}. Note that
since L, features no ties, Lemma E.3 implies C(L,¢) ={w : £ € M(Ly, u;(w))} by the
representation in the atemporal domain. Hence

p{(€; Ly|Lo, €) = u({€ € M(Ly, u)}|C(Ly, ©))
> min u({pe ML, ur)}{uo~ u}). (27)

uely(£)
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Likewise,
Plz(Z; Ly|Ly, ¢) = M({E eM(L,, Ul)}|C(L0, Z/))
< max),u({KeM(Ll,u])}l{uo’wvu’}). (28)

u' Uy (¢
Pick u € Uy(¢) (respectively, u' € Uy(£')) which achieve the min (respectively, max) in
(27) (respectively, in (28)). Let {u}, ..., u""} :={u;(®) : @ € C(Ly, £) UC(Ly, ¢') and £ €
M(Ly,u(w))} and let D := cofu, u},...,u}"}. Note that since L, 2 L,, we have ¢ €
M (L, u). Hence, {w : up(w) ~ u, L e M(Li, u1(w))} ={w : uy(w) ~ u, u;(w) € [D]}, and
likewise {w : ug(w) ~ u', L e M(L{, u(w))} ={w: uy(w) ~u', u;(w) € [D]}. Thus,

p({€e MLy, u)} N {ug~ u}) = n([Dll{uo ~ u}) = w([D11{uo ~ u'})
=u({te MLy, upfuo = u'}), (29)

where the inequality holds by assumption. Combining (27), (28), and (29) yields
pZ(€; Ly|Ly, £) > pZ(£; Ly|Ly, ¢), as required.

“Only if” direction: We prove the contrapositive. Suppose that for some u, u’ € R* and
convex D C RZ with u € D such that u({uy ~ u}), u({ug ~ u'}) > 0, we have

p({ur € [D1}{uo ~ u}) < w({us € [IDI}{uo = u'}). (30)

Let U, be the set of possible realizations of u; conditional on the event {w : uy ~ u or uy ~
u'}. Let U, be the set of possible realizations of uy. Enumerate {ui, ..., u}'} :=U, N [D],
which is nonempty by (30).

By Condition 1, u,(£) > u,(£) for each ¢ = 1, 2 and any possible realization u,. Thus, we
can apply Lemma H.1 so that there exist some menu L; and €* such that (i) M (L, u) =
M(Ly,u))={¢}forall i=1,...,m, (ii) [IM(L,,u;)| =1 and M(L,, u,) # ¢* for each
u; € U; ~ [D]. Subject to perturbations of the lotteries in L, we can assume without loss
that [M (L4, u,)| =1 for each ¢t = 1, 2 and any possible realization of u, (since every such
realization is nonconstant). Thus, L; € A} by Lemma E.3.

By construction of L;, we have

(€€ M(uy, L)} N {ug~ u} = {u; € [D1} N {uo ~ u).

Let {[u}], ..., [ui]} denote the collection of equivalence classes of utilities in U, and
assume without loss that u € [u}]. By Lemma E.2, we construct a collection of con-
sumption lotteries {£{(h) : h =1, ..., k} such that uy(£(h)) > uy(¢(h’')) for any distinct
hyW =1,..., k with uy € [ul].

Pick &' > 0 sufficiently small such that £* + &' (£(h) — €(1)) € A(Z) forall h =2, ..., k;
the construction is possible since £* is in the interior of A(Z). Define a menu L, by

Ly:=LiU{e+&(t(h)y—€):h=2,...,k}.

For each h=2,...,k and uy € [u!'], uo(£* + & (£(h) — £(1))) is nonconstant in &; there-
fore, for small enough & > 0, M (L, uy) is either {£* + &' (£(h) — £(1))} or a singleton in-
cluded in L,. Furthermore, M (Lo, u) = {¢*} for each u, € [u{]. This ensures that L, € £,
by Lemma E.3. Furthermore,

€ € M(uy, Lo)} = {uo ~ u}.

Since u # v/, there is a lottery £, € L, different from £* such that M (L, u") = {£o}.
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By the prev10us observations, we have Lo 2 L; and p?(£*; Ly|Lo, ¢*) = p(u; €
[D]|u0 ~ u) and p; (E* Ly|Ly, £y) = pw(uy € [D]|lug =~ u'). But then (30) implies that
pZ(€*; Ly|Lg, £o) < pZ(£*; L1| Ly, £y), which is a violation of consumption persistence.

H.2. Proof of Proposition 5

For each menu L of consumption lotteries and ¢ € L, recall the notation N(L, {) =
(ueR?:u-L>u-t, VE/ € L}. Note that N(L, £) is convex with N(L, £) =[N (L, £)].

“If” direction: p§ = p{ follows directly from the condition that u({uy ~ u}) = a({éy ~
u}) for each u € R?.

Take any Ly € £i, L, € A;, and ¢ € L, such that L, 2 L. Let {[¢f], ..., [uo]} denote
the set of possible consumption preferences in period 0 that can realize with positive
probabilities under u or & and belong to [N (L, £)]. Since there is no tie in Ly and L, we
can write

k
> ml{uo~ uphn(fu € N(Li, O} H{uo ~ uy})
pZ(L, Ly|Lg, £) = =

k

Y w({uo~up))

i=1

Z Je({in € N(Ly, O} I{ae ~ uj})
Z uowuo

i=1

= pl (e L |L07 Z)’

where the inequality follows from the condition that w({uy ~ u}}) = L({éip ~ u}) and
w({uy € N(Ly, OYuo ~ ul}) > n({iy € N(Ly, O}{itg ~ uj}) foreachi=1,..., k.

“Only if” direction: For each u € R?, u({uy ~ u}) = a({ug ~ t}) follows directly from
pZ = p§. To complete the remaining part, we suppose to the contrary that there exist
u € RZ and a convex set D 5 u such that w({u; € [D]}[{uy ~ u}) < p({i; € [D1}|{ito ~ u}).

Let {[u}],..., [uf]} and {[u]], ..., [u]']} denote the set of possible consumption pref-
erences that can realize with positive probabilities under p or 4 in periods 0 and 1, re-
spectively. Note that by the joint uniformly ranked pair condition, u!(€) > u!(£) for each
i=1,...,m. Thus, by Lemma H.1, there exist a lottery £* and a menu L; such that (i)
M(Ly,u)=M(Ly,u})={¢}foreachi=1,...,mwith ! € [D], and (ii) M(L,, u’) # ¢*
and M (L, u})| =1foreachi=1,...,mwith u} ¢ [D]. Thus, L, € A}.

Moreover, following the same construction as in the proof of Proposition 4, we
construct a menu L, 2 L, such that (i) M (Lo, u) = {£*} and (ii) M (L, uj)) # ¢* and
IM(Ly, uy)| =1foreachi=1,..., k with u} ¢ [u]. Thus, L, € L.

Based on this, we can write the choice probabilities as

p{ (€, LilLo, €)= (s € {[ul], .., [d]) N D (0 = )
< p({an € {[ut], ..., [ui]} N DI i ~ u}) = p7 (€7, Li| L, £7),

which contradicts the fact that pZ features more consumption persistence than pZ.
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H.3. Proof of Corollary 1
(1) = (ii):
We consider the case m > 2 as otherwise the desired statement trivially holds with any «.

Observe first that for any distinct indices i, j € {1, ..., m}, consumption persistence and
its characterization (Proposition 4) imply

My = ({ur €[]} o = ) = w({ws €[]} uo = ) = M, (31)

by taking D = {u'}. (Note that, by definition, both u’ and &’ arise with positive probability
in period 0.) Moreover, if D = co{u’, u’}, then by the non-collinearity assumption, there is
no k ¢ {i, j} such that u* € [D]. Thus, by consumption persistence and its characterization
(Proposition 4),

Mii +M’J = /J,({I,[l = [D]}|I,[0 = ui) = /J,({M] c [D]}IMO = M]) =M” +Mji' (32)

Suppose first that m = 2. Since 1 = M; + M, = My, + M5, we have My, — My = My, —
M, := a, which is nonnegative by (31). Since the Markov chain is irreducible, My, My, >
0, which also ensures @ < 1. One can verify the desired form by setting v(u') = fl_—zjy and

v(u?) =2,
Suppose next that m > 3. Take any distinct i, j, k € {1, ..., m} and let D’ = co{u’, u/, u*}.
By non-collinearity, there is no / ¢ {i, j, k} such that u' € [D']. Thus, by consumption per-

sistence and its characterization (Proposition 4),
Mii +Mij +Mik = [.L({l/l] € [D’]}|u0 = Lli) = /.L({l/l] € [D/]}|M0 = Llj) = M]‘j + Mji +Mjk-

Combined with (32), this implies that M;, = M, for any distinct i, j, k. Thus, for any
k, we can define B, := M;;, for some arbitrary i # k. Here B; > 0, because otherwise
> ist izk Mix = 0, contradicting irreducibility of the Markov chain. By (32), M;; — M;; =
M;; — Mj; for any i, j, and thus M;; — B; = M;; — B; =: a for any i, j. By (31), « > 0, and
a < 1 as By > 0 for all k. Thus, setting v(u/) = i—’a for each j yields to the desired form.

