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This supplement to “Exchange Design and Efficiency” gives the remaining proofs
and additional results for the general design (part B) and results and proofs for sym-
metric markets (part C). It also includes a color version of Figure 2.

APPENDIX B: OTHER PROOFS AND ADDITIONAL RESULTS: GENERAL DESIGN

LEMMA S1—Woodbury Matrix Identity: Suppose that S € R¥*X and T € R-F are
square matrices, and U € R¥*l and V € RF*K are real matrices. When S™! and T-! are
(psedo)inverses of S and T, respectively, the following matrix identity holds:

(S+UTV) ' =8 =S 'U(T"' +VS§'U) VS~

We define demand g, () : R*®) — R as a function of residual supply intercept s,
(rather than price pk(,) for each k € K(n) and n.

LEMMA S2—Asset by Asset Optimization: Consider a market structure N ={K(n)},.
Given the residual supply of trader i, that is, price impact A’ and intercept distribution
F(s7|q}), the following optimization problems are equivalent:
(1) a profile of demands {{g; ,(-) : R*"” — R}ck(n}» maximizes the expected payoff
(2);

(2) a profile of demands {{g}",(-) : R — R}ck )}, maximizes the expected payoff
(2);

(3) foreachnand k € K(n), demand g’ ,(-) : R*"” — R maximizes the expected payoff
(2), given trader i’s demands for other assets {g;",(-)}cex(n),cx« in exchange n and

other exchanges {{QZTn/ (')}ZEK(n’)}n’;én-

PROOF OF LEMMA S2 (ASSET BY ASSET OPTIMIZATION): Consider a Banach space X’
of profiles of twice continuously differentiable downward-sloping demands g; () :
RX™ — TR for all kK € K(n) and n. Similarly, we consider a Banach space X* of profiles of
twice continuously differentiable downward-sloping demands ¢, () : R — R for all

. . aqk., () e
k € K(n) and n. Specifically, the Jacobians of demands :sli'?) = ((;Z;’—;’())k,(i € REmW>K(n)

and d‘q"&,i,)(-) _ (ﬁc{i,n_(-))

; r.o € REWK(M are negative definite for all n; they are negative semi-

SK(n) ISt
definite if some assets in exchange n are perfectly correlated.

Marzena Rostek: mrostek@ssc.wisc.edu
Ji Hee Yoon: jihee.yoon@ucl.ac.uk

© 2021 The Econometric Society https://doi.org/10.3982/ECTA16537


https://www.econometricsociety.org/suppmatlist.asp
mailto:mrostek@ssc.wisc.edu
mailto:jihee.yoon@ucl.ac.uk
https://www.econometricsociety.org/
https://doi.org/10.3982/ECTA16537

2 M. ROSTEK AND J. H. YOON

(Part (1) & (2)). We first show that ¢'(-) = {{q;;’n(-)}keK(n)}n € X maps one-to-one to
q” () = {g;,()Ykekmw}a € X that yields the same expected payoff (2), and endow the
spaces X’ and X* with a norm || - |, that assign the same norm to ¢'(-) and q”*(-) when
they are mapped. Then, the equivalence between problems (1) and (2) is immediate.

Central to the equivalence between problems (1) and (2)—equivalently, the existence
of the one-to-one mapping between X and A™*—is that pg(,, maps one-to-one to 517@ in
each n. A function of px, (g} ,(-)) is measurable with respect to s,}in), and a function of
51?@ (q;,(-)) is measurable with respect to pg ).

To construct a mapping between ¢'(-) and q*(-), we first characterize the mapping
between pg, and s, , given residual supply and market clearing: The price vector
Pk € R¥™ is determined applying market clearing to the demand of trader i and his
residual supply in each exchange n:

i —i i\l —i n
Ak (n) (Pxm) = Sk T ((AK(n)) ) Px(n) VSK(n) e RK®, (S1)

By the continuity of the downward-sloping demand qf,((n) (+), Eq. (S1) uniquely determines
price as continuous functions of intercepts’ realizations s,}in) € RX™_which we denote by
Pin () : RX™ — RX™. Then, trader i’s quantity demanded is uniquely determined by
Q5 () = iy © Piny (1) - RE — RX™ in each n. Conversely, given g (-), a profile of de-
mands is uniquely determined by qi, (-) = 4% sy © (P (n(-)) " in each n when (pj,;(n)'(-))‘1
is the inverse of price function py, (-). q”(-) is downward-sloping if and only if qf(-) is
downward-sloping, given the downward-sloping demands of traders j # i (i.e., A, is
positive semi-definite in Eq. (S1)).

Moreover, the system of equations (2) and (S1) that characterizes the expected payoff
reduces to a single equation for q*(+) (Eq. (S3)). Market clearing (Eq. (S1)) defines price

as a function of trader i’s quantity demanded q** € RX»X™ and intercepts’ realizations
S_i = RZVLK(”):

P'(a",s7) = (A) (@" —s7) Va"=(aiy), R Vs = (s,), €R¥ 5. (S2)

Substituting p*(-) = (p’ o q*)(-) into the system of equations (2) and (S2) characterizes
the expected payoff as a function of q*(-):

i

U(q*()) = E[&* (@ +a) - S (@ +4i) - (" +q)) — (4" —s7) Aiqi*l‘lfﬁ]

vq* () € X*. (S3)
The expected payoff U(q'(+)) in the system of equations (2) and (S2) satisfies U(q'(+)) =

U(q™(-)), given the mapping from q'(-) € X to q™*(-) € X'* defined by Eq. (S1).
Endow the space X'* with a norm || - ||, defined by

a5 (i) 1a0]) %, (S4)

a" (). = kemK%nl 7.0 = kgf}l’){n(E[
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given A’ and F(s~'|q}). Because q**(-) € X* maps one-to-one to q'(-) € X,! given A’ and
F(s7|q}), the maximization of the expected payoff (2) with respect to a profile q'(-) =
{{g.,(-)}c}n € X subject to market clearing (S1) is equivalent to the maximization of the
expected payoff (S3) with respect to a profile q"*(-) = {{g;", ()}« }. € X™.

(Part (2) < (3)). We want to show that the maximization of expected payoff (S3) with
respect to a profile of demands {{g;’,,(-)}«}, is equivalent to the maximization with respect
to the demand g, (-), given the trader’s demands for other assets, for all k € K(n) and n.
By the Second Partial Derivative Test, to show the equivalence between problems (2) and
(3) in the lemma, it suffices to show that the mapping U(-) : X* — R is twice (Fréchet)
differentiable® and satisfies the second-order condition.

(Differentiability of expected payoff with respect to demand schedules). First, we will show
that DU(-) : X* — R K

DU(qt*()) — E[8+ _ O(i2+(qi* 4 qa) _ p* _ Alql*qu]] Vql*() c X* (SS)
is the Fréchet derivative of U(-) with respect to q*(-). Consider a demand change
Aq*(-) = {{Aqy, ()N} such that §*(-) = ¢**(-) + Aq™(:) is in X*. Because ¢*(-) is
downward-sloping, by the same argument as in (Part (1) < (2)), we can define price

p*(-), that is a function of s, analogously to Egs. (S1)—(S2). Substituting p*(-) into Eq.
(S3) gives the expected payoff change (S3) for a demand change Aq'(+):

U@ () -t ()

= E[(8+ — 'Y (q" +qp) —p* — A'q”) - (@ —q")

By the convexity of the quadratic matrix function (q* — q™*) - (0‘7[2+ + AN (G* — q*), the
Jensen’s inequality implies an upper bound on the change in the expected payoff:

i

- ‘E[(ﬁ” ~q")- (%Y A”) @ —ql’*)lqé}
1)( max {E[|’éiﬁn—qifn|2lq6]})

keK(n),n

< (1- ‘%E++Ai

'We endow the space X (rather than X*) with a norm || - ||, defined by

[ Ol =, max g, Ol = max (B[l @) 16])
given A’ and F(s~'|q}) and market clearing (S1). By the definition of the norm in X* in Eq. (S4), q'(-)llec =
g™ (-)lloc When q?(,,)(') = qun) o p}}(,,)(') in each n.

2Let V and W be normed vector spaces, and U C V' be an open subset of V. A function f: U —
W is Fréchet differentiable at x € U if there exists a bounded linear operator 4 : V' — W such that
limy 0 W = 0. If such an operator A exists, it is unique. Df (x) = A is the Fréchet derivative of
fatux.
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1)

Finally, taking the limit of the payoff change (S7) as [|¢"*(-) — ¢ (*) [l — 0, we have
lim UG () = Ul(qg'(-
||ﬁ"*(»)fq"*<»)uoﬁo(’ @) (40)

e P P ORI O | I(CROEP RO
a0 -40l. =

Given that all elements of [£3%" + A’| are bounded, (S5) is bounded (i.e., |DU(q*(-))| <
o0) for any q**(-) € X* such that ||q™*(-) [l < 00, and (S5) is the Fréchet derivative of U(-).

(Second-order condition). We show that the second-order condition of the optimization
problem (S3) holds. The Hessian of U(+), D*U(-) : X* — REnKm)xa k() jg

< (1[gxr A i@ o - a0l (57)

< lim ( ‘—2*+A’

1§ (-)—a™ () loa—0

DZU(qz*()) — _ai2+ _ Ai _ (Ai)/ qu*() e X*.
This is because, by the definition of the Fréchet derivative of DU (-), we have

DU@ ) - DU ()~ DU )]
I3% () —a* () oo—>0 la=¢)—a*()|
— llm (|E[—al2+(?]q* _ ql*) _ Ai(’q’i* _ qt*) _ (Ai)/(’(‘l‘i* _ ql*)

13 (-)—a™()lloc—0
+ (@2 + A+ (A)) @ —a")lap])/([3 ) —a" O] ) =

D?U(-) is a constant (matrix) function on X*. Given the downward-sloping demands of
traders j # i (i.e., A' is positive semi-definite), D*U(-) is negative semi-definite. Hence,
the second-order condition of the maximization problem (2) holds. The Second Partial
Derivative Test then implies the equivalence between a trader’s optimization with respect
to a profile of demands {{q}jn()}keK(n)}n € X* and asset by asset optimization with respect
to g;,,(-), given his demands for assets £ # k, for all k and n.

It is immediate that the second-order conditions in problems (1) and (3) hold, given
that the second-order condition holds in problem (2). Q.E.D.

PROOF OF PROPOSITION 2 (EQUILIBRIUM: UNCONTINGENT TRADING): Let the mar-
ket structure be N ={K(n)},. Consider a trader who optimizes against a residual mar-
ket {{qf,{(n)(')}n}#,-, for which the residual supply is the sufficient statistic. Assuming the
linearity of other traders’ demands, the trader’s residual supply in each exchange » is
parameterized as a linear function of the price vector pg,):

Sk (Prcn) = iy + ((AfK(n))_l),PK(n) Vpx(y € RX™,

where s;,, = Si, )(O) € R¥® js the intercept of the trader’s residual supply and Af,((n) =

((%&E))*l) € REKM*K®) ig the transpose of the Jacobian of inverse residual supply.
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(Part (i): “Only if”). Suppose that a profile of (net) demands of trader i {{g;,(-)}xex )}
satisfies the first-order condition: for each k € K(n) and n,

8k — o' gy — aiEZE[qilsl}in), Q) = Prn + (Afmn))qu(n) VSk(n) € RX®. (S8)

When written in matrix form, the first-order condition (S8) in each exchange n becomes
a single matrix equation:

+ i i iyt Heami i i i K(n
Ogmy — @ 2kl — @ EK(n)E[q |SK(n)> qo] = Pk + Ak k) Vsgm €R ™, (89)

i __ drgm)
Ko = g,
To demonstrate that the first-order conditions (S9) computed pointwise with respect

to each realization of s,}i(n) € RX™ are sufficient to the optimization of demand schedules
Qi (1) : RE®W — RE™ 3 we show that a demand change Aqj, (-) : R¥™ — RX™ does not
increase the trader’s payoff (2).* The payoff change following an arbitrary demand change

Aqj,y () : R — RX™ that is a twice continuously differentiable function in s, is (as
characterized in the proof of Lemma S2, Eq. (S6)):

where A € REKM*K® ig his price impact in exchange n.

