Econometrica Supplementary Material

SUPPLEMENT TO “MAXIMUM LIKELIHOOD ESTIMATION IN MARKOV
REGIME-SWITCHING MODELS WITH COVARIATE-DEPENDENT
TRANSITION PROBABILITIES”

(Econometrica, Vol. 90, No. 4, July 2022, 1681-1710)

DEMIAN POUZO
Department of Economics, University of California, Berkeley

Z.ACHARIAS PSARADAKIS
Department of Economics, Mathematics and Statistics, Birkbeck, University of London

MARTIN SOLA
Department of Economics, Universidad Torcuato Di Tella

SM.1. ERGODICITY AND STATIONARITY

LET (¢,)2 ., be a Markov chain with transition kernel { +— P({,-) € P(Z) and {, € Z C
R? for some d > 0. Also, for any probability measure P over Z and any f : Z — R, let

P[f1(z) = [ f(u)P(z, du) (if it exists).

ASSUMPTION 9: There exist constants y € (0,1), A€ (0,1), b >0and R>2b/(1 — ),
a function V: Z — [1, 00), and a probability measure ¢ such that: (i) P[V]({) < yV({) +
b1{{ eC} forall { € Zwith C={{ € Z:V({) < R}; (ii) inf,c.c P({, ) = Ao(-), with o(C) >
0.

The next result is used for the proof of Lemma 1; it contains well-known results that are
stated and proved here for convenience. In particular, the first part of Lemma 10 is a re-
statement of Theorem 1.2 in Hairer and Mattingly (2011). The second part of Lemma 10
and Assumption 9(ii) imply that P is Harris recurrent (see Athreya and Lahiri (2006, Ch.
14)) and aperiodic (see Thierney (1996, p. 65)). The proof follows from standard argu-
ments.

Let v~ [v]lv = sup, % Also, for any A C Z, let T4, = inf{t > 0: {, € A}. Finally,
for any two sequences (X,), and (Y,),, write X,, 3 Y, if X, < CY,, for some universal
positive finite constant C.

LEMMA 10: If Assumption 9 holds, then:
(i) P admits a unique invariant measure v*, and there exist constants y € (0, 1) and C > 0
such that

[B"e] = [l < Cy' v =0l

for every measurable function v such that ||v|ly < oo, where v*[v] = [v({)v*(d{).
(i) P(¢,{T; <o0}) =1forall { € Z,and P({y,C) > 0 forall {, €C.

PROOF OF LEMMA 10: The proof follows standard arguments and is thus omitted; it
can be found in Pouzo, Psaradakis, and Sola (2021). Q.E.D.
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PROOF OF LEMMA 1: Let ({,)°__, be the stochastic process given by ¢, = (X, S,). This
process is a Markov chain with transition kernel X x S> ¢~ P({, -) € P(X x S) given by

P((x,5),{li+1 € Ay x Ax}) = ZQ x,8,8)P.(x,s, A),

S/EAZ

for any Borel sets 4; € X and 4, CS.

By Lemma 10, there exists a unique invariant measure v, provided that the conditions
of Assumption 9 are met. In order to verify the first part of Assumption 9, consider V({) =
U(x),and C =C, x Swith C, ={x € X: U(x) < R}. By Assumption 2(i),

IP’[V]({):/XU {ZQ* x,s,8)P(x,s dx)} <yU(x)+2b'1{x € Cy}.

s'eS

Thus, b = 2b'. Regarding Assumption 9(ii), observe that, by Assumption 1(i), for C and
any s €S,

P((x,5), C x {s'}) = g(x)P.(x, s, C),

and, by Assumption 2(iii), P.(x, s, C) > X'w(C) and X' € (0, 1). Also note that, by As-
sumption 1, g is continuous and g(x) > 0 for all x € X. Furthermore, by Assumption 2(ii),
U is lower semicompact, because {x € X : (x) < R} is closed (x > U(x) is lower semi-
continuous), and is also bounded. Therefore, infy <z g(x) = Min,yy<rg(x) = ¢ >0
(because it is a minimization of a continuous function on compact set). Therefore,

B, C x [s)) = cxm(C)l_;',

and, by putting 0 = w(-) é and A = cA’, Assumption 9(ii) follows since @ (C;) > 0. Since v
is unique, it is trivially ergodic. Therefore, the process with initial probability measure v is
stationary. Ergodicity of ({;), follows from Theorem 14.2.11 in Athreya and Lahiri (2006)
(recall that IP is Harris recurrent and aperiodic). Since X, is a deterministic function of ¢,
X§° is also stationary and ergodic. Finally, observe that

/ sup [P'LF1(0) — olf1|v(d0) 2 v / 1+ U)|r(d2).