(i) = (i):

Take any pair u, ' € R* of possible realizations of period-0 felicities. Then, for any
convex set D C RZ with u € D, by (ii) we have

pw({ur e D lug~u)=a+ (1 —a) Z v(w) = alyep+ (1 — a) Z v(w)

we[D] ule[D]
= u({us € [D1}|uo ~ ).

Thus, p features consumption persistence by Proposition 4.

(il) = (iii):

Note that for any L = {¢',...,¢™} € £} and distinct indices i, j, we have p?(¢'; L]
Lt)=a+1-a)Y ke =a+ (1 —a)pf;L)and pf (¢; LIL, €") = (1 —
a) ZukeN(L,lf) V(uk) = (1 - a)PoZ(ej; L)

(iii) = (ii):

Since {u',...,u™} are ordinally distinct, Lemma E.2 yields L = {¢!, ..., ¢} such that
M(L, u") = {£'} for each i. Then, by the Markov representation, we have p{ (¢/; L|L, ¢') =
M;; and p{(¢'; L) = v(u') for all indices i, j. Thus, by (iii), there exists 8 € [0, 1) such that
M; =B+ (1—-B)v(u)and M; = (1— B)v(’) for all i # j, which verifies (ii).
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H.4. Proof of Corollary 2

Since p and p admit sticky i.i.d. representations, for each £ € L, € L, with L, € £ and
L, € A;, choice probabilities satisfy

pi Ly =Y w), L= Y #u),

uleN(Lg,t) uteN(Lg,t)
p{ LilLo, ) =a+(1—a) Y v(u),
uleN(Ly,¢)
P LiLy, ) =a+(1—a) Y  o(u).
uleN(Ly,t)

The “if” direction is immediate from these expressions. For the “only if” direction, the
existence of the bijection ¢ follows from the fact that p? and p# coincide on period-0
consumption choices and the assumption that, in each representation, all felicities are or-
dinally distinct. To show that « > &, consider any ¢ € L, € L, (with L, € £} and L, € A})
such that Zu,-eN(Ll,() v(u) = ZLtieN(Ll,Z) p(u') < 1. Then pZ(€; Ly|Lo, €) > pZ(L; Ly|Lo, £)
implies « > a.

H.5. Proof of Proposition 6

Necessity:

Take any L € £ and ¢,¢ € L with {¢,¢'} € A;. If pf(¢; L) > 0, then there exists
ue N(L,?) such that u({uy = u}) > 0. This implies u(¢) > u(¢’). Then by (2), there ex-
ists some ' € R? with w({u; = u'}|{uy = u}) > 0 such that u'(£) > u'(¢'). This ensures
pZ(L; {¢, UYL, £) > 0 because u({u; ~ u'}|[{uy € N(L, £)}) > 0.

Sufficiency:

Take a BEU representation (2, F*, u, (F;, U;, u,, 8,, W,)) of pZ. Let ]:"0 be the sigma-
algebra generated by the random equivalence class [1], that is, F, is induced by the finest
partition over (2 such that u,(-) corresponds to the same preference within each cell.
Likewise, let F; be the sigma-algebra generated by the random sequence of equivalence
classes ([ug], [11]). Note that ]:"0 C Fy and f'l C F;. For each ¢t =0, 1, construct an .7:",—
measurable function #, such that i,(w) ~ u,(w) and )__,(w)(z) = 0 for each w.

We consider a tuple (2, F* pu, (]:",, U,, i, 8, W,)), where (Ut) is induced from
(w, (]-A',, i,,8,)) by equation (1), and (Wt) is any JF*-measurable tie-breaker that satisfies
the properness condition with respect to (u, (F,)). This tuple is clearly a BEU represen-
tation of pZ, since (u,) and (i1,) are ordinally equivalent at every state.3

Next, we fix any &z € R? such that w({itp = }) > 0, and let U; := {&' € R? : u({it; =
w'}{ito = u}) > 0}. We now use Axiom 11 (consumption inertia) to show that & € cold;.
By the affine aggregation theorem (e.g., Theorem 2 in Fishburn (1984)), it suffices to
establish that for all £, ¢’ € A(Z), we have

[()=d'@),vi' eld,] = a(l)=a).

8Note that the exact specification of (W,) is irrelevant in this argument because we restrict attention to
menus without ties.
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Suppose to the contrary that [&'(€") > &/'(€), Vit' € U;] and 6(L) < 6(€) for some £, £
By the Uniformly Ranked Pair condition, we have &/'(£) > &'(£) for all &' € U,. Thus,
by mixing ¢ with ¢’ (resp. £ with £) with a small weight on ¢ (resp. £), we can assume
without loss that [&/(¢) > 0/(£),Vi' € U] and 6(£) > a(¢). In addition, since the rel-
evant inequalities are all strict, we can assume that ¢, ¢ € intA(Z) and {¢, €'} € Aj.
Take a menu of consumption lotteries L € £ such that ¢,¢ € L, M (L, &t) = {¢}, and
M(L,u") # ¢ for all other period-0 felicities &2 # & that can realize with positive prob-
ability under w.* For this menu L, it follows that pZ(¢; L) = w({tiy = &1}) > 0 and
pL; €, UYL, €) = u({a,(€) > i, (€)}|{io = u}) = 0, contradicting consumption inertia.

The observation in the previous paragraph implies that for each & € R# such that
w({ity = u}) > 0, there exist constants («;, z)wey, > 0 and B; € R such that

0= Z al;’g/ljt,—f—ﬁg. (33)

P
u'ely

Since, by construction, ) i,(w)(z) = 0 at every state w and period ¢, we must have
Ba=0.

Define iy(w) := tiy(w) and o) (w) =

Y (w),01 ()
H(E (o) Ey(w))

notes each cell of the partition that generates F, for t = 1, 2. Note that each ) is .7:}
measurable. We consider the tuple (2, F*, u, (.7:',, 17;, u, 8, W,)), where (U;) is induced
from (w, (]-A't, i), 8,)) by equation (1). This tuple is still a BEU representation of pZ, since
(i) and (#,) are ordinally equivalent at every state.

To conclude that the representation is BEB, we verify that (2) holds with & := &/. That
is, for each w,

i;(w) for each w, where E,(-) de-

E[fl/ﬁ]}o(w)]: Z ,U«(E1|E0(w))ﬁ,1(E1)= Z aﬂ[)(w),m(El)T:ll(El)=ﬂ0(w)=%(w),

ECEy(w) ECEy(w)

where the second and fourth equalities hold by definition of i, and the third equality uses
(33) with B, = 0 for each w.

APPENDIX I: ADDITIONAL RESULTS
I.1. Identification

The following proposition provides identification results for our representations (see
Remark 1 for the discussion).

PROPOSITION 1.1: Suppose p and p admit DREU representations D = (0, F*, u,
(F:, Ui, W) and D = (Q, F*, i, (F,, Uy, W), with partitions 11, and 11, generating F,

85To see why such a construction is possible, first note that all the possible realizations of period-0 felicities
flp(-) are ordinally distinct by construction. Take a set of consumption lotteries L that separates all the period-0
felicities i1y (-) by Lemma E.2. Here we can assume that the sup-norm distance among these lotteries is bounded
by & by mixing them to a common lottery if necessary, where & := min..,{€(z), 1 — £(z)} > 0. Let £ € L be the
lottery that strictly maximizes & in L. Then we define L* := {¢ 4+ £” — £: £” € L}. This is a well-defined set of
lotteries by the construction of e. Note that this set also separates all period-0 felicities. Then the desired set L
can be constructed by adding ¢’ to L* such that there is no tie (that is guaranteed by slightly perturbing lotteries
if necessary).
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and F,, respectively. Then p = p if and only if, for each t, there exists a bijection ¢, : 11, — 1,
and F,-measurable functions «, : {2 — R, and B, : 2 — R such that, for all o € 0,
(i) p(Fo(@) = weo(Fo(w)) and p(F(o)|F (@) = (e (Fi(w))l

b1 (Fioi(w))) if t > 1;A

(i) U(w)=a,(0)U,(®) + B:(w) whenever & € ¢, (F(w));

(iii) u[{W; € B/(w)}|Fi(w)] = al{W, € B/(w)}¢,(Fi(w))] for any B(w) such that
B(w)={weR*: p,e M(M(A,, U/ (w)),w)} forsome P € A, e A,.
If (D, (u,, 8,)) is a BEU representation of p, then (D (ut, S /) is a BEU representation of p

if and only if (1)-(iii) hold and additionally, for all t = LT,
(iv) a(w) = ao(w) [T} 22 whenever & € ¢, (f,(w)),

V) u(w) =a/ ()i, (o) + v,(w) whenever & € ¢,(F,(w)), where yr(w) := Br(w) and
Yi(w) = Bi(@) = 0(0)EL[Bi| Fi(w)]if t <T — 1.
If (D, (u;, 6,)) is a BEB representation of p that satisfies Condition D.1, then (f), (i, 3t))
is a BEB representation of p if and only if (1)-(v) hold and additionally, for all t =
0,...,T -1,

(Vi) 8,(w)=38,(®) forall & € ,(F());

(vii) yv(w) =E,[B7|F(w)]forall w.

