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This note contains supplementary material for Onatski and Wang (2021) (OW in
what follows). It is lined up with sections in the main text to make it easy to locate the
required proofs.

S1. INTRODUCTION
THERE IS NO SUPPLEMENTARY MATERIAL for this section of OW.

S2. BASIC SETUP AND MAIN RESULTS
In this section, we provide proofs of Lemmas OWS5 and OW6 referred to in the proof
of Theorem OW1.
S2.1. Proof of Lemma OW5

,_ (0 0 0 0
ov=(0 0 Yu (S ).

where Uy_; is the T — 1-dimensional upper triangular matrix of ones. Denoting the 7' — 1-
dimensional vector of ones as I;_;, we obtain

0 0 0 0
UMU = , , = .
(O UT—l (ITfl — lellT,1/T) U7~1> <0 Q)

Note that

We have
0" = (Up_)  (Ir + lr by ) (Ur )7

On the other hand, (Ur_;)~! is a two-diagonal matrix with 1 on the main diagonal and —1
on the super-diagonal. Therefore, Q! is a three-diagonal matrix with 2 on the main diago-
nal, and —1 on the sub- and super-diagonals. As is well known (e.g., Sargan and Bhargava
(1983)), the eigenvalues of such a three-diagonal matrix, indexed in the increasing order,
are uy =2—2cos(w/2),k=1,...,T—1,where w; =27k /T. The corresponding (nor-
malized) eigenvectors are vy = (Vg1, . .., Ux,7—1) With vy; = /2/ T sin(jw,/2). This implies
that the singular values of MU’ (in decreasing order) are

or =/ i = (2sin(we/4)
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2 A. ONATSKI AND C. WANG

for k=1,...,T —1 and or =0, and the components of the corresponding normalized
right singular vectors are

v =2/ Tsin((s — Dwy/2), s=1,...,T

for k=1,...,T —1; and vy, =1 for s =1 and vy, =0 for s > 1. Notice that vy, s =
1,..., T, are proportional to the values at (s — 1)/ T of the kth principal eigenfunction of
the covariance operator of the Brownian bridge process (e.g., Shorack and Wellner (1986,
pp. 213-214)).

To find the kth left singular vectors wy; with k < T, we multiply MU’ by o} 'v;. We have
wy = 2sin(wy /4)M U'v,. On the other hand, the jth element of U'v, equals

1 elimr/2 _ 1
vV 2/TIm Z elswk/z =4/ 2/TIm W
5s=0

Therefore, \/T/2 times the jth element of M U'v; equals

T2 _ 1 ] T elim/2 _q elimk/? Cos((Zj — 1)wk/4)
oo 2_1 T — k2 _ eimk2 _ 1 2sin(wy /4)
Hence,
wi, = —v/2/Tcos((s —1/2)w/2), s=1,...,T,

for k < T. Clearly, the left singular vector of MU’ corresponding to zero singular value

equals wy = /1/Tly.

REMARK: From (OW7), we see that wy, with s=1,..., T and k < T are proportional
to the values at (s — 1/2)/T of the kth principal eigenfunction of the covariance operator
of the demeaned Wiener process.

S2.2. Proof of Lemma OW6

Our proof of Lemma OW6 is based on the following result.

LEMMA S1: Suppose Assumption Al of OW holds. Let a, b, ¢, d and A, B be any deter-
ministic T-dimensional vectors and N, x N, matrices, respectively. Then

E(a’s’Aeb) =abtrA, and (S1)
|Cov(d'e' Aeb, ¢'&'Bed) — (d'c)(b'd) tr(A'B) — (a'd)(b'c) tr(AB)|
Ng T
<2 Z Z |A;B;a.b.cd,), (S2)

i=1 =1

where a,, b,, c,, and d, are the tth components of vectors a, b, c, and d.

First, let us derive Lemma OW6 from Lemma S1. After such a derivation, we will prove
Lemma S1. Since W is positive semi-definite, we have

(W1 W) <te (W) /(e W)> < W/ tr .
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Further, ||W| = ||£2| and tr W = tr £2. Therefore, Assumption A3 of OW is equivalent to
the requirement

tr(W?) = o(1)(tr W)*. (S3)

The first and second equalities of Lemma OW6 follow from Lemma S1, Chebyshev’s

inequality, and (S3). The last equality follows from the fact that 3"/ 02 = O(T?).
Now, let us turn to the proof of Lemma S1. We have

a/s/Asb Z ZE(atgltAljngb )

t,s=14,j=1

T Ng

= Z Z a,A,‘,‘bt =dabtrA.

t=1 i=1
Further, denoting the ith row of ¢ as ¢;, we have

E(a's'Aabc's'Bsd)
Ne Ng

= Z Z E(&‘,‘.ﬂAiij‘bsp.CBpl814d)

i,j=1 p,i=1

Ng Ng
=YY E((eia)(eb)(gi.0)(e;d) AyBy)
i=1 j#i
Ng Ng

+ Y Y E((sia)(zic)(e,b)(s,.d) Ay By)

=1 j#i

N Ng
+ 3 Y "E((sra)(eid)(£,b)(5.) Ay Bj)

i=1 j#i
Ng
+ ZE((gi»a)(8i»b)(8i<c)(€i<d)AiiBii)-
i=1
We have, first,

Ne  Ne

> E((sia)(eib)(e).c)(,.d) AiBy)

i=1 j#i

=S S ) ) AB,

=1 j#i

Ne
= (a'b)(c'd) |:(trA)(trB) -> A,-iBi,} :

i=1
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second,
NS NS
> E((zia)(si0)(£,b)(£.d) A;By)
i=1 j#i
Ng Ng
= Z Z(a,c) (b,d)Al]Bl]
i=1 j#i
= (a'c)(b'd |:tr (A'B) — ZA,,B,,},
third,
N, Ng
> E((sia)(eid)(s:b)(s.) AyBji)
i=1 j#i
NFI N.‘)
=22(a/d)(b/c)/l B
i=1 j#i
~ o) wam -3 o |
i=1
and finally,