0<f<1

Since U satisfies Assumption 9(i), it follows that [ P[U/]({)v(d{) < yv[U]+ K. Since v is
the invariant measure of P and y € (0, 1), this implies that v(d{) < K/(1 — ). Therefore,

/ sup [P"[F1(0) — #f1|w(d2) < 7",

0<f<1
thereby implying that (), is B-mixing with rate 8, = O(y") (see Davydov (1973)). Since
X, is a deterministic function of ¢, the same holds for X§°. Q.E.D.

SM.2. PROOFS OF SUPPLEMENTARY LEMMAS IN APPENDIX A.1

To prove Lemmas 2 and 3, we use the following result.
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LEMMA 11: Suppose Assumptions 1 and 4(ii) hold. Then, for all t e N and —n < —m <
t—1,as.-P,

t—1

sup|log p} (X, | X!, 6) —log p; (X, | X5, 0)| < C(X.—p, X)) [] (1 = g(X))).

LEC) i=—m

PROOF OF LEMMA 11: Observe that, for any n € N,

log p; (X, | X5, 0) =log > po(X,_1,8, X)Py(s | X)),

seS

o pv e t—1 pv J—_ t—1
and since logx — log y < x/y — 1, it suffices to study Zse 2018 X)W (Si=s1X ) Ly(Si=sIX7 )
& gy=x/y=1, Y Yses Po(X (1,8, X) Py (s1 X3

This expression can be bounded above by

I?E%XPB(Xt—la s, Xy) |

n;leglpo(Xz—l, s, Xy)

Py(Si=-1X0) = Py(Si=-1X7))|,.

By Assumption 4(ii), sup,. %m < C(X,_1, X)) as.-P’. So it suffices to

bound || P(S, =-| X}) — P2(S, =-| X"7") ;. By Lemma B.2.2 in Stachurski (2009) and
the fact that —n < —m, this is bounded by

S sup | B8 =18 = b, X))~ By(Si =+ 1S =, X)),

b,ceS?
Hence,

sup\logpf(X, | X"0,0) —log p! (X, | X", 0)| <Cay-n(X5),

0cO
where ag,,_,(X"}!) is defined in expression (12). By applying Lemmas 6 and 5 and the
fact that ag, _,(X"5)) < 2", @e 1 (X1, it follows that

j==m

t—1
sup|log p (X, | X*,!, 6) —log p} (X, | X, 0)| < C(X,_y, X)) [ ] (1 — q(X0)),

0c® i=—m

a.s.-P’. Q.E.D.
We now prove Lemmas 2 and 3.

PROOF OF LEMMA 2: The result follows from Lemma 11, with m =0 and n = M, and
Assumption 5. Q.E.D.

PROOF OF LEMMA 3: Recall that, by Lemma 1, the process X*_ is ergodic and station-
ary under P”.

Part (i). Consider a § > 0 and an open cover {B(60, §): 6 € ®} where B(6, §) is an
open ball centered around 6 with radius 6 > 0. Since ® is compact (Assumption 3),
there exists a finite subcover B; = B(6;, ) with j =1,...,J. Also note that, pointwise
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infe®, (X" _,0) — Ep[ty (X", 0)] — 0 as.-P’ by the ergodic theorem and the fact
that X>_+> ¢2(XT_,0) € L'(P). Thus, it suffices to show that there exists a T(j, €)
such that, for all t > T'(j, €),

P <Sup T! i(l,(Xioo, 0) — Ep[l(X'.,0)]) > e) <€,

(XX
pr(Xx) T 9)

where [,(X' __, 0) =log . Observe that, for any j,

T

sup Y (L(X'.,0) — Ep[L(X"..,0)])