PROOF: See Appendix J.3. Q.E.D.

1.2. Markov Evolving Utility

DEFINITION 14: A (stationary) Markov evolving utility representation is a BEU rep-
resentation (2, F*, u, (F;, U;, W;, u;, 6;)) for which there exists a finite set of felicities
U=1{u',u? ...,u™} CR? with u' % u/ for all i # j, along with a stationary distribution
& € A°(U) and a right stochastic transition matrix [T = (I1;;); j—1,.» such that

(1) p(u(w)y~u)=§&u') forallt=0,...,Tandi=1,...,m;

(i) pw(ui(w) = uglug(w) ~ ug, ..., w1 (0) ~ ug, u(w) = u) = wuy () ~
Ui|u(w) ~u,) forallt=0,..., T —1and ug, ..., uy €U,

(iil) p(up() ~wu(w)~u')=1II;;forallt=0,1,...,T—1land i, j=1,...,m

We assume that p admits a BEU representation. As in Section 6, we consider the re-
striction pZ of p to atemporal consumption problems without ties; this is well-defined
given the assumption that p admits a BEU representation. For each ¢r_; € A(Z)
and L7_y, Ly € K(A(Z)), we define the lottery (¢7_y,L7) := (8,,_,,06.,) and menu
(Ly-1, L7) :={(s_, L) : ¢4, € Ly_,}. Recursively, foreach t <T — 2, ¢, € A(Z), and
L, ...,Lr_1 € K(A(Z)), we define the lottery (¢;, L7_1, ..., Ly) := (8, 8x,,,...L;)) and
menu (L,,...,Ly):={(,,Li1,...,Ly): ¢, €L}

Let £ € K(A(Z)) denote the set of period-0 consumption menus without ties, which
consists of all L, such that (L, L,) € A} for all L, € K(A(Z)). For any L, € L;
and ¢, € L, define p{(£y; L) := po((o, L1); (Lo, L)) for an arbitrary choice of L;.
This induces the set of all period-0 consumption histories without ties, that is, se-
quences h) = (Lo, £y) such that p§(£y,Lo) > 0 and L, € L;. Recursively, for each
period-t — 1 consumption history without ties h%' = (L, £o,..., L1, £,_1), we de-
note by L£*(h}") the set of period-f consumption menus without ties conditional on
h;', which consists of all L, such that (L,,L,.y,..,L7) € A*(h'™") for all L,,,, .., Lr,
where h'~' = (A, po, ..., Ai_1, pi_1) is given by A, = (L,,L.41,...,L7) and p, =
sy Loi1,...,Ly) for each 7 =0,...,¢ — 1. Given any such 45" and h'~!, we define
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pZ (€, Lilhs ") :== p((€, Lisa, ..., Ly), (Ly, ..., Ly)|A*Y) for each L? € £,(hy") and
¢, € L if pZ(4,, L,k > 0, then we say that the sequence (L, £y, ..., L;, £,) is a con-
sumption history without ties in period ¢. Finally, we say that a consumption history with-
out ties is degenerate if the corresponding L,’s are all singleton.

AX10M I.1—Unconditional Stationarity: For all degenerate consumption histories d.; ',
LeLi(d;"YNL,, and € € L, we have pZ (¢, L) = pZ(¢, L|d5").

A consumption atom is a pair (L, ¢) with L € L} and £ € A°(Z) such that
(i) p¢, L) >0;
(i) pFL, L") e{pf,L),0}forall L' e L3 with L' D L.

AXIOM 1.2—Markov: For any consumption atom (L, {) and consumption history h';'
without ties, we have pZ(-|L, ) = pZ,,(-|h;", L, 0).

PROPOSITION 1.2: Suppose that p admits a BEU representation that satisfies Condi-
tion D.1 (Uniformly Ranked Pair). Then p* satisfies Axioms 1.1 and 1.2 if and only if it
admits a Markov evolving utility representation.

PROOF: See Appendix J.4. Q.E.D.

1.3. Approximate Contraction History Independence

Consider the following strengthening of Axiom 1:

AXIOM 1.3—Approximate Contraction History Independence: If (A, po), (Bo, po) €
Ho(Ay) and By 2 Ay, then forall p, € Ay,

_ po(po; By)
po(po; Ao)

|p1(p1: A1l Ao, po) — pr(p1: A1l By, po)| 52'1

Clearly, Axiom 1.3 implies Axiom 1, but it also captures that whenever p,( py; By) and
po(po; Ay) are close, then period-1 choice probabilities following (A, py) and (By, po)
must be close. The following proposition shows that Axiom 1.3 remains necessary under
DREU.%

PROPOSITION 1.3: Suppose T =1 and p admits a DREU representation. Then p satisfies
Axiom 1.3.

PROOF: Define the following subsets of (2:
E:=C(pi, Ay), F :=C(py, Ao), G :=C(po, By).
Note that G C F and let H := F ~. G. We have

W(E|F) = p(E|G)u(GIF) + w(E|H)u(H|F).

8Note that the proof does not exploit expected utility; thus, the Axiom holds under any dynamic random
utility model.
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Thus,
|p1(p1; A1l Ao, po) — pr(pr: A1l By, po)|
= |w(E|F) — n(E|G)|
< |1 - w(GIF)| + n(H|F)

22‘1 _w(G) 22'1 _ po(po; Bo)
w(F) po(po; Ao)

. Q.E.D.

APPENDIX J: PROOFS FOR SECTIONS A, E, AND 1|
J.1. Proof of Proposition A.1

The following three subsections prove Proposition A.1, that is, the equivalence between
DREU, BEU, BEB, and their respective S-based analogs.

J.1.1. DREU

“If” direction: Suppose p admits an S-based DREU representation (S, {Mf”l}SHEsH,
{Us,, Ts,}s,e8)i=0....7- We will construct a DREU representation (f), .7:"*, “, (.7:",, (7,, W,)).

Consider the space G := ]_[ITZO(S, x R¥") of all sequences of states and tie-breaking
utilities. Let O := {(so, Wi, ..., 51, Wy) € G : TTi_y 1" (s¢) > 0. Let F* be the restric-
tion to £ of the product sigma-algebra of the discrete sigma-algebra on ]_[,T:0 S; and the
product Borel sigma-algebra on ]_[,T=0 R*:, For each K = ({s0}, Ko, ..., {sr}, K1) € ]:"*, let
a(K) = ]_[;io w; "' (s,)7,(K,); by finiteness of ]_[tT:O S, 1 extends to a finitely-additive prob-
ability measure on () in the natural way.

Let I1, be the finite partition of 0 whose cells are all the cylinders C(s, ..., $;) :={@ €
0: projsoxmxst(c?)) =(Sp,...,5)}. Let ]:"t be the sigma-algebra generated by I1,; by defini-
tion of f), M(]:",(c?))) > 0forall & € . Also, ]:_t((;)) =User o ]:"Hl(d)’), SO (]:',)ostg c F
is a filtration. Define [7, 0 > RX by U,((I)) = U,, where proj, (@) = s,. Note that (U,)
is adapted to (]:'[) and that ﬁt(d)) is nonconstant for each @ since each U,, is noncon-
stant. Finally, if 7,_;(®) = F,_1(®") and F,(®) # F,(&"), then projSH (w) = projSH (w) =
s;-1 and projg (@) = s, # 5, = projs (®') for some s,_; € §;_; and s, 5, € supp u;'. By
DREUI(a), this implies U,(®) := U,, % Uy =: U,(&"). Thus, (F;, U,) are simple.

Define W, ) - RX by Iff/t((b) = W, where projgx, (@) = W,. Note that for all 4,,
Ao € Q: IM(AL W)L =11 = X TTim ™ (50)7, (W € RY 1 [M(A,, Wy)| =
1}) =1, since each 7, is proper. Thus, (W,) satisfies part (i) of the properness require-

ment for DREU. Moreover, for any .7:"7(&)) = C(sy, ...,57) and any sequence (B,) of
Borel sets B, € R*, the definition of 4 implies

T T T
ﬁ(ﬂ{ﬁc €B,) C(so,...,sT>> =[[7.B)=[]a(iW. e B} C(s0,...,5)).  (34)
=0 t=0

t=0

Since ﬁT(é)) = C(so, ..., Sr) implies .7:",((2)) =C(sp,...,s,) for all t < T, this shows that
(W,) also satisfies parts (ii) and (iii) of the properness requirement.
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Finally, to see that (fl,f"*,ﬂ, (.7:',, l},,Wt)) represents p, fix any A’ = (Ao, po,---»
A, p) € H,. Then

= ﬁ(ﬂ{a) € Q: pr e M(M(Ax, Un(d)), Wk(a,))}>

I
™
B
o
2
B

~ ))ﬂ(m{@GQPkGM(M(Ak, Uk),I/AVk)}‘C(So,...,Sl)>
C(sQ,...,s¢)ell; k=0

A

= l_[/"’;kl(sk)la< {(:) ‘Q pkEM(M(Aln Sk),I/f/k)}|C(S(],...,S[)>
k

e W ()75, (Prs A),

(505-+->5t) €Sy % -+ xS k=0

where the third equality follows from the definition of & and U, and the final equality
follows from (34). Thus, as required, we have

Z l_[P«k Y8507, (Prs Ar)
AC(H) T

(C htl -
=7 Z Hus"%skmk(pk,Ak)

(505-+»81—1) k=0

(C(pz,A )|C(ht 1)) —Pz(Pt;Az|ht71),

where the final equality holds by DREU2.