Ne

>_E((era)(eib)(ei0)(1.d) AuBy)

i=1

(Z Eitay Z Sn‘b Z i€y Z 8ltdIAllBll>

Ng
2E
Ng

Z B (Z a:b.c,d, + Z abse.d, + Z a:bse,d,

t,s:t£s t,S:t5#£s t,s:t#£s

T
+ ZEsftalb,ctd,)

t=1

S ((ab) (¢d) + (ac) (bd) + (ad) (b)

T
—1—2 abc, )

t=1
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Summing up,
E(a's' Aebc' &' Bed)
= (a'b)(c'd)(tr A)(tr B) + (a'c)(b'd) tr(A'B) + (a'd)(b'c) tr(AB)

Ne T
+ Z A;Bi; Y (Eel,—3)a,b.cd,.
i=1

t=1

Recall that E(a’'e’ Aeb) = a'btr A and E(c'e¢’Bed) = c¢'d tr B. These equalities and the last
display yield

Cov(a's' Agb, ¢'e'Bed) = (a'c)(b'd) tr(A'B) + (a'd)(b'c) tr(AB)

Ng T
+ Z A;Bi; ) (Esl,—3)a,b.c.d,.
i=1 t=1

The inequality (S2) follows because |Ee}, — 3| is bounded by 25¢, uniformly over i and ¢. In-
deed, by Assumption Al, E¢}, < 54, and Eg}, — 3 < 5. On the other hand, E¢}, > (Ee?)? =
1, and thus, 55, > 1 and Ee}, —3 > —2> —23¢,.

S3. EXTENSIONS
S3.1. Local Level Model
S3.1.1. Proof of Theorem OW2

Consider the decomposition
YM = w; XM + ZM, (S4)

where X =[X,..., X7l and Z =[Z,, ..., Z7]. Note that the principal eigenvalues and
eigenvectors of M X' X M /N satisfy Theorem OW1(i)—(ii) as long as condition (OW5) of
that theorem holds. Statements (i) and (ii) of Theorem OW2 would follow from this fact
and the standard perturbation theory (e.g., Kato (1980, Chapter 2)) if we are able to show
that [MZ'ZM| = 03T tr Qop(1).

Assumption A4 of OW yields Y 7 11|l = O(N*?) and k| 11| < > ;2 (1 4+ k) |II|| =
O(NP). Therefore, > ;- k||II;|* = O(N*) and, as explained in Remark OW8, we can
apply Lemma OW?7 to obtain

1ZM| < | ZIl = Op(T'N® + N1N°).

Hence, Theorem OW2(i)—(ii) holds as long as (OWS5) and (OW9) hold. But these are the
assumptions of Theorem OW2(i)—(ii).

For (iii) to hold, it is sufficient that (OW6) is satisfied and | tr 3 — 0 tr(M X' XM )/N| is
asymptotically dominated by w3 tr(M X' XM)/N. Using arguments very similar to those
employed in the proof of Theorem OW1(iii) after equation (OW33), we see that such
an asymptotic domination takes place if w372 tr /N asymptotically dominates N2 (T +
N,)min{1, T/N}, which is implied by the assumptions of Theorem OW2(iii).
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S3.1.2. The Case of the I(1) Weight Proportionalto 1/ T

In this subsection, we would like to revisit the example given in the main text immedi-
ately after the formulation of Theorem OW2. We would like to show how, in that example,
the theorem would be violated if w; converges to zero faster than allowed by condition
(OW9).

Consider X, and Z, that follow a pure multivariate random walk and white noise pro-
cesses, respectively. For simplicity, we assume that X, and Z, are independent and Gaus-
sian, and that 7/N = c € (0, 0o0). In this setting, Assumptions A1-A4 are satisfied with
a=pB=0and trf2 =N, =N, =N, so that condition (OWS) of Theorem OW1 is triv-
ially satisfied while condition (OW9) of Theorem OW2 is violated if and only if w7 con-
verges to zero as fast or faster than 1/7. We will assume that wy = w/ T for some positive
fixed w.

Consider a singular value decomposition w; XM /+/N = USV . Here U and V are or-
thonormal matrices and S is a diagonal matrix of the singular values of w; XM /~/N.
By Theorem OW1(i)—(ii), the kth row of ¥ becomes asymptotically collinear with a co-
sine wave (represented by vector dy), and the kth diagonal element of S converges to
w/ (k) as T — oo. We would like to know whether and how the principal eigenvectors

of ¥>=MY'YM/N differ from the cosine waves.
From (S4), we have

UYMV'/YN=S8S+UZMV'/JN.

Note that the last diagonal element of § is zero (because M has deficient rank), and the
last row of I belongs to the null space of M. Denote matrix U'Y MV’ with the last (zero)

column removed as Y. Similarly, denote matrices S and U’ ZM V"’ with last (zero) columns
removed as S and g, respectively. With this notation,we have f’/ VN = S + g/ VN.

By definition, the entries of the kth principal eigenvector of Y'Y /N equal the scalar
products of the kth principal eigenvector of 3 with the rows of V/ (which become asymp-
totically collinear with the cosine waves). Further, since we have assumed that X, and Z,
are independent Gaussian,  has i.i.d. (standard) Gaussian entries.

Now, let S be an N x (T — 1) matrix with all elements zero, except the first K diagonal
elements. For k < K, let S;, = w / (k). Obviously,

Y/VN=S+&/VN+(@S-29).