0eB; =1

T

T
SZSHP(lr(Xt_OO 0) — Ep|[l(X',0 EZZ_

=1 HEBJ'

Moreover, observe that

Pr(X 1 X5, 0) P(X X, 6)
suplog — p— <sup — — —-1.
0€B; p (Xz|X700,9) 6eB; P (thXfoo’e)
By Assumption 4(i), for any e > 0 there exists a § > 0 such that Ep. [sup,g, %X::)) <
0
1+ eforanyje{l,...,J} and any ¢. Therefore, we can choose a 6 > 0 such that
Fr [Sup jog 2101 X } <e/d
r 0eB; (XO |X700, j) - ’

This in turn implies that Ep, ed )] < €/2. This result and the ergodic theorem establish
that limy_, 7' Y. [,(X'_.) < €/2 a.s.-P”. This implies the result in (11)

Part (ii). Follows directly from the ergodlc theorem and the fact that X*°_ — log p” (X |
X! 0,)isin L'(P?). Q.E.D.

SM.3. PROPERTIES OF py(X;|X°_ )

For any t € Ny = NU{0}, any X' and any 6 € O, p"(X,|X", 6) is defined as
liminfy . p(X.|X5); PL(X X" )1s defined analogously.

LEMMA 12: Suppose Assumptions 4(ii) and 5 hold. Then:
(1) Forany t e Ny, x > p*(-|X"2., 0) and x > p’(-|X'7}) are densities, a.s.-P".
(2) Suppose O is compact and that for each n € Ny, 0 — p4(X,|X°,) is umformly con-

tinuous a.s.-P:. Then, for any 6, € ® and € > 0, there exists a 6 > 0 such that

P:(sup sup |p¥(X1|X°.,0) — p"(Xi|X", 0 )|>e)<e.

00<0O 6€B(6),5)

(3) Suppose © is compact and that for each n € Ny, 6 — p%(X;|X°,) is uniformly contin-
uous a.s.-P;. Suppose also that there exists functions (x1, xo) = (p(xo, X1), p(%o, X1))
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such that for any p € {p,: 0 € ®} U p., p(xo, x1) < p(xo, 5, x1) < P(x0, X1) for all
s €S, and Ep[p(Xo, X1)/p(Xo, X1)] < 00. Then Assumptions 3 and 4 hold.

PROOF: (1) We need to show that the functions integrate to 1. By analogous steps to
those in the proof of Lemma 11, it follows that

‘/{p"(ﬂX’_;, 0) _pg(x|Xt_;1)}dx

t—1
< f > po(Xi1,s,x)dx ligljolip 1_[ (1-q(Xy))dx

t—1

= [T -ax))sl.

i=—n

Since this holds for any » such that —n <t — 1, we can take averages and obtain, for any
M

€ > 0, that
LSS
\M 14 - €

< Xﬂj:]_i[l—q(X)lee)

/ "(x|XL, 0)dx —1

Since this holds for any M, by taking M — oo, stationarity and Assumption 5 imply that
the RHS vanishes. Thus, it follows that P”(| [ pr(x| XL, 0)dx—1| =€) =0. Asthe e > 0
is arbitrary, this implies that [ p*(x| X'}, 6)dx =1, as.- P’. Following the same logic, an
analogous result can be established for p*(-|X"}).

(2) Similarly, for any » such that —n <t —1,

Pr(XIXL 0) = p(X XS] <D po(Xie 1,sX)1"[ (1-4q(Xx))).

seS i=—n

0O

Hence, for any 6, in O,

sup pV(thXt__(xl), 9) - PV(thXt__cxl), 90)|
0eB(0),5)
M -1
< sup > po(Xii,s, X013 Z]‘[ 1-g(X))
0<B(0y,0) seS n=0 i=—

M

1
sup

+ — VXXffl,e_ VXX’:' '
L4+ M = jepay.0) (X.X5,)5 60) — py, (X ol
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For any y > 0, choose M such that P:(H#M ZnM:0 ]_[;;1_,1(1 —q(Xi)) > v) < v;such M exists
by Assumption 5. Given such M, for any € > 0 and any & > 0, it follows that