“Only if” direction: Take any DREU representation ({2, F*, u, (F,, U, W))) of p. We
will construct an S-based DREU representation (S, {/, T Y ieSiys {UX,, T, Vsies, )i=0,...T+

For each ¢, let S, := {F,(w) : w € 2} denote the partition generating J,, which is finite
since (F,) is simple. Each @}, , is defined to be the one-step-ahead conditional of u, that
is, fLo(s0) := (o) for all sy € Sy and &y, (8141) := p(s,111s,) for all s, € S, 5,41 € Si41. This
is well-defined since w(F;(w)) > 0 for all w. For each s, € S, define Us, =U(w)if wes;
this is well-defined as (U,) is F,-adapted and each Uj, is nonconstant since each U,(w) is
nonconstant. Finally, for any Borel set B, € R*:, define 7, (B;) := u({W; € B}|s;). This is
well-defined since W, is F*-measurable. Moreover, because w({w € 2: |M(A,, Wi(w)| =
1} =1 for all A4, and |S,] is finite, it follows that 7, (N (A,, p;)) = 7,,(N*(A,, p,)) for all
p., that is, 7, is proper. Thus, each (S,, u;"™", {Us,, Ty, },s,) is an REU form on X,.

Moreover, (a) for any distinct s,, s, € supp(u,), we have o, o' such that E (w) =
s = F(0) and F(w) = s, # Fi(o') =s,. Thus, Us, =U(w) % U(0) = US/, since
(U,, F;) is simple. Also, since (F,) is adapted, the partition S, reﬁnes the partition S,_;, so
that (b) for any distinct s,_, s/_,, we have supp(f;~ 1) ﬂ supp(/u,’ ') = . Since additionally
p(s) > 0 for all s, € §,, we have (¢) U,,_ s, supp f;~' =S,. Thus, DREU1 is satisfied.
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To see that DREU?2 holds, observe that for each i’ = (Ao, po,..., A;, p:) € H,, We
have

=Y uGsrp(C(h)lsr)

sTeST

= Z M(ST)M(m{w el): Pk GM(M(Aka Uk)7 VI//()}‘ST)

sTeSt k=0

= ) #(snu(ﬂ{pk e M(M(AL, Uy), W)} s,>

(805-->8T) k=0
JwedVt:si=F(w)

= > wen]]e({pceM(MAL, U, Wk)}‘sk)

(805-+>5T) k=0
JwedVt:si=F(w)

= Z l_[[J/ (Sk)l_[Tsk(pk’Ak)
; k=0

Elweﬂ\'/k<t 3k_-7:k(ﬂ’)

= Z l_[p,kk 1(Sk)1—[7'5k(17k, Ay,

(505-++>5t)ESg X -+ xSt k=0

where the third equality follows from the fact that (U;) is F;,-adapted, the fourth equality
follows from parts (ii) and (iii) of the properness assumption on (W), the final equality
follows from the fact that ]—[k O,Lﬁk '(s;) = 0 whenever (s, ...,s) # (Fo(w), ..., Fi(w))

for all w, and the remaining equalities hold by definition. Since p,(p,; A,|h'™") = %
by (3), this shows that DREU2 holds.

J.1.2. BEU

“If” direction: Suppose p admits an S-based BEU representation (S, {M?_l}s,_les,_l;

{Us,, Us,, 75, }s,e8,)i=0....7- Let (f),f*,/&, (]:',, 0,, W,)) denote the corresponding DREU
representation of p obtained in the “if” direction for DREU. In addition, define i, :

0 — RZ for each ¢ by it,(&) := u,, whenever projg (@) = s,. Note that the process (i1,) is

ﬁ-adapted. Moreover, for each @ = (sy, W, ..., s, Wr), we have UT(a)) Uy, = u,, =
lr(®) and, foreach t < T — 1 and (z,, A.41),

U (&) (2, Aipr) = Uy (20, Arr)
= ust(zl) + E :u’;+1(sl+1) maX Ué,+1 (pl+1)
+1

St41€8141 pre1e4
=u,(d)(z)+ Z f(S41l8) max Ub,+1(Pt+1)
5416801 Pr+1€A141

() (20 +E| | max U (pen)| F@) ],

Pi+1€
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where we let (s, 1s;) := @ (C(sg, ..., Si41) | C(So,...,s;)). Thus, we constructed a BEU
representation with 8,(-) = 1 for every ¢.

“Only if” direction: Suppose p admits a BEU representation Q, F*, w, (F:, Uy, uy,
6,, W)). We construct another tuple (2, 7%, u, (F,, U;, u,, 6,, W,)) by setting U/(w) :=
]_[:;t 6. (w)U(w), u(w) = ]_[’:0 6,(w)u,(w), and 8,(w) =1 for each ¢ and w, which are
all F;-measurable. By Proposition 1.1, ({2, u, (F;, U, W;)) is still a DREU representation
of p. Furthermore, for each w (omitting its notational dependence),

t—1 t—1

Uiz, Aup) = [ [ 8:Us(zis Ay = | 8 <u (z)+6 E[max Ut |£])

=0 =0

=ul(2) + B,E[max U/+1|J-",]

for every (z,, ,H) Thus, ({2, ]-"* ,u, (F, U}, u 6., W))) is still a BEU representation of

|2 2

ey

S based DREU representatlon obtalned in the “only 1f” dlrectlon for DREU. In addition,
for each s,, define i, € R” by i, = u,(w) for any w € s,; this is well-defined as (u’) is
F-adapted. Reversing the argument in the previous part, we can Verify that it,, = UST
for each sy and Uy, (z;, A1) = 1, (2) + ), )y (S1) max, e q,,, Uy, (piy1) for each s,
witht < T —1.

St+1

J.1.3. BEB

“If” direction: Suppose p admits an S-based BEB representation (S, {,uf"l}st_lest_l,
{Ust,us[,ﬂrs,,b‘s[}stgs,), o..7- Let (f) F, a, (]:'t,lA],,&,,l,I/f/t)) denote the correspond-
1ng BEU representatlon obtained in the “if” direction for BEU. In addition, define

: ) > R for each ¢ by 5,(&) = d,, whenever proj, (a)) = st Note that for each
& = (so, Wy, .., 57, Wr) and t < T — 1, we have i,(®) = u,, = ZSM ,uprl(s,Jrl)uM+1 =
56 )E[ut+1|.7-"[(w)] Iterating expectations, this yields &,(®) = E[]_[T 18 ‘&T|]:',((b)] =

EI[1=) 81 07| Fi(d)]. Replace U(a)) with U’(w) = E[[T.Z} 8.1 F(&)1U,(&) for each
t and @. By Proposition 1.1, (.(2 Fr 5 Ly (.7-"t, U W)) is still a DREU representation of p.
Moreover, for each t < T — 1, we have

T-1
U/(&)(z, Arr) = E[]‘[ 5,
T=I

=E[U}(z) | F(@)] +8,(&)E] max O, (pen)| Fi(@)]-

Pr+1€A141

Pr+1€A4141

T-1
F (@)}at(am)w[ﬂé max  Uyy1(pian) ft(w)}

Thus, (f) .7:"* @, (.7:",, 7, 8., W,)) is a BEB representation of p.

“Only if” direction: Suppose that p admits a BEB representatlon Q, u, (F,U, 6, W)).
Let (2, F*, u, (F, U, u,, 8, W,)) and (S, {/"}s,_ s, » {U S, Ty Yyes )i, T TESPEC-
tively denote the correspondmg BEU representation and S- based BEU representatlon
of p obtained in the “only if” direction for BEU. In addition, define 5‘\.[ = 0,(w) for
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Fi(w) =s,. Then, for each t < T — 1 and w with F;(w) = s,, we have

t—1 t—1

i, =u(0) =] ] 8-(@)u(@) =[] 8-()E[urs1(0)| Fi()]

=0 =0
= L]E[M/ |]:,(w)] = Ai Z,ELSI 1(sl+1)&/ )
0/(w) . St Spyd " )

where the first and last equalities used the construction of S-based BEU, and the sec-
ond and fourth equalities used the construction of BEU. Thus, (S;, {&;,"" Yoores, o AU, T,

A

05> Ts }sies, )i=0...., 7 18 an S-based BEB representation of p.

J.2. Proofs for Appendix E

This appendix presents proofs of all lemmas from Appendix E.

J.2.1. Proof of Lemma E.1

By standard arguments, for any separable metric space (Y, d): (a) the set P(Y") of Borel
probability measures on Y endowed with the topology of weak convergence is a separable
metric space metrized by the Prokhorov metric 7, induced by d (e.g., Theorem 15.12
in Aliprantis and Border (2006)); (b) the set Kc(Y) of nonempty compact subsets of
Y endowed with the Hausdorff distance induced by d is a separable metric space (e.g.,
Khamsi and Kirk (2011, p. 40)); (c) every dense subspace of Y is separable.