E[(‘S;(n) - aiEK(n)qé - aiEZ(n)qi —Pk@) — A;{(n)qg((n)) : Aq;((n)qu)] - O(HAngn) “io) (510)

Denoting the intercept distribution by F (51?(") |q)), the payoff change (S10) can be written
as follows:

/E[(5Z(n> - aiEK(n)qf, - aizlt(n)qi — Pk — A;((n)q;{(n))ls;(i(n)’ qf)] : Aq?qn) dF(S;(in) |q6)

— o]l Adi I12)- (S11)

If the integrand is zero for all intercept realizations 51?@) € RX®™_that is, if the point-
wise first-order condition (S9) holds, then the payoff change (S11) is nonpositive for
any demand change quqn)(-). Given the one-to-one mapping between pk(, and s,

(ie., A;(H) > 0 in Eq. (S1)), the first-order condition (S9) is pointwise with respect to
pK(n) € RK(ﬂ)Z

i i it i i i i n
8k — Tk — T E[Q P> 4] = Prony + Akniy  YPrmy € RE.

Given that the second-order condition —&'3" — A’ — (A’)’ < 0 holds (Lemma S2), point-
wise optimization (S9) is also sufficient for optimization with respect to qi., (-)-

3As seen in the proof of Lemma S2, given downward-sloping and continuous qjqn)(-), Eq. (S1) uniquely
determines trader i’s quantity demanded in each n as continuous functions of a realization of intercepts SEL;) €
RX", which we denote by g, (-) : R¥") — RX(". For simplicity, we omit the superscript ‘+” from the proof of
Proposition 2.

4A unilateral demand change of trader i is understood as a profile of arbitrary twice continuously differ-
entiable functions {Ag; (-) : R — R}y so that qi, (-) + Adi, (-) are downward-sloping with respect to the
Aty VA ) ()

s € RK(*K( js negative semi-definite.

contingent variables, that is, the Jacobian
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(Part (i): “If”). We prove by contradiction that condition (i) is necessary for each trader’s
optimality of demand schedules in problem (2). Suppose that for some realization 5, €
RX()

E[(Sz(n) - aizK(n)qé - aizzt(n)qi — Pk — A%(n)q%(n))lglzin)’ qé] > 0. (512)

The marginal payoff (i.e., the LHS of Eq (S12)) is continuous in SZ@) by the continuity
of qK(n>( ) and pk(» () with respect to sy, . Hence, the marginal payoff is positive for all

<—i

prices in a neighborhood of s,: that is, there exists & > 0 such that

. ‘ , o S . . B .
E[(sK(n) — a2k — alzK(n)ql — Pr@n) — AlK(n)qlK(n)) |sK(n)’ q;)] >0 Vsg, €R. (sKl(n))’

where R (512‘(”)) = {s,}?n)|||s}in) — 5122,1) l« < &} is an open set that contains 51227). Because
the measure of R, (Sy,) is nonzero, one can construct a demand change Aqg.,(-) with
a positive payoff change in Eq. (S11): Pick a twice continuously differentiable, posi-
tive, bounded, and downward-sloping function n(-) : RK® — RX®™ such that the Jaco-

bian ;”() € RKM*K( js negative semi-definite, n(s, ) =0 for all si{, ¢ R.(Sx,), and
K(n)

M = ()]l < co. For a demand change AqK(n)(-) =vn(-) by trader i for some v € R,
the payoff change (S11) is

. . . - o I
V/R - )E[(‘SK(n) — a2y — alzK(n)ql — Pk — AlK(n)qK(n))|sKl(n)’ qo]
OO

x n(SK(n)) dF(SK(n)l%) vzo(ﬁ). (S13)

Equation (S13) is quadratic in » with a negative quadratic coefficient and a positive linear
coefficient. It follows that, for this v > 0, the payoff change (S13) is strictly positive, and
thus the demand increase Aqﬂqn)(-) = vn(-) is a strictly profitable deviation. This contra-
dicts the optimality of g, (-)-

Similarly, we can show that if, for some realization EIQin) e RKO,

E[(51+<(n> - aizK(n)qf) - aizlt(n) (‘li + %) — Pk — A;{(n)q;((n)) |§;<in)7 (If)] <0,

then trader i can increase his payoff by reducing his demands around §1’<"(n) by Aq;(n) ()=

v(+) for some v < 0 and n(-) : RK® — RX™ with the same properties as above.

(Part (ii): “Only if”). We show that condition (ii) is sufficient for equilibrium (Defini-
tion 2): given each trader’s optimization problem that takes the residual supply as given
(condition (i)), the requirement that the residual supply is correct (condition (ii)) is suf-
ficient for each trader’s optimization problem that takes other traders’ demands as given
(Definition 2).

In trader i’s optimization problem, other traders’ demands {{qk(n)(')}n}#i are payoff-
relevant to his expected payoff (2) only via the price distribution F(p|qj) and price impact
A= d k. Because F(p|q)) and A' are determined by applying market clearing to demand
schedules qK(n)( )+ 2 qK(n)( ) = 0 in each exchange n, the sum of other traders’ de-

mands {D . i qK(n)( )}n»—equivalently, the residual supply {S K(n)( ) =—) . i qK(n)( ) —
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the sufficient statistic for F(p|q;) and A’, and thus the sufficient statistic for the profile of
other traders’ demands in trader i’s optimization problem.

(Part (ii): “If”). We show that condition (ii) is necessary for equilibrium: If the residual
supply satisfies S;("(n)(~) # — D Qi () for some i and n for some realization of {q};. €
RU=DX, then trader i’s demand @y, (-) that is optimized when taking §,}in)(-) as given is
not an equilibrium demand. The argument is by contradiction, and mimics the proof of
Lemma 1 in Rostek and Weretka (2015). N

Suppose that trader i submits demand functions {@,,(-) = g, (; Sfi(-))},, for which
~_ : , . ~i '9‘1/ n ) —1\s
Sken() # =X q%(n')(‘) for some n'. Then, either Ay, # —((3_ ﬁ) )" or the
residual supply intercept that defines F (Sk(n|dp) is such that S, # — > Qi (0) for
some realization of {q)};.; € R/"VX. Then, the first-order condition (S9) of trader i in
exchange n’ that takes as given other traders’ demands {q/(-)},.—rather than function

S-i(-)—is violated at the realization {q};.;:
k) — & ko — “izz(n')E[?qu}in/)’ @] = Prer) = Ay Aoy # 05
i - ’7(1/ (”r)(‘)
where A,.qn,) = (X ﬁim) _
— (24 Ay ()s and s, = =" dl, (0) is its intercept. Following the same argu-
ment as in the proof of (Part (i): Part If), one can construct a deviation Aqy,,(-) =
vn(-) for which the expected payoff change (Eq. (S13)) is positive. It follows that

{di(y (- S7'(-))}n is not a best response to the profile of other traders’ demands {q/(-)} .,
and hence is not an equilibrium. Q.E.D.

)~') is the inverse of the transpose of the Jacobian of

PROOF OF COROLLARY 1 (EQUILIBRIUM PRICES AND ALLOCATIONS): We character-
ize equilibrium prices and allocations as functions of the equilibrium demand coefficients
{B, C'}; and price impacts {A'};,. Applying market clearing to demand schedules (39)
yields the price vector:

p= (Z ci)l (Z a— ZBiqg). (S14)

Summing the intercepts {a'}; in Eq. (27), we have

I (Z C") (5+ - (Z(afz+ T Af)1>1 (s A’)1Waf2E[qé]>

+ Z B'E[q)]- (S15)

Substituting for ) . a' from Eq. (S15), the price equation (S14) becomes

p=o' - (Llx +4)") Tlex'+4) Warzely)

J J

=E[Q]
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-(Te) -, 16

=Q-£[Q]

Q= Cc/)! > qué is the aggregate risk in the uncontingent market, while Q¢ =
(Zj(osz+ + A)H! Zj(ozfz+ + Aj)‘1Waf2qé is the aggregate risk in the contingent
markets, where we used C“ = (/X" + A’)~" and B¢ = (¢/2" + A/)'Wa/X for all j.

To characterize the equilibrium quantity traded of trader i, substitute equilibrium price
p and demand coefficient a’ into trader i’s demand (39): for each i,

q = (2" + A) " (E[Q] - Wa'SE[q)]) + C'(Q — E[Q]) - B'(d) — E[q})]).  (S17)

In the symmetric equilibrium (i.e., assuming o = « for all i), the equilibrium price (S16)
and quantity traded (S17) become Eqgs. (17) and (18), respectively. Q.E.D.

LEMMA S3—Price Impact in Competitive Markets: Consider a market structure N =
{K (n)},, let {a'}; be the profile of traders’ risk aversions, and suppose {A"'}; is a profile of the
equilibrium price impacts for all I < oo and in the limit market as I — oo. The equilibrium
price impact becomes zero as I — oo if o' = o'y’ € R, increases slower than linearly by a
common factor y' ~ o(I'=*) for some ¢ € (0, 1): for each i, A" =lim,_, A*' =0.

PROOF OF LEMMA S3 (PRICE IMPACT IN COMPETITIVE MARKETS): By Definition 3,
the equilibrium price impact in the competitive market is A’ = lim;_.,, A*". Theorem 5
characterizes the fixed pomt equation for price impact matrices {A"'}; for I < co. We
show that price impact A*' is proportional to a factor y' € R, that is common to all
traders o = a'y': that is, {A"’}; is a profile of equilibrium price impacts when traders’

risk aversions are {a’y’}; if and only if {/N\l’l = ;—,Ai’l }: is a profile of equilibrium price
impacts when traders’ risk aversions are {«'}; independently of the number of traders 1.
This can be shown substituting o/ = o'y’ for all i into Egs. (28)—(30):

A A 1 . N\N'
B = (a’2+ + —,A“’) Wa's,
Y

, 1.\ . —I\ -1 o . Oy —I
_ igt _At,l o ICl,I IC pv Bl,f 7LUB s
((a I J Y'C)(¥'C) ot Tonton
a2+ Al]) IC11> ( BJIQ(BJI v Bh’l) ):| :O,
(25 e

J#I h#i
_Az I (Z '}/ICJ>

J#i

Hence, with {«' },, the equlhbrlum demand coefficients and price impacts are C = y/C#/,
B* =B/, and A " L A" for all i. The proportionality of the price impact matrix A”
to the common factor y’ gives lower and upper bounds for the limit of the price impact
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matrix:

—1\ I

. T Iy X6 8T =il . Y =iy

0= fim A” = fim y' Jim A= Jim ¥ }H?o(@c ) ) <tim (@)
J#i

Given that an equilibrium exists in the limit market (I — o00), the Jacobian of each

trader’s demand schedule is bounded: lim;_, ., (C*’ ),jel < oo for all £, ¢, and i. We have

lim;, ., A" = 0 when % ~ 0o(I~%) decreases to zero as I — co. We conclude that A'=0
for all 7. O.E.D.