P

N

sup sup
00€® 0€B(6,5)

P(XIXL0) = pr (XX, 00)] > )

<P (sup > po(Xi1, s, X)) > 0.56/7) +v/3

0cO® seS

_ 1 M

+P/| ——— ) sup su (XX = ph (X X5)] = 0.5€).
(1+M nX:(;OoeI(?)OeB(OIOJ,S) pe( tl ) peU( tl )’

Let 8 > 0 be such that for each n € {0,..., M}, sup, .o SUP,p,.5 | P (XX}

Do, (Xi| X )| < 0.5€ a.s.-P”; such 8 > 0 exists by our conditions. So the third term in
the RHS is 0. Also, under our conditions, it follows that sup,_q pe(X;_1, s, X;) = Op (1),
and thus the first term in the RHS can be made smaller than €/3 by a suitably chosen
v € (0, €). Thus, the desired result holds.

(3) By the definition of p*(.|., 8), it follows that p*(X;|X°_, 0) < max, ps(Xo, s, X1),
and for some n € Ny,

pV(Xlngoo’ 0) > O.SXSZPQ(XU, S, X])I;r(sl =S | Xgn) > OsnglelSan(Xo, S, Xl)
Thus, by our conditions, for any § > 0 and 6, € O,
sup p(XX0., ) _ p(Xo, X)
veBo.00) P’ (X11 X%, 60) ~ E(XO,XO’

and the RHS is in L' (P”). Thus, by part (2) and the dominated convergence theorem, for
any € > 0, there exists a > 0 such that

(XX, 0
EP,‘;|: sup M} <1+k€,
6eB(6),8) P (XllX—oo’ 00)

for any 6, € ©. This readily implies Assumption 4(i). Part (ii) also follows with (xo, x;)

C(x9,x1) = %. Similarly, by noting that

PEIXL0) | P EIXLL6) _ pIXY6)
XX T p(xX’y) T opi(xalxCy)

b

it follows that, for any 0 € O,

PUXIXCL) | P(Xo. X))

log A1 o) P&, X1)
ng”(XllXﬂoo,e) T p(Xo, X))

Since the RHS is in L'(P”), the results in part (2) and the dominated convergence theo-
rem imply that 6 — H (8) is continuous. Q.E.D.
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SM.4. SUFFICIENT CONDITIONS FOR ASSUMPTIONS 5 AND 8

By exploiting the fact that (X,)® _ is B-mixing and stationary, the following lemma
provides sufficient conditions for Assumption 5.

LEMMA 13: Suppose Assumptions 1 and 2 hold.
(1) Suppose further there exists | > 1 such that

Ep‘»;[(l — Q(Xl))l/] <1land Ejp, [C(Xl, XO)Z] < 00,

where 1/1'+1/1=1. Then limr_..c E5: [T 3", C(X1-1, X)) [T (1 — g(X:))] = 0.7

(2) Suppose further Ep,[(1 — q(X 1))1%] < 1. Then Assumption 8 holds.

PROOF: (1) By stationarity and the condition that E[C(X_;, X,)] < oo, by Jensen’s
inequality (and the fact that 1//' <1, where 1//+ 1/1I' = 1), it suffices to show that

t—1

lim 7' Y Ep, {]‘[(1 - Q(X,-))’} =0.

i=0
Note that, forany 1 <m < T,

t—1

T ) Ep {H@ - g(X:-))’} ST+ Y B [H(l - z(Xa)’}-

i=0 t=m+1 i=0

By employing well-known coupling results for B-mixing sequences (see Yu (1994)), it
follows that*

Ep, |:1;[(1 - Q(Xi))l’i| <Bt/q+ (Es[(1- Q(Xl))ll])(’/q”)ﬂ_

i=0
for any g € {1, ..., t}. Therefore, forany 1 <m < T,

t—1

T T

, m ’ 7

T ZEP; |:H(1 - Q(Xi))l:| =5t T Z {Bat/q + (Es[(1— Q(Xl))l ])(t/q 1)/2}'
=l i=0 t=m+1

By Lemma 1, B, = exp{qlogy}. This fact and the condition Ez[(1 — g( X1))'] <1 im-

ply that we can take, for instance, ¢ = ¢'/> and m = /T, so that the RHS vanishes as T
diverges.
(2) By our previous calculations,

EPI |:1;[(1 - Q(Xt))lz‘a"j| < Bgt/q+ (Ep;[(l — Q(Xl))l%])([/qfl)/z‘

i=0

So the result follows because for ¢ = +/ the RHS is the sum of terms in ¢,.% Q.E.D.