For arbitrarily small 6 > 0, we can choose K so large that ||S — || < 6 with probability at
least 1 — 6, for all sufficiently large N, T. Therefore, the asymptotic behavior of the kth
principal eigenvectors (and eigenvalues) of Y'Y /N and of (VNS + &)'(vV/NS + &)/N is
the same. In particular, the kth components of these two principal eigenvectors converge
to the same limit.

By Theorem 1 of Onatski (2018), if w* > (k#)?\/c, the kth component of the kth prin-
cipal eigenvector of (VNS + &) (+/NS + &)/N converges to

Lo w* — c(km)*
e w?(w? + (km)?)

If w* < (km)*/c, then the kth component converges to zero. Furthermore, by Theorem 5
of Onatski (2018), if w? > (k7)2\/c, the kth principal eigenvalue of (v NS + &) (v/NS +
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g)/N converges to
= (w?/ (km)? +¢) (1 + (km)*/w?).

If w? < (k)?y/c, then the kth eigenvalue converges to (1 + 4/c)>.

In our setting, these results show that Theorem OW2 does not hold when wr =w/T.
Specifically, the scalar product of the kth principal eigenvector of 3 with the “kth cosine
wave” does not converge to 1, and the kth principal eigenvalue of 3 does not converge
to w?/(km)?. Instead, if w? > (kw)*y/c, the scalar product converges to /;; < 1 and the
eigenvalue converges to u; > w?/(km)> If w? < (km)2\/c, the kth principal eigenvec-
tor of ¥ is asymptotically orthogonal to the “kth cosine wave,” and the kth eigenvalue
asymptotically depends only on ¢, but not on w or k.

Interestingly, even though Theorem OW2 becomes violated, the principal eigenvalues
of X still decay very fast, for relatively large w. Hence, the scree plot for matrix 3 still
can be wrongfully interpreted as showing the existence of factors in the data. This phe-
nomenon gradually disappears as w becomes smaller and smaller. Similarly, for large w,
the kth principal eigenvector of ¥ is “almost collinear” with the “kth cosine wave,” but
the quality of the alignment deteriorates as w decreases.

S3.2. Demeaned and Standardized Data
S3.2.1. Proof of Theorem OW3

First, we prove the theorem for k = 1, and then establish it for general k using mathe-

matical induction. For the demeaned and standardized case, F | is defined as a normalized
eigenvector of

S=MXD'XM/N,

corresponding to its largest eigenvalue A;. Here D = diag{XM X'/ T} and M is the pro-
jector on the space orthogonal to the T-dimensional vector of ones.

In contrast to the proof of Theorem OW1, we will not approximate by by 5, where the
latter matrix is derived from the Beveridge—Nelson decomposition

XM =Y1)eUM + ¥*(L)eM.

In fact, we will not be using the BN decomposition at all. There are two reasons for
this. First, Lemma OW?7 cannot be applied to the standardized version of ¥*(L)eM,
that is, D~'2¥*(L)eM. Second, even if we manage to reduce the analysis of D~ XM
to that of D~'>¥(1)eUM, our method of handling ¥ (1)eUM would not extend to
D729 (1)eUM, because D and ¢ are not independent. To summarize, we are not going
to use the BN decomposition, and will work directly with the demeaned and standardized
data D'2XM = D~ '?eUM, where e =[ey, ..., er] with e, = ¥(L)s,.

Recall that by Lemma OWS, UM = ZZ:I o,v,w,. Consider a representation of Fy in
the basis wy, ..., wy:

T-1
Fr=Y"a,u,. (S5)
q=1
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Vector F; is orthogonal to wy, hence summation runs up to ¢ = 7' — 1. Representation
(S5) yields

T-1
Z akaqwkaq Z ara 00,0, D ev, /N. (S6)
k,q=1 k,q=1

It is convenient to represent )\1 in the form )\1 A' A, where

1 T-1
A= C(kO'kD 12 evy + — C(kO'kD 12 eV, = A1 + Az,
w N2

with K being a fixed positive integer. Let e;. denote the jth row of e. Then, we have the
following explicit expressions for || 4;]|* and || 4,|*:

AP =T o 1 o or0y(evr)(ejvy) g7
1A =T ) avaggy D=4 , (S7)
foa=t = X:Uf(e,;v,)2

T-1 2
E Ok €;. Vi

k=K+1

T N
140" =5 2 =
= PIACE N

t=1

(S8)

Let
T-1

Mg = 010,(e;v)(evg)/ > o (ejv,)’.

t=1

Then

14,017 = TZakaq ZM,kq,

k,q=1

and by Assumption A2b, M;,, are independent for different j =1,..., N. Moreover,
since

2.0 2.0 7
O} V€.V + o,v,.€;,V,

|0'ka'qv;(e;,ej.vq| <

2 b
we have |[M;,,| < 1/2. Therefore, the variance of L Z M; 14 is no larger than 1/(4N),
and thus, the asymptotic behavior of || A4;]? is, to a large extent, determined by that of

Zj 1 1 kq-
Consider the finite Fourier transform of e;. (e.g., Brillinger (2001, Chapter 3.1)):

T
d(w)=Y_ejexp|-i(t - Dw}, we[0,2m7].

t=1
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Let us denote d(w,/2) as d, and d(—w,/2) as d_,, where w, = 27rr/ T. By definition (see
Lemma OWS5), the tth entry of v, forr =1, ..., T — 1 equals

v =+/2/ T (expli(t — Dw,/2} — exp{—i(t — Dw,/2})/(20).
Therefore,

eiv, =+2/T(d_, —d,)/(2i). (S9)