In what follows, we assume that risk preferences are symmetric across traders, and en-
dowments are independent across assets k unless specified otherwise. Then, B' =B, C' =
C,and A' = A forall i, and Q =Id.

ASSSUMPTION—Symmetric Risk Preferences: Let a' = « for all i.

In a symmetric equilibrium, Eqgs. (27)-(30) in Theorem 5 simplify as summarized by
Corollary S1.

COROLLARY S1—Symmetric Equilibrium; General Design: Consider a market structure
N ={K(n)},. In a symmetric equilibrium, (net) demand schedules, defined by matrix coeffi-
cients {a'};, B, and C, and price impact A are characterized by the following conditions: for
each i,

(i) (Optimization, given price impact) Given price impact matrix A, best-response coef-
ficients a', B, and C are characterized by

a'=C(6" — (WaX — C"'B)E[q)))

+ (X" +A)'Was - B) (E[q] - E[q)]). (S18)
B=((1-0)(a¥" +A) +0,C") ' Wal, (S19)
C=[(aZ" +A)(BB)[BB] '], (S20)
where o, = %ﬁ:ﬁ;‘; v,

(ii) (Correct price impact) Price impact A equals the transpose of the Jacobian of the
trader’s inverse residual supply function:

A= %(c—l)/. (S21)

Note that the price slope C™! = diag(C,}%n))n is a block-diagonal matrix.

Endogenous price covariance. Underlying this result is the lack of proportionality be-
tween the equilibrium price impact, and hence price covariance, and asset covariance 2,
with limited demand conditioning, as seen in Eq. (17). Consequently, A and Cov|p, p.]
depend on the covariance of all assets and, in fact, need not match the sign of asset cor-
relation (i.e., oy,); for example, prices of complementary assets (oy, < 0) can be posi-
tively correlated (Cov|[ px, p.] > 0). The intuition can be seen in the price equation (17):
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Cov| pk, p¢] is determined by

(C_lB)MZ =((C+ K(aZ)_l)il)k[ =aoy, — a2 (aZ + KC_1)71 Sad,, (S22)

1+(I-2)ay
(I-1)(1~ap)

can have sign(%’:"q{’]) = sign(Cov[ px, p.]) # sign(ox,) for some € # k, and as a result,

A < A¢ by Eq. (20) (Figure 1(B)). In the contingent market, the price covariance matrix
is proportional to the asset covariance: substituting C° = (a2 + A“) ™' = =2 (aX) ! in Eq.
(S22), we have

where k = € R,. When demand coefficient C is not proportional to («X)~!, one

(-1«

= Yk V¢,
(I— 1+ (T —2) 7" ’

(€ + (@),

hence, sign(Cov[ pi, p¢]) = sign(o,).

PROOF OF THEOREM 2 (EXISTENCE OF SYMMETRIC EQUILIBRIUM): Consider a
market structure N = {K(n)}, in which all assets are traded in one exchange (i.e.,
> ,K(n) = K). Let M be the set of all (}_, K(n))-dimensional block-diagonal matri-
ces, such that, for any M € M, Mg, k() = 0 for distinct exchanges n # n’. Given that the
price impact matrices are block-diagonal, we introduce a partial order on M: M' < M? if
(M? —M') is positive semi-definite, or equivalently, if My, x () < Mg, x(» for all n.

(Existence). Substituting B from Eq. (S19) into Eq. (S20), the fixed point equation (S21)
for A becomes

(I =)oy
1—o0y

|:(0‘EJF +A-(I-DA) <0é2+ +A+ A') WaZaXW (a2+ +A + (I =1oy A) ]
N

1—o0y

=L(A)
—0. (S23)

Define a mapping L(-) : M — M using the LHS of Eq. (S23). We want to show that
there exists A such that L(A) = 0. We first show that there exist two bounds (A, A), such
that L(A) > 0 and L(A) < 0. Then, by the Brouwer fixed point theorem,’ since the set of
block-diagonal matrices defined by the bounds (A, A) is compact and the mapping L(A)
is continuous, there exists a solution A to the fixed point problem L(A) =0.

Let A=0and A = 5 [2*]y. It is immediate that A satisfies the desired condition:
evaluating L(A) at A =0, we have L(A) = [a2 "]y > 0 by the positive semi-definiteness
of aX". i

Evaluating L(A) at A, we have

L(A)= a[(m + ,"TNz[E*]N@*)l)_l(E+ -N[2']y)

« (m + [z+]N(z+)‘1)1L, (524)

SMore precisely, the Brouwer fixed point theorem is applied to the equation A = L(A) + A on the partially
ordered compact set {A|A < A < A} € RE:K)x(E, Km),
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where k = M € R,. Given that 3" is positive semi-definite, (Id -+ £ [ 7], (27) 1)~

is positive deﬁnlte where we used that the inverse of a posmve deﬁmte matrix is positive
definite. In turn, matrix (° — N[2"]y) in Eq. (S24) is negative definite. It is negative
semi-definite if and only if either some assets in an exchange are perfectly correlated or
all ), K(n) assets are perfectly correlated. To prove this, observe that for any vector
V= (Vk(m)n € REK® we have

1 1 /
COV[VK(,,) “Tx(n)> VK(w) rK(n’)] < E Var[VK(n) 'I'K(,,)] + 5 Var[VK(,,r) 'l'K(,,/)] Vn,n' € N. (825)

Using that 7 is the covariance matrix of the distribution of asset returns r = (fx()n»
inequality (S25) is equivalent to

1 1
/ + / + ’ +
VK(n)EK(n),K(n’)VK(n’) = EVK(n)EK(n),K(n)VK(”) + EVK(n’)EK(n’),K(n’)VK(”/) Vn,n'e N. (526)
Summing each side of Eq. (526) over n and n’ gives

vVitv= ZVK(n) K(n), k() VK@) = N ZVK(n) K(n),K(m) VK@) =V (N[2+]N)V,

n,n’

and hence, v'(2" — N[2"]y)v < 0 for any vector v.
By the positive semi-definiteness of (Id + <%[3"]y(2")!)~! and the negative semi-
definiteness of (3" — N[%"]y), it follows that the RHS of Eq. (S24) becomes

(1as 2 0,97) - w13

Consequently, L(A) < 0; the equality holds if all }, K(n) assets are perfectly correlated.®
This completes the argument.

(Uniqueness for K = 2). We show that the equilibrium in the uncontingent market for
K =2 is unique. As Appendix C.2 shows, the equilibrium fixed point equation (S23) for
A =diag(A, A) simplifies to

[2*] (2*)1)_150. (S27)

« ap  2xy

A=
1—2+I—2x2+y2’

(S28)

where x = (1 — 09)(1 — p?)a+ (1 4+ (I —2)op)A and y = p(1 + (I — 2)0y) A characterize
each row of B in Eq. (§19): b; = (x, y) and b, = (¥, x). Rearranging Eq. (S28) gives a
third-order polynomial of A:

0=—(I=2)(1+p)(1+ T =2)a)’ ¥ + (4 - (1-p>) I - 1)
+ (I =2)(34+p)o0)(1+ (I = 2)op)al’?
+ (= (=) + T =2)(3+ p*)o0)(1 — o) (1 = p*)’A
+ (1 —a)*(1—p?),

By the Descartes’ sign rule, there exists a unique positive solution A. QE.D.

SThe equality in (S27) implies that A = A5[2"]y is the solution to Eq. (523) if and only if all }_, K(n)
assets are perfectly correlated.
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PROOF OF PROPOSITION 4: (SUFFICIENT STATISTIC FOR EQUILIBRIUM PAYOFFS). Let
I < oo and K > 1. Consider a market N = {K(n)},, represented by the indicator matrix
W € {0, 1}(=: K(D*K (Definition 6). Let {g; ,(-)}ix.» be a profile of equilibrium demands.
We characterize the equilibrium payoff of each trader (Eq. (530)) as a function of per-
unit price impact A € R€*K and the endowment coefficient of total demand B € RX*K
(Eq. (49)).

(Part (1)). Substituting the equilibrium prices and trades from Eqgs. (17) and (18) into
u'(-) — p- ¢ gives the ex post equilibrium payoff of trader i in N:

u'(q)—p-q

5-q) ——qo 2q0> (6" —p—Waq)) - ¢ ——q 3q

8-q— qo 2q0>
+%( (WaX — C'B)(E[q)] — @) — (a2 (a3 + A) 'WaZ — a3"B)
x (E[q,] - E[ay))
+ (2WaX — a2 'B) (@ - ) - (=" +A)" WaX — B) (Ela)] - E[a)))
+B(q, — q)))- (S29)
Taking an expectation of the ex post payoff (S29) with respect to {q{)}j, and using that

trace satisfies E[xMx] = E[tr(xxM)] = tr(E[xx'|M) = tr(Var[x]M) + E[x[ME][x] for any
x € R¥ and M € R¥*X the ex ante equilibrium payoff of trader i is

E[u' —p-q]= E[5 Sq)— %qé : aﬁqé} + (E[q,] — E[q]) - Y (M) (E[q,] — E[qy))

Equilibrium surplus from trade

Payoff without trade

I-1 1
t O tr <a2W/B - EB’a2+B) , (S30)

Payoff term due to Var[gp|q})] > 0

where Y (A) € REKM*XuKM) jg 4 surplus matrix, which is a function of price impact:
- 1 - -
Y (A)=aXW (a2 +A) 'Waz — EaEW’ (a="+A) oyt (a="+A) 'Wax. (S31)

First, applying the Woodbury Matrix Identity (Lemma S1) to matrix (a2 + A)~!
Eq. (S31), the surplus matrix Y (A) can be written as

YH(A) =aSWA WA + (a2))
— (AT + @) ) WA Y aZ ATWAT + (@) )

—a3(az+A)" (%aﬁ} + K/> (a3 +A) ‘a3, (S32)
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Therefore, the equilibrium surplus from trade in Eq. (S30),
(Ela] - E[a3]) - Y(A) (E[@] - E[a1)).

is determined as a function of the per-unit price impact K, where
- 1 AT\ — -~ ~ -~
Y(A)=aX(aX +A) @2+ A+A) (a2 +A) a3 (S33)

Equation (S33) replaces the matrix (3o + K,) in Eq. (§32) with its symmetric component
1@ +A +A'). Replacing Y*(A) (Eq. (S32)) by Y(A) (Eq. (530)) is innocuous when
evaluating the equilibrium surplus from trade in Eq. (S30), which is a quadratic function
of E[q,] — E[qy]-

Second, we show that matrix «XW'B — B'aX "B in Eq. (S30) is determined as a func-
tion of B. By the characterization of B in Eq (S19) of Corollary S1 in Appendix A, we
have

aZWB — %B/a2+B =aX— %(B/W —1d)a(WB —1d)
=a3 — %(’ﬁ —1d) a3 (B - Id), (S34)

where the second equality holds by the definition of B = W'B (Eq. (49)). It follows that
trader i’s ex ante equilibrium payoff (S30) is determined as a function of (A B):

E[u'-p-q]= E[S qh— %qé : aiqé} + (E[q]) — E[d}]) - Y(A) (E[q,] - E[a}])

+— - 7 ! optr(aX) — ! —— 0, tr((B — 1d) a3 (B — Id)). (S35)

We now show that equilibrium payoff (S35) of each trader coincides between market
structures N and N’ if and only if A and B coincide between N and N'.