BClearly, by the Markov inequality, Part (1) implies that limy_. PX(T~' Y2, C(X,_1, X)) [0 (1 —
4(X.) =€) =0,

%For the complete derivations, we refer the reader to Pouzo, Psaradakis, and Sola (2021).

BFor the complete derivations, we refer the reader to Pouzo, Psaradakis, and Sola (2021).
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SM.5. PROOFS AND RESULTS FOR EXAMPLE 4

In what follows, e.,.x(M) and e, (M) denote the maximal and minimal eigenvalues of
a matrix M.

LEMMA 14: Assumption 2 holds.

PROOF: For each s € S, we apply Theorem 3.3 in Douc, Fort, Moulines, and Soulier
(2004). To do so, we first verify their Assumptions 3.3 and 3.4. In our case, € ~ N (0, %(s)),
so their Assumption 3.3 is satisfied for any z, and vy, = 1. In their notation, g(x) = n(s) +
®Tx. Observe that [|g(x) || < [|[(8)]| + €max(PPT) | x|. By assumption, € (PPT) =y < 1
and

()] = (1 = ema(PDT)) Il (1 = f1x]17°)

for all x such that |x|| > Ry. Such an R, exists because [u(s)| is bounded and
emax(PPT) < 1. This choice ensures that ||g(x)|| < [lx][(1 — [|x]|>), which in turn, en-
sures the validity of their Assumption 3.4 with » =1 and p = 0.5. By their Theorem
3.3, Assumption 2(i) holds. Assumption 2(ii), (iii) is satisfied because inf,. 4 P.(s, x, C) >
fC inf,.4 p(x, a)da, and since A is bounded, it follows that inf,.4 p(x, a) > eXp{D~ +

(x)"Fa + Ga}, so the RHS plays the role of the measure @, which clearly is such that

@(A) > 0. Q.E.D.
Let K = MaX.sSUPsgo€mn(2(s)) and k = mingginfygeo eain(2(s)); M =
MaX,cs SUP,,yco |1(S)[; M = SUP4 o emu(PPT) and M = Mingeo emin(PPT); &, =

MmaXges emax(z*(s)) and K, = minseS €min (2* (S)), m* = MaXcs ”/J/* (S)”, H* = emax(q)*q)l)
and M, = ein(P.P]). By the assumptions in the text, k, ., k, k,, M, M, M., M, are all
in (0, 00).

LEMMA 15: There exists a C € [1, 00) such that, for any (x, y) and any s,
far((y = @Tx — u(5))X7(s))
< Cexp{—0.5x(IyIP + Mllxll? — 2V Ml yl) + (Iyll + VM lxl))7a)
fa((y = @Tx — u(5))2712(s))
> Cexp{—0.5k(lyll> + MixIP +2v M x [yl — =(lyll + V3 |x 7).
An analogous bound holds for fi((y — ®Tx — . ()2, 2(s)).

PROOF: The proof involves lengthy but straightforward derivations and is thus omitted;
for details, see Pouzo, Psaradakis, and Sola (2021). O.E.D.

LEMMA 16: Suppose there exists a [ > 1 such that Ik < Ik + k, and IKM < kM + k..
Then

Ep,[exp{—0.51((by — a)IY I + (b2 — ) | X > = 2(bs + a3) IX [ Y]])
+1(by + a) | Y || + I(bs + as) | X||}] < o0,
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where

a; =b, =%, bi=a,=k, a, =«&M, b, =M,
a3:b5:RvH, b3:6155\/M.