Theorem 13 in Chapter 4 of Hannan (1970) (one of the assumptions of this theorem
requires that the spectral density of e;. at zero is positive, which is ensured by Assump-
tion A2b), identity (S9), and the definition of o; imply that, for any fixed j, k, and ¢, as

d
T — o0, M, — Mgy, Where

Mg = (kq) " mimy/ Y (070},

t=1

and {n.};2, is a sequence of i.i.d. N(0, 1) random variables. Since M;;, is bounded, the
convergence in distribution implies the convergence of the moments of M ;,. In particu-
lar, as T — oo,

EM; g =EMq + 0;(1). (S10)

To proceed further, we need to establish the uniformity of 0;(1)in j=1,..., N.
In preparation for the proof of the uniformity, we establish some bounds on the spectral
density of the series ej,, ¢ € Z at frequency w,

2

fi(w) = % kX;(Wk ); explika@}| . (S11)
By Assumption A2b, for all j,
max|fy(w)| < B*/(2m). (S12)
Furthermore, differentiating both sides of (S11) with respect to @, we obtain
I . : .
fit@)' = ;zjol(k — ) (W) (W), explikw — irw).
Since |k — r| < (kK + 1)(r + 1), we conclude, using Assumption A2b, that for all j,
m;lx|fj/(W)| < B*/(2m). (S13)
Finally, Assumption A2b also implies that, for all j,
fi(0) = b*/2m). (S14)

We will need the following two lemmas. Their proofs can be found in Sections S3.2.2
and S3.2.3.
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LEMMA S2: Under the assumptions of Theorem OW?3, there exists an absolute constant C
such that, forany j=1,...,N and any q,r, p,l=1,..., T — 1, we have
() [E(v,e)ejv,) —2mfi(w,/2)0,| < CB?/T, where 8, is the Kronecker delta and w,, =
2mq/T;
(ii) |Cov(v e ejv,, v, e ejv)| < C(8yp8, + 8410, + (1 + »3)/ T)B*, where s, is as de-
fined in Assumption Al.

LEMMA S3: Let X be an R-dimensional vector with the kth coordinate e;.v; and let Y be
an R-dimensional vector with i.i.d. normal coordinates with mean zero and variance 27f;(0).
Further, let g : RR — R be a thrice continuously differentiable function with all derivatives up
to and including the third order are bounded by absolute value by a constant M,. Then, under
Assumptions Al and A2b, we have, for all sufficiently large T,

|Eg(X) — Eg(Y)| < M,C/VT,

where C depends only on R, B, and ,, with », and B as defined in Assumptions Al and
A2b.

Now we are ready to prove the uniformity of 0,(1) in (S10). By definition,

(o) O'quXq
ijkq = R

Z o’ X +Z
t=1

where Z=Y""", i1 07 V,€) ejv,. For max{k, g} < R, denote 0,0, X, X, / SR o2X2 as M,
Consider the event 5 {X? < 8} and let 1, and 1, be ‘Ehe indicators of this event and
of its complement, respectively. Since [M; x| <1/2 and |M;,| < 1/2, we have

E[lM,—,kq - Mj,kql X lg] < ps =Pr(&).

By setting function g in Lemma S3 so that it approximates 1., we see that p; can be made
arbitrarily small for all sufficiently large 7" uniformly in j by choosing 6 sufficiently small.
On the other hand,

_ M| Z1s | EZ
E[le,kq_Mj,kq| X 15(]:E|: R]kl] £ < .

~ 2807
PBLAS
t=1

By Lemma S2(i) and by (S12),
EZ < Z (B+CB*/T)<Ca}/R
t=R+1

for some absolute constant C, where the latter inequality follows from the definition of
o?. Therefore,

E[|M/',kq jkq| X 156] <C/(28R),
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and

EIM; i, — Mj,kq| = E[le,kq - Mj,kql X 15] +E[|Mj,kq - Mj,kq| X 150]
< ps +C/(26R),

which can be made arbitrarily small for all sufficiently large 7" uniformly in j by choosing
sufficiently small 6 and sufficiently large R.

Further, let M, = ovo,men,/ Y.~ o?n?. By choosing R sufficiently large, we can
make Eleq — M| arbitrarily small for all sufficiently large T

Now consider EM,;, — EMy,. To bound this expression uniformly in j, we would
like to use Lemma S3 again. Unfortunately, M, does not have bounded derivatives
as a function of X = (Xy, ..., Xg)'. The derivatives are unbounded in a neighborhood of
X=0.

To overcome this difficulty, let us introduce 7 : [0, c0) — R, a thrice continuously dif-
ferential function such that

7(z) =2z forz>§,

7(z) > 6/2 forz=>0,

and the first three derivatives of 7(z) bounded for z € [0, §]. Further, let
~ 0,0, X X
Mj,kq: kTq qu :g(X)
of‘r(Xf) + Z a’X?

=2

Similarly, let M kg = 8&(n), where n = (1, ..., ng)". Note that the derivatives J;g(x) for
r=1,2,3 are bounded, with a bound that depends only 8, but not on R.
We have

ijkq = _llkqlf + ijkqlff = _j>k4115 + ijkqlff
= (Mjig — Mjug)e + Mj 1.

Therefore,
IEM g — ]EMj,kq| = |E[(Mj,kq - Mj,kq)ls:H < Ps,

so that [EM,, — EM kgl can be made arbitrarily small, uniformly over j, by choosing
sufficiently small 6. By similar arguments, we can show that |EM kg — EM kgl can be made
arbitrarily small by choosing sufficiently small 8. Finally, |[EM kg — E/\;lkq| can be made
arbitrarily small uniformly over j for all sufficiently large 7 by Lemma S3. Summing up
the above arguments, we conclude that 0;(1) in (S10) is uniform in j.
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By (510) and Chebyshev’s inequality,

1 N
N Y Mg =EMy,+o0(1) + Op(N7'?),

j=1

Furthermore, by a conditioning argument, it is easy to show that EM,, = 0 for k # q.
Now recall

14, ]? = TZakaq ZMM
k,q=1

Therefore, we have
1 K
- LA =) oG EMu + o(1) + Op(N~'7).
k:l

For A,, the Cauchy-Schwarz inequality and the identity }_ a? = 1 yield

T-1 2
. N (Z akcrkej_vk)
I4a/ T =5 3=
j=1 ZO_Z /e/ e,
T-1
K 1 Z Uk(e Vi)’
< Z ) Zk —K+1
< = =1 Zo- (ejv,)?