(If and only if: 0 < |pie| < 1 for all k and ¢ # k). We first assume that no assets are
perfectly correlated, that is, 3, is invertible. Then, in Eq. (S33), the per- -unit price impact
A is one-to-one with Y(A) while in Eq. (S34), cross-asset inference B is one-to-one with
a2WB — éB’aEJrB. Consequently, the per-unit price impact A € REK s the sufficient

statistic for the surplus matrix Y(K), while cross-asset inference B € RX*X is the sufficient
statistic for the payoff term due to Var[q,|q;] in Eq. (S30).

(If and only if: |pwe| = 1 for some k and ¢ # k). Suppose that the payoffs of some
assets are perfectly correlated, that is, % is singular. When the asset payoffs of as-
sets k and ¢ # k are perfectly correlated, the equilibrium coincides with that in which
assets k and ¢ are treated as the same asset, that is, the asset payoffs are defined
by (7m)mze € R¥7! that is jointly Normally distributed according to N (87, %), where
8 eR¥!and 3 € RE-DxK=D_Given trader i’s endowment g, € R¥, his endowment
in R*"!is q~ = (g,)m € R*"" such that q;;, = g5, + sign(pee) £ 45, and g5, = gy, for
allm=#£4¢, k.

The same argument as for the case 0 < |px| < 1, £ # k, applies with endowments de-
fined in R&-D*&=D rather than RX*K: Equilibrium payoff (S29) is a function of X E[q}] =
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W-3 E[q; ] and Xq, =W~X q; , where the ¢th row W,” = (w;,,)mze Of W™ € REXE-D
is such that wj, = sign(p);~ and w,, =0 for all m # k, and the (K — 1) x (K — 1)
submatrix of W~ excluding the £th row is the identity matrix. Then, the trade of asset k
(and zero trade of asset ¢) in the market with K — 1 assets is the same as the total trade
for assets k and ¢, defined by g, = g} + sign(px) %q; in the market with K assets.

(Part (2)). We show that A maps one-to-one to B if and only if A is symmetric, that is,
A = A'. Then, A is a sufficient statistic for equilibrium payoffs (S30).

By Eq. (49), the per-unit cross-asset inference B is characterized as follows:

B=W((1-0)(aZ" +A) +ay(I - l)A/)AWaE

= (1= op)aZ + (W((1 = o)A + oy(I = HA') W) ) 'aZ. (S36)

The second equality holds by applying the Woodbury Matrix Identity (Lemma S1) to
(1- o-o)a2+ + (1= 00)A + op(I = 1)A')"". Given the invertibility of %, Eq. (S36) shows
that B maps one-to-one to W/((l — 09)A + op(I — 1)A")"'W, which is a function of A=
(WAW) lifand only if A = A"

N 1 ~1 . /
W,((l— O'Q)A"‘O'()(I— 1)A) 1W= mA if and Only if A=A
Hence, the sufficient statistic (A B) of the equilibrium payoffs reduces to a single variable
AorBlfandonlylfA A Q.E.D.

PROOF OF THEOREM 4: (NONREDUNDANCY OF CHANGES IN MARKET STRUCTURE:
CONDITIONS). Suppose that K > 1 and |ps,| < 1 for all k and ¢ # k. By the same argu-
ment as in the proof of Proposition 4, it is without loss of generality to treat the per-
fectly correlated assets as the same asset. Given a market structure N = {K(n)},, let A"
be the equilibrium price impact. Suppose that an exchange #’ is introduced such that
K(n') c K(n) for some n € N and define N' = N U {n'}. Indicator matrices W" and W"’
represent market structures N and N’ (Definition 6), respectively.

(Part “If”). We show that, when one of conditions (i)—(iii) holds, the equilibrium payoffs
in market N and N’ coincide. By Proposition 4, it suffices to show that the equilibrium
price impact A" in market N’ = N U {n'} satisfies A" = A" and BY = BY. Given the
equilibrium price impact A" in market N, we will first construct a block-diagonal matrix
AN € REKm+E@NX(Z, Km+K() that equalizes the per-unit price impact AV =A" and
cross-asset inference BV = BY. Then, we will show that such matrix A" is an equilibrium
price impact in N'.

(Construction of matrix A~ "such that A" = A" and BY =BY ). Define a block-diagonal
matrix AV = diag(Aﬁ;n,,))nmeN/ such that

(A¥e) )= ((A¥w) ), Ye.meK(n)and{e,m}g K(n),  (S37)
((Aljgén’))_l)@,m = f((AZ(n))_l)z,m’ ((Agén))_l)g,m
=1-&((A¥w) ), Ye.meK(n), (S38)

ARy =AMl Y1/ #n, 1, (S39)
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for some ¢ € (0, 1) subject to Aﬁ;n,) > 0 and Aﬁ/(n) > 0. This implies that each trader’s
demand coefficient Cﬁ’(n) =5 L ((AY )" in exchange n of market N is a linear function

of CZM) and CKW) in exchanges n and n’ of market N'. Moreover, demands in other
exchanges n” # n, n’ coincide between markets N and N'.

First, AV defined in Egs. (S37)~(S39) satisfies A" = A" and BV = B. By con-
struction, A = (WY'Y(AY)'WV)~! is the same as the per-unit price impact AV =
(WYY (AY)"'WV)~! in N when the indicator matrix in N’ is

, w»
N _
W = [WW)].

In addition, when one of conditions (i)—(iii) holds, the cross-asset inference coincides,
that is, BY = BY. By Eq. (49), BY =BY if and only if A" and A" satisfy

(W) (1 = o) AN + o (1 = 1)(AY)) W
= (WYY (1 = a0) A + ao(I — 1) (AY)) WP, (S40)

Because the trader’s demands in exchanges n” # n, n’ coincide between markets N and
N’ (Eq. (5839)), Eq. (540) simplifies to an equation for price impacts in exchanges n and
n’ alone:

> (W) (A + 6(AKi))

n"e{n,n’}

-1 ’

Wiy = (W) (AR + (AR i) ) Wiy (S41)

where k = 2D ’1) € R,. When K(n') = K(n") (condition (i)), Eq. (S41) holds because
both (AY (n) + K(AI,Z(n)) )~' and (A} (n) + K(Ag(n )))~" are proportional to (AK(H) +
k(AN ))~"- When the payoff of assets K(n') is independent of other assets in exchange
n, K(n) \ K(n') (condition (iii)), the demand coefficient C},) = diag(C¥ k(> K(n,)) is
a block-diagonal matrix, and so are (AK(n) + k(AY (n)) )" and (A} kot k(A% w)) " in Eq.
(S41). Applying the same argument as in condition (i) to all block-diagonal submatrices
that correspond to K(n') and K(n) \ K (n) shows that Eq. (S41) holds. Last, when A,’}](n)

is symmetric (condition (ii)), both A} K(n) and AY K(n,) are symmetric by construction (Eqgs.
(S37)—(S38)), and Eq. (S41) holds:

1 ’ ’ ’ -1 ’ ’ -1
Z —(Wﬁ(n”)) (Allz(n”)) Wﬁ(n”) = (W%(n)) (Ai\g(n)) W?(](n)

14+«

n'"e{n,n'}

1+«

(Simplifying the equilibrium fixed point with A and B). We now show that A" defined in
Eqgs. (837)—(S39) is an equilibrium price impact in N’ = N U {n'}. We first simplify equi-
librium fixed point (S19)—(S21) by decomposing the terms that coincide between market
N and N’ (Eq. (S44) below). Applying the Woodbury Matrix Identity to BV gives

1
1—

1

BY = (1= o)A oy = DAY)) WY @ (1= en)az) )L (542




16 M. ROSTEK AND J. H. YOON

where @ = (WYY (1= o) A" + ay(I — 1)(AY))'WY € RE*K coincides between N and
N’ (Eq. (S40)). Substituting BY' into the LHS of the equilibrium fixed point equation (Eq.
(S20)):

[(@2" +AY — (1 = 1)(AY))((1 = o) AY + ao(I — 1)(AY)) " WYV(WY) ], (S43)
where V= (® + (1 — 00)a2) ") 1Q(® + ((1 — gy)a2)~")~! € RE*K represents the co-
variance of K linearly independent random variables that determines the residual supply
intercepts (cf. Eq. (43)). The term V in Eq. (S43) coincides in N and N’. Equation (S43)

further simplifies using AV — - 1)(AN) = 010((1 a'O)AN +oo(I— 1)(AN ))+ UOAN.
[WN’ <a2cT>V - iV) (W ’)/]
(on) N’
- Ul((l — g+ ao(I — D)(AY) (AY) ) T WYVWY) T, (S44)
0

Equation (S44) is a function of a block-diagonal matrix ((1 — op)Id + (I — 1) (AN x
(AY)~1)~! and terms that coincide in markets N and N’. A" is the equilibrium price
impact in N’ if and only if Eq. (S44) equals 0.

( AN in Egs. (837)-(839) is an equilibrium price impact in N’). Each block submatrix
AQ;,,,) of A" satisfies Eq. (S44): For any exchange n” # n, 1, W%;nw) =W¢,, and AJ,Z;”,,) =
AZW), and hence, the block submatrix of Eq. (S44) that corresponds to exchange n” is the
same as the corresponding submatrix in N. Therefore,

1 Py ! /
19)

(o]

Wy (aE&)V —
1 ! /7 ’ — ’ I
+ ;0((1 —o)ld + oy(I — 1)(A,§<n,,)) (Az(n,,)) ) WK(H,/)V(WZ( ) =0.

In exchange n, when the price impact matrix is a symmetric matrix (condition
(ii)), we have ((1 — o-O)Id + ao(I — 1)(AY (n)) (Ag(n)) N =1 - o9)ld + (I —
(AR ) (AY ) D) =1 +(1 Tr7-2-. 1. This shows that the block submatrix in Eq. (S44) cor-
responding to K (n) equals to 0 in N’, given that A} K(w 18 the equilibrium price impact in

exchange n in market N. If condition (iii) holds, AI\K];n) is a block-diagonal matrix, whose
each block submatrix corresponds to assets K (#') and K(n) \ K(n'). By construction, the
block submatrix of Aﬁ/(n) is proportional to the corresponding submatrix of Aff(n), and
hence, the block submatrix in Eq. (S44) for exchange n equals to 0. The same argument
applies to condition (i). Finally, in the new exchange n Eq. (S44) is equivalent to the
K(n') x K(n') submatrix of (a2¢V — —V)K(n) Ko+ o m"m) ke = 0. It follows
that A" defined in Egs. (S37)—(539) is the equilibrium price impact in N'.