REMARK 1: Before going to the proof, we discuss the conditions in the lemma. They
basically require that the “spread” of the eigenvalues of the matrices 3(-) and ®®* is
not too large relative to the eigenvalues in 3, (-). This condition comes naturally since
we are essentially requiring that the ratio of two exponential functions is integrable with
respect to a Gaussian measure. For instance, if %(-), %,(-) and ®®7, &, PT are matrices

with eigenvalues bounded between 0 < a and a + A, then sufficient conditions are given

by /A < a and [(2aA + (A)*) < a, which is equivalent to (2~ < a. A

PROOF: It is enough to show that
Ep [ Ti(Y)] =Ep: [exp{—0.51(by — a)) IY | + [(bs + as) 1Y ||}] < oo,
Ep [T2(X) ]| =Ep [exp{—0.51(b, — a2) | X |I> + I(bs + as) || X || }] < oo,
Ep[T5(X, Y)] =Ep[exp{i(bs + a3) XY )}] < oo.
For any d € {1, 2}, suppose there exists ¢ such that [ 7,(b) p.(x, s, b) db < ¢(x)T,(x)

for any x, and, for any y > 0, {x : ¢(x) > vy} is either empty or compact. Then, for any
y>0,

/Td(x)v(dx)= /1{go(x) Sy}Td(x)v(dx)-i-/l{go(x) >y}Td(x)V(dx)
_ //1{go(x)§y}Td(b)p*(x,s, b) dbv(dx, ds)
—f—/l{go(x) = ) Ty (0w (dx)

<y / Ty(x)w(dx) + sup Ty(x),

x:p(x)>y
where the second line follows because » is the invariant probability distribution. Since
{x: @(x) > v} is bounded and compact (if it is nonempty), sup, .., Ta(x) <M < oo.
Choosing y < 1, it follows that [ T,(x)v(dx) < % < 00, as desired.
We now show that [ T;(b) p.(x, s, b) db < ¢(x)T;(x) for any x. To do this, note that

/Tl(b)p*(x,s, b)db5/eXp{0-5l(F—5)||y||2+I(F+5)||y||}p*(x,s,y)dy,

and, by Lemma 15,

fa((y = PTx — . (5)) 2,2 (s)) <exp{ 0.5, (lIylI* — 2\/5* Ix[HIyll) + &, Iy177.} B (x),
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with B,(x) = C,exp{—0.5x M | x|*> + «,vM,|x||m,}. Therefore, mmé’:iw is
bounded by

/ exp{0.5(% — ) Iy I + (& + ©) Iyl

x exp{—0.5k, (Ily[I* = 2y M.IIx[[llyll) + &, 7]yl } dy
= / exp{0.5(I(k — k) — k) IIYII” + K, ML x Iyl + (.77, + 1(K + )) [yl } dy.

By our conditions, /(k — k) — k, < 0. Hence, the expression above is an integral of
an exponential function of a quadratic form with negative leading coefficient, and is
thus finite. Moreover, after some algebra, there exists a finite constant C, such that

[ Ti(b) p.(x,s,y)dy < CB.(x)exp{x,vM,|x|l/(=(I(k — k) — k,))}); we redefine the
RHS as CB, (x) exp{D« v/ M,||x||}) with D > 0. Therefore, the result holds with

x> o(x) =exp{—0.5(k, M, +I(x — k) x]* + (E*\/i(D +7m,) +1(by + ay)) x|}

As the coefficient on || x||* is —0.5(k, M, + [(k — k)), which is negative, the function satis-
fies the required conditions.

The case for d = 2 is analogous and is thus omitted; for this case, we use the restriction
that kM < [kM + k, instead of [(k — k) — k, < 0.

Finally, observe that, if [ T5(x,y)p.(x,s, y)v(dx,ds)dy < C [exp{ci||x|[}v(dx) for
some ¢; < 0o, then we can follow the same approach as before to show that f Ts5(x,y) x
p«(x,5,y)v(dx, ds)dy < co. Observe that, by the same calculations as before,

/T3(x7y)p*(x’s7y)dy
5B*(x)/exp{l(cg+b3)||x||||y|| —0-55(||Y||2—2\/ﬁ||x||||y||)+§||Y||m} dy
< CB,(x) exp{(I(as + b3) +5\/ﬁ)||x||}.