We now prove the claim inductively, working backwards from period 7. Since X7 :=Z
is finite, the claim is immediate. Consider ¢ < T and suppose that X, is a separable metric
space for all 7 > ¢ 4 1. By (a) above, P(X,,;) endowed with the induced Prokhorov met-
ric is separable, so since A(X,,;) is dense in P(X,,) (e.g., Theorem 15.10 in Aliprantis
and Border (2006)), A(X,,,) is also separable (by (c)). Then by (b) above, Kc(A(X 1))
endowed with the induced Hausdorff metric is separable, so since A, | := KC(A(X;y1)) is
dense in Kc(A(X,,1)) (e.g., Lemma 0 in Gul and Pesendorfer (2001)), A,,; is also sep-
arable. Finally, X, := Z x A,,; endowed with the product of the discrete metric and the
Hausdorff metric is separable, as required.

J.2.2. Proof of Lemma E.2

By the finiteness of S, there is a finite set Y’ C Y such that, for each s, the restriction
U Iy to Y’ is nonconstant and for any distinct s, s, U, [v% Uy [y (i.e., there exists
P, q € A(Y’) such that U,(p) > Uy(q) and Uy (p) < Uy(q)). By Lemma 1 in Ahn and
Sarver (2013), there is a collection of lotteries {p* : s € S} € A(Y”") such that U,(p*) =
U, Iy (p*) > Uy Iy (p*) = Ug(p*) for any distinct s, s'.

J.2.3. Proof of Lemma E.3

(i) = (ii): We prove the contrapositive. Suppose that there are s,_; € S(h'"') and s, €
supp w;" ' such that |M(A,, U,,)| > 1. Pick any p, € M(A,, U,,) such that 7, (p,, A,) > 0.
Since U, is nonconstant, we can find lotteries r, 7 € A(X,) such that U, (r) < U,, (7). Fix
any sequence «, € (0, 1) with @, — 0. Let p! :== a,,y + (1 —,,) p,. Forevery q, € A, ~{p.},
let q' = a,r+ (1-a,)q, and @, := a,7 + (1 — a,,)q,. Let B! := g q: € A~ {p:}}, let

B :={(q":q.€ A, ~ {p.}},and let B! := B' UB,. Then B! =" A, ~ {p,} and p" =" p,.
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Moreover, since |M(A,, U;,)| > 1, there exists g, € A, ~ {p,} such that U, («, 7 + (1 —
a,)q,) > U, (p?) for all n, so that 7, (p}, B! U {p’}) = 0. Furthermore, note that for
all s; € S, ~\ {s/}, we have N(M(A,,Uy), p) = N(M(B, U {p}},Uy), p}) 2 N(M(B} U
{p'}, Uy), p?), so that 7¢(p,, A;) > 7¢(p}, B} U {p}}) for all n. Letting pred(s,_,) =
(805 - --» Si—2), Lemma E.5 then implies that for all n,

Pz(Pt; At|ht_l) - Pz(p?; B U {p?}|ht_l)

Z l_IIuL Sk T\k(pk, Ak)l*‘l’t ( )(T.Y;(pl"At) - T‘;(p;l’Bf U {pf}))

s’ .5; k=0

Z l_IM Sk Ts (pk’Ak)
Hluikﬂ (Sk)Tsk (Pk, Ak)/thtvti] (Sl)Tsl(p” At)
>

P zm (50)74 (poo A0

/
SSp_ Sy

> 0.

Since the last line does not depend on n, this implies lim,_., p,(p"; B* U {p"}h'™!) <
p(pi; A|h'™Y). By definition of A?, this means A4, ¢ A*(h'™").

(i) = (i): Suppose A, satisfies (ii). Consider any p, € A,, p? =" p,, B} =™ A, ~{p.}.
Consider any s,_; € S(h'"!) and s, € supp u,"". By (ii), we either have M(A,, U,,) = {p,}
or p, ¢ M(A,, U,,). In the former case, U,,(p;) > U,,(q,) for all g, € A, ~ {p,}. But then,
for all n large enough, linearity of U,, implies U,,(p!) > U, (q") for all q! € B}, that is,
7., (P, A;) = lim, 7,,(p}, B U {p}}) = 1. In the latter case, U,,(p,) < U,,(q,) for some
q:. € A, ~ {p.}. But then, for all n large enough, linearity of U,, implies U,,(p}) < U,,(q})
for all g7 € B} such that g/ —" q,, thatis, 7, (p,, A;) =lim, 7, (p?, B U{p?}) =0.

Thus, for all s,_; € S(h*~') and s, € supp,~", we have T (P, Ay) =lim, 7, (p}, B} U
{p’}). Hence, the representation in Lemma E.5 implies that for all n sufficiently large,

p(p); Bl U{p!HA ™) = pi(peis Ailh'Y),

as required.

J.2.4. Proof of Lemma E.4

Let k :=max{n=0...,t—1:q, # q.} be the last entry at which d'~! and d! differ,
where we set k = —1if g, =g, foralln=0,...,t — 1. We prove the claim by induction
on k.

Suppose first that k = —1, that is, that d'~! = d~'. If Ay > Ay, then the Oth entry of
AR~ (1 — A)d"~" can be written as an appropriate mixture of the Oth entry of Ak~ +
(1- )At)c?’*] with (Ay, po);if Ag < Ao, then the Oth entry of A" 4 (1—A)d’"~! can be written
as an appropriate mixture of the Oth entry of AR 4+ (1— X)c?"l with ({go}, go). In either
case, Axiom B.2 implies that p,(-; A, JAR"" + (1 — N)d'~1) is unaffected after replacing
the Oth entry of A4 4 (1 — A)d'"~! with the Oth entry of AA*! + (1 — A)d'~". Continuing
this way, we can successively apply Axiom B.2 to replace each entry of Ah'~! + (1 — Nd!
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with the corresponding entry of Ah'~! + (1 — A)d'~! without affecting p,. This yields the
desired conclusion.

Suppose the claim holds whenever & < m — 1 for some 0 < m < ¢ — 1. We show that the
claim continues to hold for k = m. Note first that we can assume that

1 t—1 1 t—1 1 tl t—1

2h + 2d , 2h d e H,1(A));

2 .

§Bm + g{Qm}a ! " } € Supp qm 1’ (35)
2B+ ~lqn) s

3 m 3 qm s qu € uppqm 1°

where B, :=1A4,, + 3{q.}, B, = 1A+ 3wkt =P+ 3qm, and 7 =1 p + 14
Indeed, we can find a sequence of lotteries (¢,)'_, such that foralln=1,...,¢1—1

2

1 1 A a1 1.
)\nAn + (1 - An){on}y EAn + E{On}7 /\nAn + (1 - An){on}> _An + E{On} { } € Suppgn 1’

2

1 1
3B + = {Om}’ B + {Om}{ Om+ Om}ESllppZm 1>

2

where o, := 1g, + 3¢, and 6, = 14, + 1¢,. Letting ¢'~' := ({0,}, 0,),_ and &' :=
({0n}, 04)'—, we have that ¢!, ¢! € D,_y, A~ 4+ (1 — ) LART 4+ (1= Vel e
H._1(A,), and the last entry at which ¢'~! and ¢'~! differ is m. Moreover, repeated ap-
plication of Axiom B.2 implies

pi(s AdART 4 (1= 1)d™) = pi (5 AT + (1= D)e™);
P ABRRT! 4 (1= D)d) = pu( AJRRT! 4+ (1= Dye ).

Thus, we can replace d'~' and d'~' with ¢'~! and ¢ if need be and guarantee that (35) is
satisfied.

Given (35), $h'~'+1d'"!, 1h' ' + %c?"l € H,_1(A,), so the base case of the proof implies

t%hll dt 1>

1
Pt(‘§Az|)\hl71+(1 _)‘)dtil) =Pz<'§A 5
1 t—1 1. t—1
S+ 2d )

(36)
pt('; Az|5\h[71 +(1- X)atil) = Pt(‘; A,

Also, (35) guarantees that (34"~ + 2d"™)_,u, GBy + H{dm}, 3w + 34w)) and (GA'! +
%c?“l),m, (_%I:Im + %{qm}, gfm + %qm)) are well-defined histories in H,_;(A,). Thus, by Ax-
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1 t—1 1 t—1
(Eh +3d ) ,

—m

iom B.2,

pt('; A,
Pt<'§ A,

1 1
Ehlq + Edt1> = Pt('; A,

23 +1{A}2 +1A
APm ~ ma_rm ~Ym N
3 3t 3Tm T 34

1 -1 1%71 1 -1 1 g1
_ _ — A _ht -t
2h + 2d pel 5 A 2h + 2d R

—m

2B+ { }2A+1
APm Y ma_rm AYUYm .
3 3dmd> 3Tm T 34

(37)

—_

But note that
23+1{A}2 +1A lA +21 +1A 1 +21 +1A
S Pm SUWmis 3Vm 24dm ) =\ 5 m FR A4m (s 5 Pm S\ 34m A m
37m T 3 ml> 3Tm T 34 3 3129 2 9m 3P T3\ 29 T R

2 A 1 2 1
ZB, + - ZFmt =G |
(3 m + 3{qm}, 3rm+ 3qm>

Thus, (34" 4+ 1d"™)_, GBu + 3{Gn}, 37w + 3Gw)) is an entry-wise mixture of h'~!
with the degenerate history e~' := ((d"™")_»n, {3Gm + 3Gm}> 3Gm + 3G»)) and similarly
((Gh'+ %c?"l),m, (%l?m +A§{qm}, 2Fm+ 3qm)) is an entry-wise mixture of 4'~! with the de-
generate history &' := ((d'~")_, ({3Gm + 3qm}> 3¢m + 3Gm))- But the last entry at which
e'~!and ¢'! differ is strictly smaller than m. Hence, applying the inductive hypothesis, we

obtain
1 1 2 1 2 1
S A _ht71 _d171 _Bm AWYmss 5m S Um
pz( t (2 +2 >m7<3 +3{q } 37‘ +3C[ ))

1 14 2 4 1 2 1
— A _ht—l _dt—l ~B —{qn}, _"m - X 38

Combining (36), (37), and (38) yields the required equality

P AT + (L= Nd™) = pi (s AART + (1= Dd").