(Part “Only if”). We prove the contrapositive: Suppose that K(n') # K(n") foralln” e N
(condition (i)) and 0 < |px¢| < 1 for some assets k € K(n') and £ € K(n)\ K(n') (condition
(iii)). We show that if a block-diagonal matrix A" € RE»Km+K@)x(Z, Km+K@) satisfies

AV = KN, then BY' = BV generally does not hold unless AZ(n) = (Aﬁ(n))/ for an exchange
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n such that K(n') C K(n) (condition (ii)). Then, by Proposition 4, introducing new ex-
change »n’ in market N is nonredundant.
(Construction of AN that equalizes per-unit price impact AV =AY ). We first assume a

block-diagonal matrix A" = diag(Af(n,,))nmE v suchthat A" =A":
(WYY (AN) WY = (W) (AY) W (S45)

Given that K(n') C K(n) for an existing exchange n € N, the indicator matrix (Defini-
tion 6) WY in market N' = N U {n'} can be represented as a function of W":

<)o o)

This is because WY, € RX"")* for the new exchange ' is a submatrix of the matrix W".
Replacing WY by Eq. (S46) simplifies Eq. (S45) in terms of W itself rather than W¥ and
WV
) -1 /-1 / , N
(W) ((AY) = (AL,) )WY = (W) [0 1] (A, [0 WY (S47)

The subscript “—n’” denotes the existing exchanges n” # n’ in market N' = N U {n'}: that
is, AV, _diag(AK( ottt
(AN does not satisfy BY =B"). We now show that A" that satisfies Eq. (S47) does

not satisfy BY' = BY unless one of conditions (i)—(iii) holds. The same argument near Eq.
(S41) shows that BY' = BY holds if and only if the following equation holds:

(W) (AN + k(AY)) " = (AN, + k(AY,)) )WY
= (WY)[0 1a]' (AR, + &(ARy)) [0 1AW, (S48)

Equalization of the per- unit price impact (Eq. (S47)) gives a linear relation between the
demand coefficients C = 7= (A™")" in N and N': (W) (CY, )WV = - (WV)'(AY, L)WY
is a linear function of (WN ) C YWV and (WV)Y[0 1d] CK(n,)[o 1d](WV) (Eq. (S47)). How-
ever, given that C = 5 (A~ 'Y, Eq. (S48) equalizes the harmom'c means of CY, and (CV,)’
with the sum of the harmonic means of {CV, (CV)'} and {C¥ K(n,), (CK(H,))/}.

Using the different relations—linear and harmonic mean—between the inverses of
price impacts (AY)~" and (A")~" in Egs. (S47)—(S48), we show that if Eq. (S47) holds,
then Eq. (S48) generally does not hold. The RHS of Eq. (S48) has zero elements for
all k,¢ € K, unless assets k and £ are both traded in the new exchange »’, that is,
{k, 0} C K(n'). If Eq. (S48) holds, then the LHS of Eq. (S48) must have zero elements
for all k£ and ¢ such that {k, ¢} ¢ K(n'). By applying the Woodbury Matrix Identity to

(A" + k(AYY)'and (AN, + k(A"Y,))", the LHS of Eq. (S48) can be represented as

(WY)'(€Y = €)W — k(W) (€V((CY) 7 (CY) + xld)

— V(€)Y + 1) YWY, (S49)
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The first term in Eq. (S49) has zero elements for all k, £ such that {k, £} ¢ K(n'), while
the second term in Eq. (S49) has a zero (k, £)th element if and only if

-1 / —1 ’ ’ —1 ’ / —1
Z (CRon ((CRiy)  (CRiwy) +K1d) = CX oy ((CRy)  (CRiy) + «1d) ),

(" eN|{k, 3K (n")}
=0. (S50)

By Eq. (S47), however, the CV' that matches the per-unit price impact satisfies

Z (cz’,,n” - C]i\g,nu) =0.

(" eN|{k, ;K (n")}

The demand Jacobian C%/(n,/) in exchange n” has a nonzero off-diagonal element ¢} ,, ex-
cept when [BB']; k(. is proportional to [a2BB'] k() (see Eq. (520) in Corollary S1),
that is, c,’c\’e’,n,, # 0 unless oy, = 0 (condition (iii)). When condition (iii) does not hold, for
Eqg. (S50) to hold, for each n” € N, the demand coefficient CJ,}/(,,,,) must either be the same
in market structures N and N’, that is, ij(n,,) = C’,Z;n,,), or must be symmetric, that is,
CR iy = (C¥ () s0 that ((C¥(,)) "' (CX,)) + kId) " = 1-1d. The former condition can-
not hold for all exchanges n” such that K(n’) C K(n”) unless condition (i) holds: When an
equilibrium exists, the demand coefficient in the new exchange #’ is positive semi-definite
C,’g;n,) > 0 (i.e., demands are downward-sloping); using Eq. (S47), for each {k, £} C K(n'),
there exists an exchange n” such that {k, ¢} C K(n') N K(n") and C{,,,,, # C¥,,,- Hence,
for such an exchange n”, Cﬁ’(n,,) must be symmetric, that is, condition (ii) must hold. Q.E.D.

LEMMA S4—Price Equalization Across Exchanges: Given a market structure N =
{K (n)},, the equilibrium prices of asset k are the same in the exchanges where k is traded,

Pin=Pew Yn,Vn' #nst keK(n)NK(n) vk V(q), € RS,
if and only if price impact A is a symmetric matrix, that is, A = A

PROOF OF LEMMA S4 (PRICE EQUALIZATION ACROSS EXCHANGES): Using the indi-
cator matrix W (Definition 6), we can write the equilibrium price equation (S16) as fol-
lows:

p=58"—-Wa3E[q)] - C 'B(q, — E[q)]) = W(8 — «2E[q,]) - C'B(q, — E[q,]).  (S51)

Prices for each asset k are the same in all exchanges where k is traded if and only if there
exists a price vector p € RX, such that p = Wp = (W,,p),, for all realizations of endowments
(q)); € R'%. From Eq. (51), the price equalization holds if and only if C™'B € R Km)xK
is characterized as WM for a matrix M € R¥*K,

We now show that C~'B = WM if and only if C is a symmetric matrix (equivalently, A =
5 (C™")' is a symmetric matrix). Using demand coefficients B and C in Eqs. (S19)—(S20),
the price weight matrix coefficient C™'B € R Km)*K jn Eq. (51) can be characterized as
follows:

1—0'()

I1-1

-1
C'B=C"' ((1 — ) Wa2W + () + oocl) Wa
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_ 1—0'0 —1\/ -
_(1_1(c )C—l—crold)

x W(W’(%(C‘l)/ +

where the second equality applies the Woodbury Matrix Identity (Lemma S1) to ((1 —

00)WaSW + =2(C') + ¢,C~!)~". Equation (S52) shows that C~'B = WM if and only

if (%(C*)’C + opld) ™" is a diagonal matrix whose diagonal elements corresponding
to asset k are the same for all exchanges: that is, (C™')'C = diag(my.,)x.., Where my, =
my, for all n such that k € K(n). Given C > 0, m;, = 1 for all k¥ and » must hold, so
C = C'diag(my.,)r.. = C'. We conclude that C~'B = WM if and only if C is a symmetric
matrix, that is, C = C'. O.E.D.

]

1—0’0

c—l>_1w+ (az)—l)_l, (S52)

PROOF OF COROLLARY 2: (REDUNDANCY OF CHANGES IN MARKET STRUCTURE:
A CONDITION ON EXCHANGES). Suppose that 0 < |px¢| < 1 for all k and ¢ # k. This
assumption is without loss of generality, as shown in the proof of Proposition 4.

(Part (ii) < A = A° and B = B¢). We show that the equilibrium in the market with
exchanges N is ex post if and only if traders’ equilibrium payoffs are the same as in the
contingent market: The equilibrium price and trades are characterized as a function of
price impact A:

p=286"— (WaX — C'B)E[qy] — C 'Bq,
q = ((a=" + A)"'WaZ — B)(E[q,] — E[q}]) + BY, — Bq,

The equilibrium is ex post if and only if B = (a%" + A)"'Wa3 and C'B = WaX so
that the equilibrium price and total trades are independent of the distribution of en-
dowments. Applying the Woodbury Matrix Identity (Lemma S1) to (aX" + A)~! and
B=((1-0y)(ax" +A)+ oI —1)A)'WaX (Eq. (S19)), the matrix condition B =
(aX" 4+ A)"'WaX simplifies to

(1= ap)aZ + (W((1 — a)A + ap(I — 1)A) W) =aZ +A. (S53)

Equation (S53) holds if and only if A= “a% = A" and A = A'. Then, by Egs. (S19)-
(S20), B = I=21d = B° and C~'B = WaX, also hold.

(Part (ii) < (iii)). From (Part (ii) < A=A‘and B= B°), an equilibrium in a market
with exchanges N is ex post if and only if it is payoff-equivalent to the equilibrium in
N’ ={K}. Suppose that for every pair of assets k and ¢ # k such that 0 < |py| < 1, these
assets are traded in a same exchange in N: that is, k, £ € K(n) for some n € N.

We first show that, given market structure N, there exists a symmetric block-diagonal
matrix A = diag(Axe), € REKO* K™ such that (WA'W) ' = A” = -3, which
we then show is the equilibrium price impact in market N. Given that W is the indi-
cator matrix of market N, the (k, £)th element of WA™'W = (I — )W C'W is the sum
of demand coefficients . ;cx(u, Cex.n- Because condition (iii) implies that {n|k, ¢ €
K(n)} # ¢, Z{n|k,leK(n)} cu.n 7 0 for any k and ¢ # k except when p;, = 0 (Proposi-
tion S2). Matching each element of WC'W and (C°)’ gives the system of K? equations for
Y (K(n))?* variables {{cu n}i.c}o- Given Y, (K(n))* > K?, there exist {Cot n bl cck (2 SUCh
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that 3" ek Cenn = €y for all k and € # k. Moreover, when A satisfies (WA~ 'W)! =
A, so does its symmetric counterpart (A + A’), because A s symmetrlc It follows that
there exists a symmetric matrix A = A’ that satisfies (WA ~'W)~' =

We now argue that a symmetric matrix A such that (W’A_IW)‘1 = %2 is the equilib-
rium price impact. We show that it satisfies equilibrium fixed point Egs. (520)-(S21), that
is,

[(e2"+A—(I-1)A)BOB], =0. (S54)

Using A = A, Eq. (S42) for B simplifies to

B=A"W((1+ (I -2)o) (@) + (1 - o)A ). (S55)

Substituting for B from Eq. (S55) to Eq. (S54), we have

[W(aZ — (I —2)A)((1 - 00)(@= + A) + ay(I — 1)A)
x a3 QaX((1 - 0p) (@S + A) + oy (I — 1)A) W], =0. (S56)

When condition (iii) holds, for any matrix M € RX*X [WMW']y = 0 if and only if M = 0.
This is because my, =0 for all £ # k and k if and only if (WMW) ) = (Mke)k,eexny =0
for all n. This establishes that matrix A satisfies Eq. (S56) given market N if and only if
A satisfies

(@% — (I —=2)A)((1 - ap) (a2 +A) + (I — DHA) ™
x a3 Qa3 ((1— 0y) (@2 + A) + op(I = 1)A) ' =0. (S57)

Given the positive definiteness of 3 and Q, A = 5% = A is the unique matrix that

satisfies Eq. (S57). It follows that A such that A = A°, which hence satisfies Eq. (857), is
an equilibrium price impact in N.