The RHS is of the form C exp{c, || x|}, as desired. QO.E.D.

SM.6. PROOFS OF SUPPLEMENTAL LEMMAS IN APPENDIX A.2

PROOF OF LEMMA 5: For any a, b in S,

_ : Py(X!,1S=b,8S=a,X X, a,b
Pg(SH—l —b | Sl — a,X’_m) — 0{]/ l+1j| I+1 ! 7ml)Q6( 1 ) )
ZPG(X/_H | Sl+l =, Sl =a, X_m)QG(XIa a, C)

ceS

The expression R;(X,j+1 | S =b,8=a,X",) equals }_’g(X,j 1S = b, X)) because

+
of the Markov property. The latter probability depends on the transitions of X, ; given
(X:, S:41) and S,y given (X,, S,) for each t > [ + 1. Since these are the same for the

process with i =1 and i = 2 and the “original” process” (S;, X,)%_,,, the last line of the

—m>
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previous display equals Pry(ny,1 =b | m1,=a, Xﬂm) =Pry(n21=b | M2 =a, Xfm), as
desired. Q.E.D.

PROOF OF LEMMA 6: Throughout this proof, we omit the dependence on 6 in the prob-
ability terms and on other quantities. For any a, c in S,

IPr(nipe1 =1 =a, X]—m) —Pr(mom1=-Im=c, Xim) I,
= ||Pr(771,z+1 =, v, =0[n,;=a, Xim) - Pr(”flz,m = v =0|ny=c, Xim) ||l

+ ||Pr(m,,+1 =, vy=1|n,=aq, Xj—m) - Pr(”flz,z+1 =, vy =1|nyu=c, Xj—m) ||1

= Term; + Term,
To bound the second term, note that

Pr(”’l1,l+1 =,vy=1|n,=a, Xl—m) = Pr(”fll,z+1 =-lvy=1,1,=a, Xim)
X PI'(U])[ =1 | N, =a, Xj_m)

It follows that Pr(vy,; =11, =a, Xﬂm) = q(X)), because given Xfm, vy, is drawn in-
dependently according to a probability function that only depends on X; (in particular,
it does not depend on 7,,), and is given by ¢q(X)). By some algebra, the Markov prop-
erty, and the fact that, given v, =1 and X !, the random variable 7, ,,, is indepen-
dent of its past, it follows that a > Pr(n, ;1 =-|viy =1, n,=a, Xfm) is constant (i.e.,
does not depend on 1, ; = a). Thus, a > Pr(n = vi =171, = a,Xfm) is con-
stant (i.e., does not depend on the value of a); since one can obtain the exact result for
c>Pr(my = v =1my = c,Xﬂm) and, moreover, the laws for i=1 and i =2
coincide (see the proof of Lemma 5), it follows that Term, = 0.

To bound Termy, it follows from the previous arguments that

Term; = Z|Pr(771,l+1 =s|lv,;=0,m,=a, Xim)
SES
—Pr(mopi=slv2,=0,m,=c, Xim)|
x (1-q(X) =2(1 - q(X))),

and thus the desired result follows. QE.D.

SM.7. PROOFS OF SUPPLEMENTARY LEMMAS IN APPENDIX A.3
SM.7.1. Proofs of Lemmas 7 and 8

In this section, we provide the proofs of Lemmas 7 and 8. To do this, we use a series of
lemmas, which we state below (their proofs are relegated to the end of this section).
Henceforth, for any j > m, let

0(j.m) = (E []‘[(1 - g(X»)l“ﬂD , (15)

=m
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where the constant a is the same as in Assumption 7. We also introduce the follow-
ing notation: for any 6 € 0, (x/, x,s) — ['(x'|x, s; 6) = V,log py(x, s, x') and (s, x, 5)
A(S']s, x; 0) = Vylog Qy(x, s, 8'). Furthermore, for any k > n and any / > m, let

[ k
®y(k,n,l,m)=Ep| Y T(X|X;_1,S;: 0) | X,’,}

L j=n

[ k
and \Pe(k, n, l, m) EEI'_’; ZA(Sjlsj—lan—l; 6) | Xrlrtj|

L j=n
To state the first lemma, for any k, 7, and X¥_, and any 6, let

Apsr(0)(Xi_r)
— @k~ 1,k T,k k—T)+Wy(k—1,k—T —1,k,k—T)
Dk -1, kT k—1,k—T)—Wy(k —1,k—T—1,k—1,k—T)
+ @k, k ko k —T)+ Wy(k, k, k. k — T) (16)

The next lemma is analogous to the results in Douc, Moulines, and Rydén (2004) and
Bickel, Ritov, and Rydén (1998), thus the proof is omitted; it can be found in Pouzo,
Psaradakis, and Sola (2021).