Note that
-1
Z O'/E(ej.vk)z Z(Tk(e )’ K
ZU’tz(ej-vt)z Z(th(ej.vt)z !
=1 t=1

= 51( + 0(1)7

where 6x can be made arbitrarily small by choosing sufficiently large K, and o(1) is uni-
form in j, but may depend on K. Therefore,

K
”AZ”Z/T < (1 — Zaf) (8K + 0(1) + OP(N—l/z)).
i=1

For ;\1, we have
= [|AI” < 14”4 21 A1 [ A2]l + [ 42117,
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This inequality and the above bounds on || A, ||/ T and || 4,|*/ T yield

K
}\\1/T < ZaiEMkk + AK + OP(l)a

k=1

where Ag can be made arbitrarily small by choosing sufficiently large K, and the conver-
gence of op(1) to 0 as T — oo may depend on the choice of K. This implies that

T-1
X]/T < ZaiEMkk + 0p(1).
k=1

It is easy to see that EM,, > EM,, for a < b. Indeed, consider functions H,, H, :
[0, 00)>— R:

X 2
Ha(x,y) = L
070+ xml+ym;
t>1,t#a,b
2
Hy(x, y) = L
D 7+ xmy 4 ym;
t>1,t#a,b

Functions H, and H,, are increasing in x and decreasing in y and this monotonicity is strict
(unless n?> = 0 or n? = 0, which is a zero probability event). Therefore, with probability 1,
for a < b, we have

2, =2 -2 -
EM, =EH,(a7?,b7%) > E’Ha<a b a+b > and

2 ’ 2
-2 b—2 -2 b—z
EMbb = ]EHb (biz, afz) < EHb(a —; s 4 _; )
On the other hand,
a—Z + b—2 a—2 + b—Z a—2 + b—2 a—2 + b—Z
EH, , =K , .
" < 2 2 > H( 2 2 )
Therefore, EM,, > EM,,. This implies that
T-1
ZaiEMkk < G%EMM + (1 - a%)EMzz,
k=1
and thus,
;\1/T < O(%EM“ + (1 — a%)EMzz + Op(l). (815)

On the other hand, A, must be no smaller than Uiﬁ;v] , which yields

AT >EMy + op(1). (S16)
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Thus,
(1-a2)EM,,; < (1 — a2)EMy + op(1),
which only holds if
51, (S17)

This yields statement (i) of the theorem.
To establish statement (ii), note that (S15) and (S16) imply

A/ T —EMy| < |1 - aﬂ(EMu +EMz) + 0p(1).
Combining this with (S17), we conclude that
M/T =EMy +op(1).

This yields (ii) because EM;; = v, (the latter being defined in the statement of Theo-
rem OW3).
Further,

tr3= tr(MX/D‘lXM/N) = tr(D‘lXMX’/N).
But, by definition, D = diag{ XM X’/ T}. Therefore, tr3 =T and
Xl/T = X]/trﬁ,

which yields statement (iii) of the theorem.

For k = m > 1, the theorem follows by mathematical induction. Indeed, suppose it
holds for k < m. Consider a representation F,, = 23;11 a,w,. Since F) F; =0forall j < m,
and since |ﬁ ]fwj| =1+ op(1) by the induction hypothesis, we must have a; = 0p(1) for all
J < m. In particular,

T-1
ﬁ;lzﬁm = Z aqa,aqa,v;e’D‘lev,/N+ op(T).
q,r=m

In addition to this equality, we must have

i=1

m—1 m m
Z/A\"_f— A’/n ﬁmZZw;MU’e/DfleUMw,-/N=TZ]EMﬁ‘FOP(T)'
i=1 i=1

Combining the above two displays, and using the induction hypothesis, this time regarding
the validity of the identities A; = TEM;; + op(T) for all i < m, we obtain

T-1
> a,0.0,0,0,¢ D' ev,/N = TEM,, + 0p(T). (S18)

q,r=m

Statements (i), (ii), and (iii) for kK = m now follow by arguments that are very similar to
those used above for the case k =1.
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That is, we represent the sum on the left-hand side of (S18) in the form A’A, where
A= ﬁ Z:;ll a,oD~2ev;. Then proceed along the lines of the above proof to obtain
an upper bound on A4’A, similar to the right-hand side of (S15). Then, combining this

upper bound with the lower bound (S18), we prove the convergence a2, 51 Finally, we
proceed to establishing parts (ii) and (iii) using part (i). We omit further details to save
space.

S3.2.2. Proof of Lemma S2
Identity (S9) yields

E(v,eev,) = —E[(d_y — dg)(d_, — d,)]/(2T),

and
1
Cov (v, ¢;.ejv,, v, €} ejv) = e Cov((d_y —d)(d_, —d,), (d_, — d,)(d_; — d))).