(Part (ii) = (iii)). We prove by contradiction: Suppose that a pair of assets k and £ # k
such that 0 < |ps,| < 1 is not traded in a same exchange in N: that is, {k, £} ¢ K(n) for all
n € N. By Proposition 4, the equilibrium payoffs in N coincide with ex post equilibrium
payoffs only when (WA™'W)~! = &3, or equivalently, WCW = =(a2)'. Following
the argument in (Part (ii) <= (iii)), the (k, £)th element of W' CW is zero, because {n|k, £ €
K(n)} = ¢. This contradicts the equality WCW = =2(a2)~!, because ((aX)") # 0:
(WA™'W)! # 7% 3. Therefore, condition (iii) is necessary for ex post equilibrium.

(Part (i) < (. m) ) If condition (iii) holds in a market structure N, an additional exchange
n’ cannot change the set of conditioning variables in traders’ total demands. More pre-
cisely, condition (iii) also holds in market structure N’ = N U{n'}: for every pair of assets k
and ¢ # k such that 0 < |ps| < 1, there is an exchange n” in which these assets are traded,
that is, k, ¢ € K(n") for some n” € N'. By (Part (ii) < (iii)), the equilibrium payoffs in
both N and N’ coincide with those in the contingent market, and thus, are the same.

(Part (i) = (ii)). We prove the contrapositive: if an equilibrium is not ex post, then
there exists a new exchange that is not redundant. Consider exchanges N. By the equiv-
alence between (ii) and (iii), there exist imperfectly correlated assets k and ¢ # k that
are not both traded in any exchange, that is, there is no » such that {k, ¢} C K(n). The



EXCHANGE DESIGN AND EFFICIENCY 21

(k, £)th element of the total demand’s Jacobian C = WCW is zero, that is, ¢, = 0. Sup-
pose that a new exchange n' = {k, £} is introduced in the market structure N, that is,
N'= N U{n'}. We show that exchange 7’ is not redundant: The Jacobian Cf,, € R>?
in exchange n’ has a nonzero off-diagonal element cY, except when [BB']; k(. is propor-
tional to [aXBB']; k() (Eq. (S20) in Corollary S1), that is, ¢, # 0 unless oy, = 0. This
shows that ’c‘,’c\fZ #Cre =0, and hence, the Jacobians of the total demands in N’ and N dif-
fer: CV' = WN'CY' (W'Y # C. Equivalently, A" # A. By Proposition 4(i), the equilibrium
payoffs differ in N and N'. Q.E.D.

COROLLARY S2—Nonredundancy of Changes in Market Structure: A Condition on
Primitives: All market structures {K (n)}, give the same equilibrium payoff if and only if the
payoffs of all assets are either perfectly correlated or independent.

PROOF OF COROLLARY S2: (NONREDUNDANCY OF CHANGES IN MARKET STRUC-
TURE: A CONDITION ON PRIMITIVES). The proof is immediate from the proof of Corol-
lary 2. Q.E.D.

PROOF OF PROPOSITION 3: (WELFARE WITH MULTIPLE EXCHANGES VERSUS JOINT
MARKET CLEARING). Suppose that there is no inference error: that is, o, = 0, o), —
(ch+%(fpv

0, and oy = - < 1. For a market structure N with multiple exchanges that is not
OcyT0Opy

payoff-equivalent to a single exchange, consider the difference in the equilibrium surplus
Uuc—UV:

U - UM =Y (E[q,] - E[q)]) - (Y(A)) = Y(A))(E[q,] - E[@}]),  (S58)

i

which, by Proposition 4, is zero if the per-unit price impacts A“ and A are the same.

The equilibrium surplus difference (Eq. (S58)) is a quadratic matrix function of
E[q,] — E[q}] with a quadratic coefficient of Y(A®) — Y(A). If the surplus matrix dif-
ference Y(A“) — Y(K) has a negative eigenvalue u < 0, then there exist ex ante trading
needs {E[q,] — E[q}]}; € R'® such that U¢ — UV < 0. Pick a distribution of endowments
such that E[q,] — E[q}] is proportional to an eigenvector of matrix Y(A) — Y(K) (with a
positive or a negative proportionality constant) associated with an eigenvalue w: for all 7,

(Y(A) = Y(A))(E[G,] - E[d)]) = w(E[Q,] - E[d})). (S59)

Substituting the trading needs vector {E[q,] — E[q}]}; that satisfies Eq. (S59) into Eq.
(S58), we have

> (ElG] - E[q]) - (Y(A)) = Y(A))(E[q,] - E[q)])

= 2_(Ef@] - E[a]) - w(El@] - E[a;]) <0,

and hence, UY > U°. Because the difference in equilibrium surplus (S58) is a quadratic
function of (and hence continuous with respect to) expected trading needs, UN > U*®
holds for trading needs {E[q,] — E[q,]}; that are sufficiently close to the eigenvector of
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Y(A°) — Y(A). Furthermore, given oy, the ex ante equilibrium payoff (25) is a linear
function of (and hence continuous with respect to) variances (o.,, 0,,). Therefore, U" >
U° holds for distribution F((q});) with sufficiently small (o, 7,,).

Lemma S5 gives a sufficient condition for a negative eigenvalue to exist: any market
structure whose exchanges are demergers (Definition 5) of a single venue for all assets.
If the surplus matrix difference Y(A) — Y(A) does not have a negative eigenvalue, then
U¢ — UN > 0 for any distribution of endowments. O.E.D.

LEMMA S5—Price Impacts in Multiple Exchanges Versus Joint Market Clearing: Let
K > 1and I < oo. Consider a market structure N = {K (n)}, that consists of exchanges that
partition the set of K assets: K(n) N K(n') =@ forall nand ' # n and | J, K(n) = K. The
equilibrium price impact A in N and the price impact in the contingent market A° are not
ranked in the positive semi-definite sense, that is, neither A > A nor A < A° holds, except
when A = A°.

PROOF OF LEMMA S5: (PRICE IMPACTS IN MULTIPLE EXCHANGES VERSUS JOINT
MARKET CLEARING). The equilibrium fixed point equation (S20) for the equilibrium
price impact A € R¥*X can be written as follows:

[(a2"+A—(I-1)A)BOB], =0. (S60)

To demonstrate that A° — A is neither positive semi-definite nor negative semi-definite,
we argue by contradiction: Suppose that A“ — A = 1%22+ — A is positive semi-definite. By
the Trace Inequality for Matrix Product,’ the trace of the matrix on the LHS of Eq. (S60)
is nonnegative:

tr((eX” + A — (I —1)A")BOB)

> (I —2)ux (BOB) tr(lfzz* - %(A+A/)) >0, (S61)

where pux(M) € R is the lowest eigenvalue of matrix M. Because matrix BOB’ is sym-
metric and positive definite, its lowest eigenvalue is positive, and hence, (S61) holds with
equality if and only if ,f—22+ =1(A+A’), or equivalently A = A.

Except when A° = A, however, Eq. (S61) contradicts the equilibrium fixed point equa-
tion (S60). Hence, by the definition of operator [-]y, the matrix trace must be zero:

tr((a2" + A — (I = 1)A')BOB') = 0.

An analogous argument shows that A° — A is not negative semi-definite except when
A=A Q.E.D.

"For a real matrix S € RX*K and a positive semi-definite matrix T € RX*K_ the following inequality holds:
1k (S) tr(T) < tr(ST) = tr(TS) < uy (S) tr(T),
where u (S) is the kth largest eigenvalue of the Hermitian part 1 (S+ §').
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FIGURE S2.—Heterogeneous asset correlations and trading needs. Notes: Each color indicates which
market structure provides the highest ex ante welfare. Red = {{1},{2},{3}} (i.e., the uncontingent mar-
ket); Orange = {{1},{2,3}}; Yellow = {{1, 2}, {3}}; Blue = {{1,2},{1, 3}}; Lightblue = {{1, 2}, {1, 3}, {3}};
Purple = {{1, 2}, {1, 3}, {1}}; Green = {{1, 2}, {2}, {3}}; Olive = {{1, 2}, {1}, {3}}; and White = {{1, 2, 3}} (i.e.,
the contingent market). The welfare effect of the inference error is sufficiently small not to dominate the wel-
fare benefit from diversification (o, =0, o), = 0.01). The number of traders is I = 10. The trading needs for
assets 2 and 3 are |E[q, ;] — E[qj, ]| = 1 for all i. Panel (A) assumes the asset payoff correlation p; = 0.2 (i.e.,
substitutes), and panel (B) assumes p;, = —0.2 (i.e., complements).

APPENDIX C: SYMMETRIC MARKETS
C.1. Additional Results: Symmetric Markets

This appendix presents results for markets that are symmetric in the following sense.

DEFINITION S1—Symmetric Market: Assume K = M N for some M > 1. A market
structure N = {K(n)}, is symmetric if
e asset distribution is symmetric, that is, o = Var[r,] for all £ and p = Corr][r, r,] for
all k and ¢ # k, and
e exchanges N partition the set of K assets into exchanges with the same number of
assets, that is, K(n) N K(n') = ¢ for all n and n’ # n, and K(n) = M for all n.

For results in this part of the appendix, we assume that traders’ endowments are inde-
pendent across assets: Q = Id € R¥*X,

In a symmetric market, the asset covariance is 2 = o((1 — p)Id + p11’) and the price
impact matrix A = diag(Ak)), € R is symmetric across exchanges and assets and can
be written as follows: for all #,

AK(n) = ()\k — /\kg)Id + /\kgll/ (S] RMXM, (S62)

where A, € R, is the diagonal price impact for asset k and A, € R is the off-diagonal
price impact for assets k, £ # k.

PROPOSITION S1—Equilibrium Existence and Uniqueness: Symmetric Environment:
Let I <ooand K =MN > 1 for some M > 1. In a symmetric market {K(n)}, defined in
Definition S1, there exists a unique equilibrium.
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PROOF OF PROPOSITION S1: (EQUILIBRIUM EXISTENCE AND UNIQUENESS: SYMMET-
RIC ENVIRONMENT). (Scalar equations for price impact). By Corollary S1 in Appendix A,
the price impact A is determined by Egs. (S19)—(S21):

[(e=— (I —2)A)(1d + K(aE)flA)fl(Id + KA(aE)’l)il]N =0, (S63)

where k = % eR,.