Finally, let d~'and ) e (0, 1] be the choices from Definition 10 such that pﬁ"_l (; A) =
p:(-: AJAR™ 4+ (1 — A)d"). Then the above implies that pr (3 A) = pi(-; A AR 4+
(1 —A)d"1), as claimed.

J.2.5. Proof of Lemma E.5

If W'-' € H,_1(A,), the claim is immediate from DREU2. So suppose h'~' ¢
Hs1(Ay). Let A € (0,1) and d"~' = ({q.}, qg)z;ol € D,_; be the choices from Defini-
tion 11 such that AA"~' + (1 — M)d" ' € Hy_1(Ay) and p,(py, Ay|h*~Y) == py(py, Asl
ARYU 4 (1= A)d" ).



30 M. FRICK, R. IIJIMA, AND T. STRZALECKI

Note that for all k <, s, € Sk, and w € R*, we have p, € M(M (A, Uy), w) if
and only if Ap; + (1 — Mg € M(M(AA, + (1 — M{q}, Uy, ), w). Hence, 7, (pi, Ax) =
Ty (Api + (1 = D) qi, A + (1 — A){qi}). Thus, the claim follows from DREU2 applied
to the history Ah" ' + (1 — Nd" ' e H,_1(Ay).

J.2.6. Proof of Lemma E.6

Let S,(s,_1) := suppu; . By DREUI, we can find a finite Y, € X, such that (i) for
any s, € S,(s,_1), Uy, is nonconstant over Y; (ii) for any distinct s,, s, € S,(s,-1), Uy, % Uy
over Y; and (iii) U, ,, suppp: € Y;. By (i) and (ii) and Lemma E.2, we can find a menu
D, :={q;" : s, € S:(s5,_1)} € A(Y,) such that M(D,, U,)) = {g,'} for all s, € S,(s,_1). Define
b, := Zert ﬁSy € A(Y). For each s, € §,(s;_1), pick z* € argmax .y U, and let gl i=08..
By (i), we have U, (g;") > U,,(b,) for all s, € S,(s,_1). Hence, there exists a € (0, 1) small
enough such that for all s, € S,(s,_;), we have U, (¢") > U,,(b,), where ¢ := aq; + (1 —
a)g;'. Note that setting D:= (G = s: € Si(s;-1)}, we still have M(D,, U, =1{q'}.

For each s, € S;(s,_1), pick some p,(s,) € M(A,, U,,). For the “moreover” part, we
can ensure that p,(sf) = p!. Fix any sequence (g,) from (0, 1) such that ¢, — 0. For
each n and s, € S:(s,-1), let pi(s;) :== (1 — &) p.(s,) + &q;'. And for each r, € 4,, let r/' :=
(1—¢&)r,+eb,. Finally, let A7 :={p?(s,) : 5, € S (s,-1)}U{r! : 1, € A,}. Note that A7 —" A4,.
Moreover, by construction, for all s, € S,(s,—;) and n, we have M (A}, U,,) = {p}(s,)}: In-
deed, Uy, (p’(s,)) > Uy, (r!) forall r, € A, since U, (p.(s,)) > Uy, (r,) and Uy, (¢}") > U,,(b,);
and U, (P} (s1)) > Uy (pi(s) for all s, # s, since Uy, (pi(s1)) = U, (pi(s;)) and U, (q') >
Us (§).

Since s,_; is the only state consistent with 4'~!, Lemma E.3 implies that 4”7 € A*(h'™"),
as required. Finally, for the “moreover” part, note that we ensured that p,(s’) = p;.
Hence, p!(s7) constructed above has the desired property that p’(sf) —™ p and
U,, (A}, p}(sy)) ={Uy} for all n.

1.3. Proof of Proposition 1.1
J.3.1. “If” Directions
DREU: Consider any A’ = (pqg, Ao, ..., pis A;) € H,. Then

pch)= > u(fT<w>)u(h{ P € M(M( A, Uy, M)}]mw))

Fr(w)ellt k=0

= Y. ﬁ/-’v(fk(w)|fk—1(w))/-l«({%GN(M(Ak,Uk(w)),pk)}|]:k(a)))

Fr(w)elly k=0

> ﬁﬁ(¢k(fk<w>) | bi1 (Fici(@)))

Fi(w)ell; k=0

x f({Wi € N(M (Ar, Us()), pi) }1bi(Fic(w)))

= > JT1aF@) | Fer(@) (Wi € N(M(Ar, U(8)), pe) }1 Fiu(@))

Fi(a)ell, k=0
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-y @(ﬁT(a))(h{pkeM(M(Ak,Ok),Wk)}]ﬁT<é)))=ﬁ(f?(ht)):

ﬁr(ﬁ))eﬁ'r k=0

where the second equality follows from properness of (W) and F,-adaptedness of (U,),
the third equality follows from assumptions (i) and (iii), the fourth equality from the
fact that ¢, is a bijection and assumption (ii), the fifth equality from the properness of
(Wt) and ﬁ-adaptedness of (lA]t), and the first and last equalities hold by definiton. Since

A Al : —1y _ _w(Chy) (€t
D represents p and D represents p, this implies p,(p,, A,|h"™") = ey = ey =

p:i(pi, A/ |h'~1). Thus, p = p, as required.

BEU: By the “if” direction for DREU, Disa DREU representation of p. It remains to
show that (15, (i, SZ)) satisfies (1). From assumptions (ii), (iv), and (v), it is immediate
that UT = tir. Moreover, forall t < T — 1, and w € 2, @ € ¢,(F;(w)), we have

a, (@)U () (z, A1)

= U(©)(2 Ai)) = B(©) = 1(@)(2) = Bi(@) + 8.(@)E,| max Ui(pi) | Fi(w)]

Pr+1€A141

=, (0)i,(0)(z) — Sz(w)EM[BHﬂE(a’)]
+ 8B s max Uy (pr) | F(@) | + 81 (0)E, [Biil Fi(@)]

Pry1€A11

= (@) ((6)(2) + 8, max Op(pian | Fi(@)]),

Pr+1€A141

where the first equality follows from (ii), the second from (1) for (D, (u,, 8,)), the third
from (i), (ii), and (v) (and the fact ¢, is a bijection), and the fourth by (iv). Thus,
(D, (i1, 8,)) satisfies (D).

BEB: By the “if” direction for BEU, (ﬁ, (i, 3,)) is a BEU representation of p. It re-

mains to show that (@, (&, 8,)) satisfies (2).Forallt<T—1land w € 2, @ € ¢,(F,(w)),
we have

ap(0)8,(&) + 7,(0) = u(0) = E,[Ur| Fi(0)] = ap(@)Ea[ U7 F(&)] + B[ BrIFi(w)],

where the first equality follows from (iv), (v), and (vi), the second from (2) for
(D, (u;, 8,)), and the third from (i), (ii), (iv), (vi) (and the fact that ¢, is a bijection).
But since y,(w) E.[Br|F.(w)] by (V11) the above implies that &1,(®) = ﬁ[lAJTl]:",((f))],
whence (D, (i, 8,)) satisfies (2) with &1 := = Uj.

J.3.2. “Only If” Directions

DREU: Throughout the proof, for any ¢t and E, = F,(w) € II,, we let U,(E,) denote
U,(w) and likewise for U; this is well-defined by adaptedness. We construct the sequence
(¢:, a,, B,) inductively, dealing with the base case ¢ = 0 and the inductive step simultane-
ously.