To evaluate the latter expectation and covariance, we use Theorem 4.3.2 of Brillinger
(2001) (BO1), which describes joint cumulants of finite Fourier transforms. First, we need
to represent the expectation and covariance in terms of the joint cumulants. By their
definition, and by Theorem 2.3.1 (B01, p. 19),

1
E(v;e}ej_v,) =37 Z 185, cum(dy, g, ds,)- (S19)

s1,86{—1,+1}
Similarly, Cov(v;e},e -V, v;,e}‘ej.vl) equals
1
ﬁ Z 51825384 Cum(dslquzr, dS3pdS4l)~

$1,82,83,84€{—1,+1}

By Theorem 2.3.2 of B01, the joint cumulant of the two products of d, as in the latter
display, can be represented in the form of a sum of the products of the cumulants of
order 2 and the fourth-order cumulant. Precisely, we have

/ / / /
Cov(vqej,e];v,, vpej_ej;v,)
1

= m Z 851528384
51,82,83,84€{—1,+1}
X {Cum(dxlq: dS3p) Cum(dszra ds'4l) + cum(dw, ds'4l) Cum(dszra ds3p)
+ Cum(dslq7 d52r7 d53[77 dS4l) } . (SZO)

LEMMA S4: Under assumptions of Theorem OWS3, there exists an absolute constant C
such that, forany q,r, p,1=1,...,T — 1,and any s, 55, s3, 84 € {—1, +1},

|cum(dy,,, dy,,) — 27H,, 45,0 fi(w,/2)| < CB, (S21)

where H =

T—1 _it(sywg+sywr)/2
qTS2Wr
514,827 =0 € ,and

|Cum(dx1q: ds2r: d53p> dS4l) - (277)3Hs1q,szr,S3p,s4lfj4’ = C%4B4: (822)
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T-1 _j .
where Hy, g o1, psi = 9 € 1702005370 54w0/2 qnd £, is the fourth-order cumulant spec-
trum of the series e, t € Z at frequencies s,w,/2, $,w,/2, s3w /2.

PROOF: The proof of Theorem 4.3.2 in BO1 implies that the left-hand side of (S21) can
be bounded by C >~ (1 + k)|I(k)|, where C is an absolute constant and

Ti(k) =Eeje;, = Z 0,00 x.

f=—00

Here 0;, = (¥,);; for t > 0 and 6;, = 0 for ¢ < 0. On the other hand,

> A+ k)|

k=0
<> A+k) Z 101161
k=0 t=—00
<D (41— KD)16l16;l + Y Y (1+120)165116;, -] <2B°,  (S23)
k=0 t=—00 k=0 t=—00

where the last inequality follows from Assumption A2b. This yields (S21).
Similarly, from the proof of Theorem 4.3.2 in BO1, we know that the left-hand side of
(S22) can be bounded by

C Z (L+ kil + k| + |k3]) |cjaCky, ko,

ky,ky,k3=—00

(S24)

where C is an absolute constant and cj(ky, k2, k3) is the joint fourth-order cumulant of
€jss €js—ky»> €js—k,» and € . By Theorem 2.3.1(i),(iii) of B0O1, this cumulant equals

oo

2 : ej:ll—kl Gf,tz—kz 01,f3—k3 01'7!4 Cum(sj,—fl » €j—tr5 Ej,—135 81}—14)
t1,1p,13,14=—00

= Z 0.1k, 0.0k, 01,05 0. (e} _, — 3)

t=—00
o0

=< E 10,1-ky 07,1-k 0,0—13 0.6 524
=—00

where the last line follows from Assumption Al. By an argument similar to (S23), ex-
pression (S24) can be bounded by C»,B*, where C is an absolute constant. This yields
(S22). Q.E.D.

Returning to the proof of Lemma S2, consider (S19). Inequality (S21) implies that
2KB*

/ / 1
E(vqej‘e,v,)+ﬁ Z $18H, 4 0, 27 (w,/2)| <

s1,52€{—1,+1}

(S25)
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Further, for g =r,

T-1
E S1s2Hslq,szr = Z 5182 § e—it(sl+s2)7rq/T = —2T (826)
s1,826{=1,+1} s e{—1,+1) 1=0

For g # r and such that s,q + s,r is even for all 51, s, € {—1, +1},

T-1
> " si59H, g0 = si5y Y e Mt/ =, (527)
s1,82€{=1,+1} s1,826({—1,+1} =0

Here, the latter equality holds because s,q + s,r is an even nonzero integer, such that
|s1q + sor| < 2T (recall that 1 < g,r < T —1). For g # r and such that s,q + s,r is odd for
all s;,s, € {—1, +1}, we have

efi(slcﬁ»szr)‘n-/T . 1

T-1 o)
E e—il(sl q+sor)ym/T — —
=0

Nevertheless, > . .y $152Hj, 4.5, still equals zero because

-2 -2 2 2

e—i(q+r)77/T -1 + ei(q+7)7'r/T -1 + e—i(q—r)‘n'/T -1 + ei(q—r)ﬂ-/T -1 =2-2.

Therefore, (S27) still holds. Using identities (S26) and (S27) in (S25), we obtain statement
(i) of Lemma S2.
Next, consider (S20). By (S21) and (S22), the difference between

2
T
(T) E $1 825384{277Hs1q,szr,s3p,s4zfj4

51,52,83,84€{—1,+1}

+ (Hslq,S3pH52r,S4l + Hslq,s4lezr,S3p)fj(wq/z)fj(wr/z) }

/ / / / 3
and Cov(vqe Lejv, v e e ;.U7) 18 no larger by absolute value than

1
7 2 (CaB 1 2CB £ 2w CB(|Hyg (/)

81,82,83,84€{—1,+1}
+ |Hszr,s4lfj(73'r/2){ + |Hslq,s41fj(wq/2)| =+ |H52f353pfj(wr/2)|)},

which, in its turn, is bounded from above by C(1 + s)B*/ T, where C is an absolute con-
stant (we remind the reader that throughout the paper, the value of the absolute constant
C may change from one appearance to another). Indeed, such a bound follows from (S12)
and the fact that |H, ;| < T. Further, from the above analysis of E(v,eje;v,),