We first rewrite the matrix fixed point equation (S63) for A as a system of equations
in R for A, and Ay, (Egs. (§69)-(S70) below). Market symmetry simplifies Eq. (S63). In
particular, the symmetry of the price impact A implies that vector 1 € R¥ is an eigenvector
of A:

Al=11, (S64)

where A = A, + (M — 1) A, is the sum of elements in each row of A. Using Eq. (S64), the
inverse matrix (Id + x(a%)'A)~! in Eq. (S63) can be decomposed as a linear combina-

tion of a block-diagonal matrix (Id + _—A)~" and matrix 11 € R**¥:

(Id + K(aE)flA)_1

_ K B KpA , -
= (s gt ao (1= p)(1+ (K~ 1)p) )
- KXpﬁz
<Id * aog(l-p) A) * ao(l—p)(1+ (K —1)p) — KvkAp

11,  (S65)

where the second equality applies the Woodbury Matrix Identity (Lemma S1) to (Id +
W(LP? A— w{(kp)’(‘fi(Kil)p) 11')~'. Here, v € R, is the eigenvalue of matrix (Id + e A)!
associated with the eigenvector 1:

-1
K
M=(Id+ —A 1
v ( +aa(1—p)) ’

ao(1-p) __avi=p) 556
kK(Ae+ M =D Ag) +ac(l—p) kA +ao(l— p)

V=

Substituting (Id + x(aX)'A)~! (Eq. (S65)) into Eq. (S63), the LHS of Eq. (S63) can be
decomposed as a linear combination of a block-diagonal matrix and matrix [11']y € R¥*K:

[(Id + mA>_l(a2 —(I-2)A) (Id + mA)_l
+ (ao(1+ (K ~1)p)

— KAPU~ 7\ 7 ,
—{- Z)A)K<<a(r(1 —p)(1+ (K —1)p) — KvkAp * E) B F) [y

= 0. (567)
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Because (Id + - p)A) is a block-diagonal matrix, the matrix equation (S67) for A =
diag(Ax)) simplifies to a fixed point equation for Ak, in each exchange n:

-1
K
(Id + mAK(n)> (azK(”)’K(")

-1
K

+ (ao(1+ (K —1)p) — (I —2)A)

K (<aa(1 —o +K(?<pi D)p) — Korkp %> - 12_22)”/
_o. (68)

We remark that the second line of the LHS of Eq. (S68) is proportional to matrix
11" € R™*M_ Thus, for Eq. (S68) to hold, its ﬁrst line must be proportional to matrix
11'. Equivalently, because (Id + poert —* —~ Ak)~" is invertible, multiplying the first line by
(Id + w(l ) —*— A ) shows that matrix (a2xm.xm — (I —2)Akw) is proportional to 11/,
and hence,

— (I =Dhi=aop— (I =2, 1€, A —Agg= ﬁa(l —p). (S69)

Furthermore, using Eq. (S69) and kA = ao (1 — p)(1 — v) from Eq. (S66), the matrix
equation (S68) simplifies to a fixed point equation for A, in R:

K
A= XS = I“"p ~1]. (S70)

1+ (Kv—1)p\’
k(T )

(Equilibrium existence and uniqueness). Substituting A, = - (A + “”(1 -2 (M —1)) (by the

definition of A in Eq. (S64) and by Eq. (S69)) and A = W (by the definition of ¥ in
Eq. (S66)) into Eq. (S70) gives a third-order polynomial equation for v € (0, 1):

I-2)1—p)1-D)=«k|1+p kM —1| |v. (s71)

1+ (Kv—-1)p\’
e (=)

When v =0, the LHS of Eq. (S§71) is positive while the RHS of Eq. (§71) is zero. When
v =1, the LHS of Eq. (S71) is zero while the RHS of Eq. (S71) is k(1 + (M —1)p) > 0 by
the positive definiteness of X. Given the continuity of both sides of Eq. (§71), it follows
from the Intermediate Value Theorem that Eq. (S71) has a solution v € (0, 1), and hence
an equilibrium exists.
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We show that the equilibrium is unique for p > 0 and p < 0. Suppose first that p > 0.
Twice differentiating the RHS of Eq. (S71) with respect to v, we have

#*RHS
v’
2kK*(K — M)Mp*
TR -

. ((M+(K—M)(%)z>
e - (M k- (FEERE) ) -2))

- 24 3
[0 (3= ) ) )=
1+(K-1)p

Hence, the RHS of Eq. (§71) is concave with respect to v. In addition, the LHS of Eq.
(S71) is linearly decreasing in v. The concavity of RHS and the linearity of LHS imply
that the solution of Eq. (S71) is unique in v € (0, 1): by the Mean Value Theorem, Eq.
(S71) cannot have more than two solutions v € (0, 1). Otherwise, LHS < RHS must hold
at both boundaries v = 0 and v = 1, which contradicts the discussion below Eq. (S71), that
is, that LHS > RHS when v = 1. Therefore, the solution v to Eq. (S71) and, equivalently,
the equilibrium price impacts A, and A4, in Egs. (S69) and (S70) are unique.

Suppose now that p < 0. Dividing both sides of Eq. (§71) by v makes the LHS and the
RHS convex and concave with respect to v, respectively. Analogously to the argument for

p > 0, the Mean Value Theorem implies that the solution v to Eq. (S71) and, equivalently,
the equilibrium price impacts A, and A, in Egs. (S69) and (S70) are unique. Q.E.D.

A counterpart of Theorem 3, Proposition S2 characterizes the within-exchange equilib-
rium price impact in symmetric markets.

PROPOSITION S2—Price Impact: Comparative Statics; Symmetric Markets, General
Design: The within-exchange price impact Ay satisfies the following properties for each n:
(1) (Magnitude) With K assets, the diagonal price impact Ay maximally increases N-fold
relative to \j, = ;%507 this is the case if and only if |p| = 1:

(64 (64
——0 <A <——=N
(27 =M =T
2) (Comparative statics) Relative to the contingent market:
p 8
() 282 < 0 and "0 <0 for all k, € € K(n);
(i1) H(A;‘l lA 2 >0 and M’;ﬂi;ri‘) >0 for all k,¢ € K(n). Either inequality holds with

equality if and only if p = 0.

Note. With one asset per exchange (i.e., N = {{k}}; and M = 1), the proof of Proposi-
tion S2 specializes to that of Theorem 3.



EXCHANGE DESIGN AND EFFICIENCY 27

PROOF OF PROPOSITION S2: (PRICE IMPACT: COMPARATIVE STATICS; SYMMETRIC
MARKETS, GENERAL DESIGN). From the proof of Proposition S1, equilibrium price im-
pact matrix A = diag((Ax — Axe)Id + A4 11") (Eq. (S62)) is characterized by scalar equa-
tions (Egs. (§69) and (S70)) for A, and A,:

a

A — Ay = ——0(1—

k ket 1_20'( P),

a0, K
NN=7Ty KT Dy
— v_
k(L D0y
1+(K—=1)p

(Part (1)). We are now ready to show the inequality A, > ;%50 = A{. Because A>0in
Eq. (S64), the following inequality holds for v:

1—
0<p——2od=p (S72)
kA+ao(l—p)

This implies that the term “*%21¢ in the denominator of the RHS of (S70) satisfies

T+(K—D)p
1 (K-1) . . K
sign( 1+(KU71): — 1) = —sign(p), and thus, Slgn(M+(K—M)(ll+(&5711))P)2
+&-Dp

by Eq. (§70), A, > %50 = A$; A, = Af if and only if p =0.

Furthermore, théf)roof of Theorem 2 demonstrated the existence of an upper bound
A= 755N old such that equilibrium price impact A satisfies A < A. Tt follows that A, <
75 No for any k. The equality holds if and only if |p| =1 for all k and £ # k as we
showed in the proof of Theorem 2.

(Part (2i)). We prove the monotonicity of the inference effect with respect to the num-

ber of traders I. By Eq. (S72), v ~ o(I~'**) for some & € (0, 1), given k = U=2% Then,

1-0y

Eqg. (S70) implies that W < 0 because 7% ~o(I™") and s ~ o).
M+(K=M)(FEEE02)
From Eq. (S§69), the difference between the off-diagonal and diagonal price impacts is

the same:

— 1) =sign(p). Hence,

. o o ¢
Hence w <0
b J . -
(Part (2ii)). For any |p| > 0, £ Z£CZD2 < 0, because KT — 1 < K — 1 by Eq. (S72) and
14 (K —1)p > 0 by the positive definiteness of X. This implies
K
1+ (Kv— 1),;)2 ’
M+K-M)|———
w-a( Ty
d K
ﬁ_ 1 (K_ 1) 5 1 > 0.
p +(Kv—1)p
M+ (K-M)| ———
w-(Frx=ny)
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Hence, in Eq. (S70), mgn(mk ) = sign(p), that is, M{’;l—;ﬁ‘) > 0 when |p| > 0. When
=0, ﬁ(AglplA £ — 0. From Eq. (S73), % > 0 when |p| > 0 and % = 0 when
p=0forall k, ¢ € K(n). Q.E.D.

PROOF OF COROLLARY 3: (PRICE IMPACT AND MARKET STRUCTURE). (Part (i)).
Suppose that K =2 and consider market structures N = {K} ={{1, 2}} and N’ = {{k}}; =
{{1}, {2}}. We want to show that AY" > A¥ for all k. For simplicity, we dispense with the su-
perscript N’ for the uncontingent market N’ and use the superscript ¢ for the contingent
market N.

By the equilibrium fixed point equation (15) in the uncontingent market N’, the de-
mand slope ¢, = 75 A" for asset k can be decomposed into the direct effect and the
(indirect) inference effect:

e I1-2 I-2 , N -
ckE_f?;zp(k )=‘<‘1—(“"kk) + 122 (o) a0 (W), (W),,) ) (S74)

Direct effect Inference effect

where V= (1 - 09)C'B=(C + k(a2) ™)' and k = % € R,. We will show that

sign(oy,) = sign((VV')).® Given the decomposition in Eq. (S74), the inference effect in

Eq. (S74) is nonnegative, and hence ¢, < ;_f (aoy)7!, and A, = I"— > Aj = 5 0u for
all k.
We now characterize matrix VV'. By the definition of V= (C + x(aX)™")~!, we have
aT aoc, + ko KO
=— _ S75
det(V™") [ KO aoc + Ko'zz] ’ (575)

where @ = det(2) = 0110 — 0}, > 0 and det(V™!) = (adc; + kon)(aTc, + kon) —
k*a?, > 0. Using Eq. (S75), we compute VV', whose off-diagonal element is

aZEZ

(VW)= der (v

kaop(aT (e + ¢) + k(a1 + 022)). (S76)

Because k > 0, Eq. (S76) implies that sign((VV’)) = sign(ox,). Hence, A, > A for all k;
the equality holds if and only if oy, = 0, because (VV'),, = 0 if and only if oy, = 0 in Eq.
(S76).

(Part (ii)). See Figure 1(B) in Section 3.2.3 for an example of /\N > )\N Q.E.D.

PROPOSITION S3—Efficient Market Structure in Symmetric Markets: Consider the
class of symmetric markets (Definition S1). Assume that traders’ ex ante trading needs are
symmetric for all assets E[q, ] — Elq} ] = E[q,,] — El4},] for all k and ¢ for each i, and
there is no inference error: (o, 0,,) = 0 and oy < 1. When p > 0, the uncontingent market
maximizes total ex ante welfare; when p < 0, the contingent market does.

$We note that Eq. (S74) is the counterpart of Eq. (20) for the demand coefficient ¢, = -5 A" (rather than

price impact ;). In Eq. (S74), (VV')& = (1 — 00)? Cov[ p., pr|q}] determines the sign of price correlation for
all k and £ # k (see Section 3.2.3).
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PROOF OF PROPOSITION S3: (EFFICIENT MARKET STRUCTURE IN SYMMETRIC MAR-
KETS). We first derive the ex ante equilibrium surplus (Eq. (S30)) in a symmetric market.
Given the symmetry of the ex ante trading needs across assets (i.e., E[q,] — E[q)] = €'l
for some e’ € R), each trader’s ex ante equilibrium surplus (Eq. (S30)) is

(E[@] - E[q}]) - Y(A)(E[q,] - E[q)])

—2

A 2
=Kao(14 (K —1)p) [1 - (w0 (14 (K~ 1)p) +X)2:|(e ) (S77)

where A = A, + (M — 1)\, € R, is the eigenvalue of a symmetric matrix A that corre-
sponds to eigenvector 1. The ex ante equilibrium surplus (S77) is decreasing in A, be-
cause A is nonnegative (i.e., A is positive semi-definite). Therefore, it suffices to show
that sign( £ ) = sign(p).