Suppose ¢ > 0 and that we have constructed (¢, @y, B,) satisfying (i)—(iii) for all

!

t' < t (disregard the latter assumption if t = 0). If ¢ > 0, fix any E, | = F,_((0*) €
II,,, let Et—l i=¢,1(Ey), and let II,(E,_) :=={E, = F(w) e Il,: F,_1(w) = E,_,} and
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f[t(E,,l) = {E, = ﬁ(&)) € ﬁt : J:"H(c?)) = EH}. As in the proof of Lemma B.2, we can
repeatedly apply Lemma E.2 to find a separating history for E, ; = F,_i(»*), that is,
a history h"~' = (By, qo, ..., Bi_1,q:-1) € H} , such that {w € Q: g, € M(By, Up(w))} =
Fi(w*) for all k =0,...,¢— 1. By inductive hypothesis, 4'~! is then also a separating
history for E,_;. Thus, by Lemma E.3 (and the translation to S-based DREU in Propo-
sition A.1), C(h'"™') = E,_; and C(h*'y = E,_,. If t = 0, then in the following we let
E,_ =10, 133,_1 = f), II,(E,_)) =1l IAL(E,_l) = ﬁo, and we disregard all references
to the separating history.

Enumerate I1,(E, ;) ={E':i=1, ..., m} with corresponding utilities U/ := U,(E') and
ﬁt(E,_l) = {E{ :j=1,..., m} with corresponding utilities Ul = U,(Ef). Since (F;, U,)
and (F,, U,) are both simple, we have u(E') > 0 for all i and U} 3 U! for i # ', and like-
wise /:L(E{ ) > 0 for all j and U, ,’ % U, {/ for j # j'. Note that, for every j, there exists a unique
i(j) such U ~ l:f,j . Indeed, if such an i(j) exists, it is unique because all the U’ repre-
sent different preferences. And the desired i(j) exists, since otherwise by Lemma E.2,
we can find amenu B, ={¢':i=1,...,m}U {¢]} such that M(B,, U)) = {q'} for each i
and M (B,, U}) = {g!}. We can additionally assume (by replacing A'~! with an appropriate
mixture if need be) that A'~! € H; (B,). Since D and D both represent p, we obtain

A A

0=w[C(&, B)IE.1] = pi(&)s BAn'™") = 2IC(4), B) | Ei1) = (E]|Ei1) > 0,

a contradiction. Similarly, for every i, there exists a unique j(i) such that Ul ~ U..
Thus, defining ¢, : I1,(E,_;) — ﬁ[(E,,l) by ¢,(E) = E{(i) yields a bijection. By construc-
tion, U,(E") ~ Ut(¢,(E§)) for all i, so we can find o, (E’) € R, and B(E’) € R such that
U(E) = a,(EDU(¢(E))) + B(E)). Defining a(w) = a(F,(w)) and B(w) = B(Fi(w)),
this yields J,-measurable maps «;, 8, : E,_; — R such that (ii) holds for all w € E, ;.
Moreover, applying Lemma E.2 again, we can find a menu D, = {r/: i =1,...,n} such
that M (D,, U}) = {ri} for each i. Again, slightly perturbing the separating history A'~!
for E,_; if need be, we can assume that A'~' € H* ,(D,). Then, by the representation,
w(ENE, 1) = p,(rl; DA™Y = a(p,(ED|E,y) for all i, yielding (i).

To show (iii), consider any p, € A,, where we can again assume h'~! € ’H;‘_l(%A, +
iD,).Let Bi:={weR¥ : p,e M(M(A,, U,(E!)), w)}. Note that by (ii), B = {w € R :
P € M(M(A,, UtA(¢t(Ef))), w)}. Thus, u({W, € Bt}IEAf) = u(C(p:, A)IE])) and a({W, €
B} ¢.(ED) = u(C(p,, A\ (EY)). But since D and D both represent p and by choice of
Dt,

WEIE)p[C(pi, ANIE]
1 1.1 1
= M[C(Ept + Ertl, EAI + EDt> |Et1]

1 1.1 1
:Pz(zpz + E’”,li EAz‘F EDt|ht_1>

1 1.1 1 A . LA A .
(EPt + Er:, EAl + EDz) |El—1:| = M(¢I(E;)|EZ—I)M[C(pta At)ld)t(E;)]a
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which impljes wlC(p:y ADIET = pIC(p., At)|Ad>t(Ef)], since, by (i), we have w(E'|E, ) =
(P (EDIE, ). Thus, u({W; € BJIE) = A((W, € B.}|$,(E)), as required.

Fmally, note that the collection {H (E,-1) : E,_y € II,_;} partitions I1,, and similarly
{Ht(E, 1) E 4 € H, 1} partitions Ht Thus, applying the above construction for every
E, | € II,_; yields a bijection ¢, : II, — H and F,-measurable maps «, : 2 - R, , and
B: : {2 — R such that (i)—(iii) are satisfied.

BEU: The “only if” part for DREU yields sequences (¢, «;, 8,) such that (i)—(iii)
are satisfied. It remains to show that (iv) and (v) hold. Throughout the proof, for any
E, = F,(w) € II,, we sometimes use U,(E,), 6,(E,), a;(E,), B,(E,) to denote U,(w), 6,(w)
a,(w), B,(w); this is well-defined since they are JF,-measurable. We also let F,_((E,) :=
Fi_1(w); this is well-defined since F,(w) = F, (') implies F, 1(w) = F;_1(w'), as (F;) is
a filtration.

For (iv), fixany w and ¢t < T — 1. Let E, := F,(w) and pick any A4,,,, B,;; and z,. Then

U(E)(zi, A1) — U(E) (24, Biyar)
= at(El)(ﬁt(d)t(Et))(Zt, A1) — Ut(d)l(Et))(Zt, Bt+1))
= at(El)Sl(d)t(El)) Z ﬁ«(Et+1|¢t(Et)) [max Ut+1(Et+1) - maX Ut+1(Et+1)]

. . By
Ey €l

= (ENSi($(ED) Y fbin(Er)ldi(ED)

Ey €l

[max Ui (¢1+1 (Et+1)) rlrglalx 0t+1 (¢t+1 (Et+1))]

l+1

= (E)S,(i(E)) Y w(ElE)

Epellyy

[maf( Ut+1(¢z+1 (Ez+1)) rlrslalx Ut+l(¢t+1 (Et+])):|

= at(El)at(d)t(Et)) Z w(E 1| E))

Eiq st Fr(Epp))=E

[max Ui (ﬁbzﬂ (Er1 )) maX Ut+1 (¢t+1 (Erqa )):| (39)

Ary1 By

where the first equality holds by (ii), the second equality follows from (f), (i, 5)) be-
ing a BEU representation, the third equality from the fact that ¢, is a bijection, the
fourth equality from (i), and the fifth equality from the fact that w(F, . (@')|E,) > 0 iff
Fi(o)=E

At the same time, we have

U(E)(z, A1) — U(E) (24, Biy)
=0,(E)) Z w(E |E,)[max Ui (Eig) — max Ui (E)

t+l
Eppi€llig

=6,(E) Z w(E | EDag (Eyr)

Eppr€llig
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[max Ui (¢t+1 (Era )) l’ll;la]X Uz+1 (d)t+1 (Et+1))]

H—l

=6,(E) Z M(E i |EDa(Egy)

Eiq st Fr(Erp)=E;

[max Ui (¢t+1 (Erqa )) 1}31317( 0t+1 (d)t+1 (Et+1))] ) (40)

H»l

where the first equality follows from (D, (u,, §,)) being a BEU representation, the second
equality from (ii), and the third equality from the fact that u(F,,(@")|E,) > 0iff Fi(w') =
E,.

Combining (39) and (40), we have that for all 4,,; and B,4,

St((bt(Et)) Z w(E|EDa(E)

Eip1 st Fi(Erp)=E;

X [maX Uz+1 (¢t+1(Et+1)) — max Ut+1(¢t+l(Et+l)):|
A B

=8(E) Y,  wEnlE)a(Ey)

Eypq st Fr(Ep1)=E;

[max Uz+1(¢t+l(Et+l)) %alx Ut+1(¢t+l (Et+1))]- (41)

t+l

Since (.7:",, U,) is simple and ¢, is a bijection, U,H(z;th(E,H)) % Uz+1(¢z+1(E§+1)) for
all distinct E, 4, E,,, with F,(E,,,) = E, = F,(E}, ;). So by Lemma E.2, we can find a
menu A, := {qijl : Fi(E:;1) = E,} such that, for all E, ., with F,(E,, ;) = E,, we have
M(A,, Ut+1(¢)l+1(Et+1)) = {ntﬁl} Let ETH = Fi(w) and let By = Ay N {Q,ﬁl .
Then in (41) [maXA,+1 Uiyi(¢r1(Err)) — maxp, Uii(dp(E))] #0iff £,y = Et+1‘
Hence, (41) implies Sffs‘ﬁ;éE’))at(w) = S’Es‘b(’é‘i’))at(E ) = a1 (E* ) = a1 (w). Since this is
true for all t < T — 1, (iv) follows.