Z SlS2s3s4(Hslq,S3pHs2r,x4l + Hslq,s4lHS2r’,53p) = 4T2(6qp5rl + 6(]15}'17)-

51,82,83,54€{—1,+1}

Therefore, from (S12),

Z S1s2s354(Hslq,S3pH52r,s4l + Hslq,54lH52r,s3p)fj(wq/z)fj(wr/z)

51,82,83,84€{—1,+1}
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is no larger than 472B*(8,,6,; + 8,48,,)/(2m)*. Next, by Theorem 2.8.1 of BO1,
Ee, -3
Qm)y

Fia(pr, s 3) = O(u)O(w2) O (p3)O(—py — po — p3)

where O(u) =Y, 6ke ™, and since |H, .l < T,

TB4%4
Qm)*

=

E sls2s3s427TH31q,er,S3p,S4lf‘j4

51,82,53,54€{—1,+1}

Opverall, we conclude that | Cov(v/qe},e - Ur, v/pe},e 7vp)| 1s no larger than

<7T>2(TB4%4 N AT*B*(8,,8, + aq,a,p)) L Ca+ Kk4)B*
T 2m)? (2m)? T ’

which yields statement (ii) of Lemma S2.

S3.2.3. Proof of Lemma S3
Our proof is based on the following theorem, established in Chatterjee (2006).

THEOREM S5—Chatterjee (2006): Suppose x and y are random vectors in R™ with y
having independent components. For 1 <i < m, let

R :=E[E(xi|xi, ..., x2) —E()|,
B, .= IE|]E(xf|x1, cee xi—l) - ]E(yzz)|

Let M3 be a bound on max;(E|x;|* + E|y;|*). Suppose h : R — R is a thrice continuously
differentiable function, and for r =1, 2,3, let L,(h) be a finite constant such that |9 h(z)| <
L,(h) for each i and z, where J’ denotes the r-fold derivative in the ith coordinate. Then

m

1 1
[EA(x) —Eh(y)| < Z(RiLl(h) + EBiLZ(h)> + EWILs(h)My

i=1

Let us denote (W) as 0, as in the previous section. With this notation, we have

o0
ej = E 0ikEji—k-
k=0

Let

&) T+1-i fori=1,...,2T,

Z ej,k+2T8j,T+1,i,k for l:2T+1, ...,3T,

k=2T+1-i

X; =

and m =3T. Then, fort=1,..., T, we have

T+t-1

ej = E OikXirr—t11 + X37—141,
k=0
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so that the R-dimensional vector X with the kth coordinate e;. v, can be thought of as a
function X(x) : R” — RR. Further, let

iid. N0,1) fori=1,...,2T,
Y=o fori=2T+1,...,3T.
Since x;,i=1,...,2T, are independent, we have
R,=B;=0 fori=1,...,2T. (S28)
For i > 2T, we have

R, = EiE(xﬂxl, cees Xi71)|
< (E[E( . .. x)]) " = [E()]
and
B =E[E(x]|x1, ..., xi1)] =E(x7).
On the other hand, for i > 27,
E(x7) = Z 612‘,k+2r'
k=2T+1-i

By Assumption A2b, Y7 ,(1 + k)|0;x| < B. Therefore, |0;| < B/(1 + k) and, for 2T <
1 <3T,

B > B’ B?
E(x}) < —— 9, < - <
(x) = 4T+1—ik:2T2+:H| 2t < AT +1—i)> ~ T?
Hence,
|IR|<B/T and |B;|<B*/T* fori=2T+1,...,3T. (S29)

Further, fori=1,...,2T,

Elxi* +Elyl® = Elejrl® + 2v2/7 < (Blej ) +2
< (Gu+3)*+2<+5. (S30)

Here, the second to the last inequality follows from Assumption Al. For 2T < i <3T, we
have

3

Elx; + Ely’ =E[x;,  =E Z 0} k427 €, T+1—i—k

k=2T+1-i

. 4\ 3/4
<|E E 0) k427 €, T+1—-i—k
k=2T+1—i

- 2 - 3/4
= (( Z 0/2‘,k+2T) + Z ej,k-%—ZT)

k=2T+1—i k=2T+1-i
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<(1+50)"B )T’ <1+ )BT <3+ 5
for all sufficiently large 7.
Next, let A(x) = g(X(x)). We have

R R
[gih(0)| < ) laigX0[|0;X,(0] < M Y _|aiX, ().

=1 t=1

On the other hand,
T T+s—1
o”}X,(x) = (9}(61‘%) = szﬁ}( Z 0k Xjpr—s41 + x3T—s+1)
s=1 k=0
T
) DD vl fori=1,...,2T,
T ) s=T+1-i
Ut 3T+1-i fori=2T + 1, ...,3T.

Since |v,| <+/2/T and Y 7 (1 + k)|6;| < B, we have
91X (x)| < (B+1)y/2/T.

Here, we use B + 1 instead of B to take into account a possibility that B < 1. Combining
the latter display with the above inequality for |7} h(x)|, we obtain

Ith(x)| < M,C,/T"?, (S31)
where C; = v2R(B+1).
Further,
R
2h()| < Y a7, 8(X)||01X,, ()] [} X,, ()]
t,h=1
R
+ |08 (X)||2X, (x)]
=1
R
= > |4} ,8(X)||9X,, (x)||01X,, (x)]
t,h=1
R
<M, Y 91X, (0)]|0}X,, (x)],
t1,h=1
so that
|7h(x)| < M,Cy/ T, (S32)

where C, = C}. Similarly,

R
Zho)] < Y |3, 8X)]|1X, (x)|[91 X, (x)][9)X,, (x)

hhn

b

t,t,53=1
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so that
| h(x)| < M,Cs/T*"?, (S33)
where C; = C;.
Using inequalities established above in Theorem S5, we obtain
M,C,B  M,C:B*>  M,Cs(54+5)
T'? * 2T? 2T'?

|Eh(x) —Eh(y)| <
On the other hand,
[Eg(X) —Eg(Y)| = [Eg(X(x)) — Eg(X(»)) +Eg(X(»)) — Eg(Y)]
= |Eh(x) — Eh(y) + Eg(X(y)) — Eg(Y)|
< |Eh(x) —Eh(y)| + [Eg(X(y)) — Eg(Y)|.