In the proof of Proposition S2, Eq. (S71) characterizes the price impact A =
diag(Ax(my)n = (A — Age)Id + Ay, [11']y (and its eigenvalue ) by an equivalent fixed point
equation for v = M : Dividing both sides of Eq. (S71) by v gives

KA+a

([—2)(1—p)<%—1)=K 1+p kK _—1]]. 78

- (5 _1>(1+(KU—1)p>
M 1+(K—-1)p
By the definition of v in Eq. (S66), the equality sign(Z ) = sign(p) holds if and only if
sign(+) = —sign(p) does and thus, it suffices to show the latter.

From Eq (S78), the LHS of Eq. (S78) is decreasing with respect to v (at an order
of o(v™")); the RHS of Eq. (S78) is increasing and concave when p < 0 and decreasing
and convex when p > 0 (at an order of o(pv °)). Suppose p > 0. The RHS of Eq. (S78)
increases as M increases, for all v € (0, 1). Hence, the solution to Eq. (S78) decreases
because the LHS of Eq. (S78) is independent of M and is decreasing with respect to v.
Therefore, 2 < 0 holds. Similarly, when p < 0, the RHS of Eq. (S78) decreases as M

> M
increases, for all v € (0, 1); hence, 2= > 0 holds. It follows that sign(-2>) = —sign(p), and

hence, sign(Z; )_ sign(p). Q.E.D.

PROOF OF COROLLARY 4: (WELFARE WITH MULTIPLE EXCHANGES VERSUS JOINT
MARKET CLEARING (K = 2)). Suppose the ex ante trading needs across assets E[q,] —
E[q)] are proportional to (£, 1)’ € R? for all i for some nonzero constant: that is, & =
E[qo 11— E[qo 1]
ric across assets. that is, A = AId.

We characterize the difference between the ex ante equilibrium surplus (Eq. (S30)) in
the uncontingent market {{1}, {2}} and the contingent market {{1, 2}}:

. Given the symmetry of asset payoffs, the price impact in {{1}, {2}} is symmet-

(E[Q] - E[a;]) - (Y(A) = Y(A))(El@o] - E[qy)) (S79)
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where A° = I=23.. Substituting A = Ald and X = ao (1 — p)Id + aopll’ into Eq. (S33),
we characterize the difference between surplus matrices Y(A) — Y (A°):

oy_ _ ®O I-x  p(l-y)
YY) = 25 Ly ) (550
—1)2)2 _1)2A2
Where X = m((aa —+ )\)2 — a(sz(aO' + 2)\)) > 1 and y = W(Az —

(ao)*(1 — p*)) < 1. Substituting Y(A) — Y(A®) (Eq. (S80)) and E[g,,] — Elq;,] =
£(E[q,,] — Elq),)) into Eq. (S79) shows that the ex ante equilibrium payoff in the uncon-
tingent market is higher than in the contingent market if and only if

xE 4+ 28py+x < E+2ép + 1. (S81)

The necessary and sufficient condition (S81) has a solution ¢ € (§(p, 1 ), €(p, I)) with

E(p,I) > &(p, I) for any asset correlation p # {0, +1} and any finite number of traders
I <oco:

(1=y)p— /(A= y)2p? = (x — 12
2(x—1)

Elq,,] - E[‘I(im]

E[q,,] - E[Q(i],z]

_(=yp+ A —yyp - -1
- 2(x—1) '

<é=

(S82)

Given that |(1 — y)p| > /(1 —y)?p? — (x — 1)%, the bounds in the necessary and suf-
ficient condition (S81) are both positive when p > 0 and are both negative when
p < 0. It follows that inequality (S82) holds if and only if conditions (i) and (ii) hold

— — —W2p2—(x—1)2 — — —)2p2—(x—=1)2
with é(P,I) = A=y)p (A=y)*p~—(x-1) and f(p,l) = (A=y)p+4/ (1=y)7p*=(x—1) when p> 0’ and

2(x=1) 2(x—1)
POV e Ca T~ _ (eSO 1
&p, )=~ 2():])’] “Z|and &(p, 1) = |—% z(xf])p “ | when p <0. Q.E.D.

C.2. Symmetric Equilibrium Characterization in Markets With Two Assets: K =2

Suppose that o' = « for all i, and 3 = (o)« is characterized by oy, = 05, = 1 and
012 = 02 = p. Then, the price impact is symmetric across traders and assets: Ai = A for
all k and i and A}, = 0 for all k, £ # k, and i. Traders” demand coefficients in (12) are
symmetric: b} = by and ¢, = ¢ for all i and k. Observe that vector by is symmetric across
k up to a permutation: that is, if b; = (x, y), then b, = (y, x). We will continue to use the
superscript i and subscript k£ when they are useful.

The equilibrium with uncontingent trading is characterized in two steps (Proposition 2).
Step 1 characterizes the fixed point among trader i’s demand coefficients for assets 1
and 2, taking as given his price impact A and residual supply intercepts F(s~'|q}). Step 2
endogenizes A and F(s™/|q)).

Step 1 (Optimization, given residual supply A and F(s™'|q})). Taking the derivative of
the expected payoff (9) with respect to g, gives the first-order conditions of trader i for
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each k:

E[8) — &' (on(qy + gy,) + 0125 + 405)) | 1> 4] = 1+ gy
Vpi R, (S83)

E[8; — o' (0n(gs + q5) + 021(4} + 4).1)) | P2 4] = P2+ Aodh
Vp, eR. (S84)

Trader i’s expected marginal utility for asset & depends on the demand coefficients of his
schedule ¢! (-) for asset £ # k. The characterization of a trader’s best-response demand
q.(-) requires solving a fixed point problem for trader i’s own demand schedules {g’ (-)}
across assets.

Step 1.1 (Parameterization of demands for asset £ # k). To characterize the best-response
demand of trader i for asset 1, assume that his demand for asset 2 is a linear function:

g5 (p2) =ay —biqy —cipy VpreR, (S85)

where a) € R, b, € R™2 and ¢} € R,.

Step 1.2 (Price distribution and expected trades, given F(s~'|q})). Market clearing for asset
2 characterizes the distribution of price p,. Equalization of demand ¢(-) in Eq. (S85) and
residual supply S, (-) = 5, + (A)) ! p, gives

i

i —i -1 —i
—biqy —cipo=5"+ (X)) pr Vs eR.

Price p, maps one-to-one to s,":

Pr= 7_1( b2q0 — 52 ) VS;i e R. (586)

Equation (S86) characterizes price distribution F(p.|q)) as a function of the intercept
distribution F(s,’|q}) and the coefficients {a}, b}, ci} of trader i’s own demand function
q5(+) for asset 2.

The one-to-one mapping between p, and s;’ (Eq. (S86)) allows the expected trade
E[45| pi1, q}] in the first-order condition for asset 1 (Eq. (S83)) to be characterized condi-
tionally on s, ':

E[Qélpl, qé] [‘12'51 7‘10]
From the parameterization of ¢;(-) in Eq. (S85) and price distribution p, in Eq. (S86),

[Q2|S1 ’qo] E[ bzqo C2P2|S1 ’qo]

. o ct .
—a —p qt _ —2_ b q szlsfl’ qt .
2 210 C’2 + (/\12) ( 210 [ 2 1 0])

The conditional expectation E[s," |s1 ',q’] is characterized by the intercept distribution
F(s™|q}), which trader i takes as given.
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Step 1.3 (Best response for asset k, given demands for £ # k). Substituting the expected
trade into the first-order condition (S83) gives the following equation:

i

0 — o (Ull(qll + C]f),l) + o2 (612 b2q0 1721_1( bz‘lo [sgllsfla qa]) + ‘16,2))
¢+ (’\2)

=pit )\1 ql ’
from which the best response ¢ (-) is derived as a linear function of s;* and p;:

1

qi(P17Sfi)=m
1

X <51 - aizl% — p1— ai0'12( bzqo

i
G

_W( — biq; — [sz_llsf',%]))) (587)

The demand schedule ¢} (-) in Eq. (S87) can be written as a function of both p; and s; L
Using the one-to-one mapping between p; and s;":

g (pi, sy =s7'+ () pu, (S88)

the best response g(-) in Eq. (S87) is characterized as a function of only p, as an
endogenous variable. Equations (S87)—(S88) characterize the demand coefficients in
qi(p1) = aj — biq; — c{p; as functions of a5, b}, ¢;, and {A;}x. An analogous argument
characterizes the demand coefficients a3, b, ¢} for asset 2 as functions of a}, b}, ¢/, and
{Ai}x, which creates a fixed point for {a’, b, c; };.

Step 2 (Correct residual supply). Given other traders’ demands (S85) for all k and j # i,
the correct residual supply of trader i is determined by S;*(-) = — Y i q.().

Step 2.1 (Correct distribution of residual supply intercepts and expectations). The residual
supply intercepts s;' = — Y j #(a{{ blq)) are jointly Normally distributed. From the dis-
tribution of endowments F((q)),|q}), the first and second moments of intercepts (s;”, s3")
are: for each k and ¢,

sila) == 2ol + b 3 Elal] + 5 (a— £ ).

J#i J# Tev = Opu

Cov[s;’, s lay] =bx Z COV[‘lé, qg|‘lf)]b/z =I(I —1)o,,00b; - by.

J-h#i

Applying the Projection Theorem to this distribution of the residual supply intercepts
F(s7|q}) gives the expected intercepts E[s;'[s; ', q)]:

|l be-b, —i| i
E[s;'lsi", ap] = E[s7"lap] + b: ] bl (5c" = E[s"lao])-
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Substituting E[s;’|s;’, q}] into Eq. (S87) characterizes trader /s demand coefficients
{ai,bl, ck}k as functlons of {ak, bf{, e, j#i and price impacts {A}};. This defines a fixed
point for {ai, bi, ci}; x as a function of {A%};,.

Step 2.2 (Fixed point for best-response coefficients, given price impacts). By the symmetry
across traders and assets, the fixed point for demand coefficients of trader i simplifies to

ay, = ¢ 8 — cx(1 — op)a((x(a — (I = 2)A) + yp) E[qy ]

+ (y(a = (I =2)A) +xp)E[q,,]), (589)
cl=c2=((a+/\)+apEi:Ej) , (S90)
blz(x’y)7b2:(y?x)’ (891)

where x = (1 — 0y)(1 — p?)a+ (1 + (I —2)op)A and y = p(1 + (I — 2)0p)A. The demand
coefficients ai, by, and ¢, are closed-form functions of A (S89)-(S91).
Step 2.3 (Correct price impact). The price impact must equal the slope of the inverse
residual supply, A= ﬁgi;i))‘l = ¢, for all k. By Egs. (S90)~(S91), the price im-
= 74¢; ! is characterized by

pact A = —

o ap  2xy

A= :
-2 T-221,

(S92)

Equation (S92) characterizes the equilibrium price impact, which in turn determines the
demand coefficients in Egs. (S89)—(S91).
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