For (v), note that the claim for T is immediate from (ii) and the fact that Uy = ur,

Ur = iiy. Next, fixany w € 2, & € ¢,(Fi(w)), t <T — 1, and (z, {pr+1}). Then
Ui(0)(z, {Pi1}) = u(@)(2) + (), [Ura (prin) | Fi()]
= 1,(0)(2) + ()8, (B[ Ur1 (per) | Fo(@)]
+ 8. (0)Eu[Bii| Fi(w)], (42)

t+1

where the first equality follows from (D, (u,, 8,)) being an evolving utility representation
and the second equality from (i), (ii), (iv) (and the fact that ¢, is a bijection). At the same
time, we have

U @) (2, (pis1)) = @, (@) U(&) (2, {pi1}) + Bi(w)
= ()i, (0)(2) + ()8, () [Upsr (i) I Fi(&)] + Bi(w),  (43)

where the first equality follows from (ii) and the second equality from (D, (&, 8,)) being
an evolving utility representation. Combining (42) and (43) yields the desired claim.
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BEB: The “only if” part for BEU yields sequences (¢,, «,, B,) such that (i)-(v) are
satisfied. It remains to show that (vi) and (vii) hold.

For (vi), fix any w € {2 and ¢. Take ¢, ¢ from Condition D.1 (Uniform Ranked Pair).
Then, based on the representation, one can verify that u,(w)(€) > u,(w)(£) holds by fol-
lowing the similar line as in Lemma D.1.

Note that by (2) and iterated expectations, we have

Un(@) (b L Aus) = (@) () + 8,(@) (1@ (Ersr) + E[ 3111 maxUpial| Fi (@) |)

for any (€, €., A.y2). Hence, U, (0)(€,€, Arn) — Ul(w) (gl + (1 — p)L, nl + (1 —
m¥¢, A,») =0if and only if n = —

1+8/(w) *

Now pick any @ € ¢,(F,(w)). Then, since (D, (i, 8,)) is also a BEU representation, by
the same reasoning as above we have that U,(&)(€, £, A,.») — U, (®)(q€+ (1 — )€, e+
(1 —m)¢, A,») =0 if and only if n = — By (ii), this implies that §,(w) = 6,(®),

148¢(a)

proving (vi).
Finally, (vii) is verified by observing that for any ¢, w, and & € ¢,(F,(w)),

() = () — ()it (&) = B, [ur| Fi(0)] = a(@)Ei[ 27| Fi(#)] = E,[BrI Fi(@)],

where the first equality uses (v), the second uses (2), and the third uses (i), (v), and
a,(w) = ar(w) (which follows from (iv) and (vi)).

J.4. Proof of Proposition 1.2

(i) = (ii): Suppose that p# admits a BEU representation (2, F*, u, (F,, U, W,,
u,, 8,)) and satisfies Axioms I.1 and 1.2. For each ¢, we can pick a finite collection
U, ={u!,...,u/"} of ordinally distinct felicities such that [/,] = [{u,(®) : ® € 2}]. Con-
dition D.1 (Uniformly Ranked Pairs) ensures that these felicities are nonconstant. Let
U:=1{u',...,um}, where m = my and u’ = uj, for all i =1, ..., m. Define ¢ € A°(U) by
E(u') = p(up(w) ~ u') for all i.

By Axiom L1, for each degenerate consumption history d "', pZ and p?(-|d;") rep-
resent the same static stochastic choice rule over finite menus of consumption lotter-
ies without ties. Hence, the same argument in the proof of Proposition 1.1 implies
that after suitable relabeling, we can assume that m, = m and u! ~ u' for all i and
w(u(w) ~ u') = &u'). Thus, property (i) of the Markov evolving utility representation
is satisfied.

Next, we construct a menu L = {¢', ..., €™} € L such that u'(¢') > u'(¢/) for all i # j
and such that each (L, ¢) is a consumption atom. Indeed, since the u’ are noncon-
stant and ordinally distinct, Lemma E.2 yields a menu L = {¢',...,¢™} € L such that
u' (€' > u'(¢’) for all i # j; moreover, up to mixing all ¢/ with some full-support lottery
¢ € A°(Z), we can assume that L. C A°(Z). By the representation, py(¢', L) = u(uy(w) ~
u') > 0 for all i. Finally, suppose that L' € £* and L’ 2 L. Then, either ¢ € M(L', u’),
in which case po(£/, L") = w(up(w) ~ u') = py(£', L); or £' ¢ M(L’, u"), in which case
po(£', L") = 0 since u/(£") < u/(¢’) for all j # i. Thus, each (L, ¢") is a consumption
atom.

Now, consider any t < T — 1 and any u, ..., u,,; €U.Foreachs=0,...,t+ 1, let £
denote the maximizer of u,; in menu L that we constructed in the previous paragraph.
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Then, for any degenerate consumption history d’, ', we have

(U1 (@) X e [Ug(@) R ug, - .. U1 () X Uy, u(0) = uy)
=p/ (L, LIL, Ly, ..., L, €1, L, ¢)
=p{ (L, LIL, ) = pfyy (ber, L1 d5 ' Ly, €)
= ,U«(Uz+1(w) XU |u(w) = ut):

where the first and fourth equalities hold by the BEU representation of p together with
the fact that M (L, u’) = {¢'} for all i, and the second and third equalities follow from
Axiom 1.2 and the fact that (L, ¢,) is a consumption atom. This establishes property (ii)
of the Markov evolving utility representation.

Finally, set IT;; := pu(u; (@) ~ w/|ug(w) ~ u') forall i, j =1, ..., m. Note that this yields
a right stochastic matrix I1, because ), II;; = 1 by part (i) of Definition 14 that we estab-
lished above. Consider any i, j =1, ..., m. Then, letting L, ¢/, and ¢/ be as constructed in
the third paragraph, we have for any degenerate consumption history d’,' that

/‘L(ut+1(w) ~ uj|u,(a)) ~ ui) = p;Z+1(Eja L | dt2717 L7 El)
=p{(¢,L 1L, 0") = u(u(0) ~ v |ug(w) ~ u') =11

i,j»
where the first and third equalities again follow from the representation and the con-
struction of L and the second equality holds by Axiom 1.2 and the fact that (L, ¢') is a
consumption atom. This proves property (iii) of the Markov evolving utility representa-
tion.

(ii) = (i): Suppose that p admits a Markov evolving utility representation. To show
that Axiom L1 holds, consider any degenerate consumption history d5 ', L € £ N
L£:(d;"), ¢ e L. Then

pit, Ly =plo:te M(L,uyw))}
=¢lueU:teM(L,u)) =plo:te M(L,u(w)} =p?(¢,LId;"),

where the first and final equalities hold by the BEU representation and the fact that L is
without ties and d ' is degenerate, and the second and third equalities hold by property
(i) of the Markov evolving utility representation.

To establish Axiom 1.2, consider any consumption atom (L, ¢). We first show that there
exists u’ € U such that w(£ € M(L, u,(w))) = u(u,(w) ~ u') for all . Since L is without
ties, it suffices to show that there is a unique i € {1, ..., m} such that £ € M(L, u"). To
see this, note that since w(€ € M (L, up(w))) = po(£, L) > 0, there exists u’ such that £ €
M(L, u"). Suppose for a contradiction that ¢ € M (L, u/) for some j # i. Since u’ % u/,
we can find m € A(Z) such that u'(¢) > u'(m) and w/ (£) < u/(m).¥” Then, letting M =
LU {m), we have that £(u') < po(€, M) < po(£, L) — £u/). Thus, po(€, M) ¢ {po(€, L), 0},
contradicting the fact that (L, ¢) is a consumption atom.

8Indeed, since u’ % u/, we can find ¢/, ¢/ such that u(¢') > u'(¢/) and u/(¢/) > u/(¢"). Then, for small
enough & > 0, m:= € + e(¢/ — ¢') is a well-defined consumption lottery in A(Z), as £ € A°(Z). Moreover,
u'(€) > u'(m) and u/(£) < u/(m), as required.
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Now, consider any consumption history /%' without ties. For any L' € £*(h") and
¢ € L', we have

plz(ﬁ/,L'lL,Z) = M(Z/ € M(L’7 ul(w)) | up(w) =~ ui)
= Y wuw@~d ue)=d)= Y

{jit/eM (L' ,ul)} (' eM(L' ,ul)}
= Y plun(e) = |u(o)~u)
{(j:t/ eM (L' ul)}
=p(l' e M(L, u(w)) | ulw) ~u'),
where the second and final equalities follow from property (i) of the Markov evolving util-
ity representation and the fact that L’ is without ties, and the third and fourth equalities
follow from property (iii) of the Markov evolving utility representation.

Moreover, letting U (h%; ') denote the set of all sequences of felicity realizations from U
that are consistent with history //",% we have

pla(C, LG L, 2)
= ,U,(K/ € M(L,, u;+](w)) | u(w) =~ ui’ wE C(htZ_I))

t—1
=( > M(ﬂ’eM(L’, Ui (w)) ‘ ut(w)%u",ﬂ{us(w)%us}>

(UQsersty—1) U s=0

t—1
x u(ut(w) ~ut (fus(w) > us}>)

s=0
t—1
/( > u(u,w)wf,ﬂ{us(w)ws})
(W, ttr1)EUCRY ) 5=0

=u(l e M(L, up (@) | u(w) = u'),

where the third equality follows from property (ii) of the Markov evolving utility
representation. Combining the previous two paragraphs, we have p?(¢,L'|L,¢) =
pZ. (¢, L'|h;", L, ¢). This establishes Axiom L.2.
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