Note that X(y) and Y are normally distributed vectors with zero means but different
covariance matrices, which we denote 3, and 3y, respectively. By definition,

Sy = 27f;(0) .

Define 0y, i=1,2,...as y;fori=1,...,2T, and as i.i.d. N(0, 1) random variables
independent from y, ..., y,r for i > 2T Then,

T T+s-1
X (y) = § § 0k Vit T—511Vss

s=1 k=0
T T+s—1

== E Ojkns—kvts
s=1 k=0
T oo T [}

= E E ]kns—kvts - E E Ojkns—kvts
s=1 k=0 s=1 k=T+s

T o)
=X, () =Y Y Ok

s=1 k=T+s

00 T
=X,(M) =D M Y Oirislise
=T s=1

By Lemma S2,

|E(X,, (X, (M) — 27f;(w, /2)8,,,| < CB*/T.
Further,

(150 S 0w =3 (TS 00

i=1 =T i=1 s=1
T

o) T B2 B2
;Z T+S—Z](T+s)2<?9

IA



22 A. ONATSKI AND C. WANG

and
00 T
E (x,l MYy e)
=T s=1
T [ [ T
= E(Z Z 7’—1’1 0j,T]+3‘1 Utlsl Z 7]—72 Z 0j,72+szvt232)
s1=1 11=—51 =T sp=1
oo T T
B2
= Z Z 0j,7+51 Utlsl Z 0j,T+32vt23‘2 < 7'
=T 51=1 sp=1
This yields

IE(X, ()X, () = 27f (@, /2)8,,| <C/T

for some constant C that depends on B. This and inequality (S13) yield
|E(X,, ()X, () = 27f;(0)8,,| < C/T (S34)

for any positive integers ¢, t, < R, where C depends on B and R.
Further,

|8(X(») — (V)| = M,[X(») - ¥].
Therefore,
[Eg(X(») —Eg(V)| < M,E[X(y) ~ Y|
< M,(E[X(») - Y[)".
On the other hand, we may assume that y and Y are independent, and thus
E|X(y) - Y|* =tr(3, — 3y) < RC/T,
where the last inequality follows from (S34). Hence, finally,

M,C,B  M,C,B

T]/Z 2T2

M,Cs(554+5)  MRVC'?
2T1/2 T1/2

|Eg(X) — Eg(Y)| <

This yields the statement of Lemma S3.
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S4. THE “NUMBER OF FACTORS”
S4.1. Proof of Proposition OW4

Let us denote V' (k) 4+ ko*p;(N, T) as IPC;(k). For positive integers k, IPC;(k) >
IPC;(k — 1) if and only if e /T < &6%p;(N, T). The latter inequality is equivalent to

kmax

A/trS < (1_ZX,/tr$>p,(N, T). (S35)

j=1

On the other hand, by Theorem OW1(iii), for any fixed positive integer k, A./tr> 2
6/(k)*. Since p;(N,T) — oo as N, T — oo for j =1, 2,3, inequality (S35) is satisfied
with probability arbitrarily close to 1 for all sufficiently large N, T. This yields statement
(1) of Proposition OW4.

To establish part (ii), we need the following lemma.

LEMMA S6: Under assumptions of Proposition OWA4, for k.x = ['yén1], we have

N TtrQ) (T+N,)N*8yr
2_0 .
7 P(NSNT + NT

PROOF: We rely on notations and definitions from the proof of Theorem OWI. Let
V(k)=tr3/T — Y% X;/T. Then,

T-1 T-1 T-1 1
TV (Kmax) = E A< E w.Sw, = E ﬁo;zv;s/st,.
r=kmax+1 r=kmax+1 r=kmax+1

Denote Zf;,fmax 107 a8 Sk, Then Lemma OW6 and the fact that tr W = tr 2 yield

T-1
2.0 o
E oV eWev, =i, 10 + 0p (g, tTL2).

r=kmax+1
Since o, = 2sin(wr/(2T))) ' <T/Q2r) forr=1,..., T — 1, we have

T-1

Stws < Y, T/ (47) < T/ ($himar),

r=kmax+1
and therefore,

I7(k Ttr(2 (Ttr()).

< -
") = N e "\ N
Next, similarly to (OW34), we have the following inequality:

(S36)

172

(TV (k) = (TV (ka)) | < |9 (L)eM || min{1, yT/N}.

Hence,

07 =V (knax) <2V (kmax) + %H w*(L)sM |’ min{1, T/N}.
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This inequality together with (OW33) and (S36) yield the statement of the lemma.
Q.E.D.

By Theorem OW1(ii), for any fixed %, (5\,(/T)‘1 = Op(N /(T trQ)). Therefore, by
Lemma S6, (A¢/T)~'62 = Op(myr) and

(A/T)'&p;(N, T) = Op(myy p;(N, T)) = 0.

Hence, for any fixed k, Ak /T > 62p;(N, T) with probability arbitrarily close to 1 for all
sufficiently large N, T'. This implies that IPC;(k) < IPC;(k —1) with probability arbitrarily

close to 1 for all sufficiently large N, T, and thus, k i 2 .
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