LEMMA 17: Suppose Assumption 6 holds. Then, for any k, T > 0 and any 0 € 0%
Volog pi (XelX(Zr: 0) = Acsr(0)(Xi_y) as-P.

This lemma characterizes the asymptotic behavior of the score functions; in particular,
it shows that they are well approximated by (A, _..(6.)).,, which is to be defined below,
but at this stage is worth pointing out that it is stationary and ergodic; this last fact is
established in Lemma 19 below.

LEMMA 18: Suppose Assumptions 1,2, 6, 7(i), and 8 hold. Then:
(i) There exists a finite constant C > 0 such that for any k and T > 0,

Ak k-7(6.) — A~ (6.)

L2(PY)
k—1 [k-=T/2]-1
§C<max{ Z o(j,k—=T), Z Q(k—l,j)});
j=lk=T/2] j=k=T

(ll) limT%oo ”T71/2 ZIT:(]{At,foo(o*) - VH logp]t/(l’ 0*)}”L2(I5>E) = 0

LEMMA 19: Suppose Assumptions 1, 2, and 5 hold. Then (A, _(6.))_,, is a stationary
and ergodic L*(P") process (under P").

LEMMA 20: Suppose Assumption 1 holds. Then there exists a finite constant L > 0 such
that:

2When there is no risk of confusion, we will omit the dependence of Ay x_7 on the data X ,’;’_T.
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(i) For —-m<j<kandany 6 € ®,as.-P’,

k—1

By(s,=1x4,) = Bils = 15 |, = LTT(1 - ax0).

i=j

|

(ii) For—-n<—-m<j<kandany 0 € 0, a.s.-}_’:,

By = 1X%,) = By(s, = X5, = L [T (1 - a(X)).

i=—m

PROOF OF LEMMA 7: Follows directly from Lemmas 18 and 19. QE.D.

PROOF OF LEMMA 8: Lemma 8§ is analogous to Lemma 10 in Bickel, Ritov, and Rydén
(1998). The proof follows by their Lemma 9, which in turn holds by analogous steps to
theirs and by invoking Lemma 20 (which is analogous to their Lemma 7). Q.E.D.

SM.7.1.1. Proofs of Lemmas

Throughout this section, in cases where the expectations are taken with respect to P?,
we omit the probability from the notation and simply use EJ-].

The proof of Lemma 18 requires the following lemma.

LEMMA 21: Suppose that Assumptions 1 and 7(i) hold. Then there exists a finite constant

C > 0 such that:
(i) forany -n<-—-m<-—-m' <l <k,

1
||CI)9* (la _m,: k: _m) - (I)H* (17 _m,7 k: —I’l) ”LZ(I:’,’:) = C( Z Q(.]7 _m)>’

j=—m'

(ii) forany —-m < —-m' <l <k -1,

1
| ®o. (1, =, ke, —m) = @y, (1, =, e =1, =m) | 2 o) < c( 3 ok -1, j));

j=—m’

(iii) forany —-n<-m<-m' <l <k,

!
|, (1, —m', ke, —m) — W (I, —m', k, —n) ||L2(13:) < C( Z o(j—1, —m));

j=—m

(iv) forany —-m < —m' <l <k —1,

1
[Wo. (L, = ey —m) =W (1, = k=1, =m) | ) < c( > o(k-1, j)).

j=-m
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PROOF OF LEMMA 21: Here, we only prove part (i) as the calculations for the rest of
the parts are analogous.?’ )

Throughout the proof, we omit the dependence of E[-] on P . Also, let L denote the
constant in Lemma 22.

Part (i). Observe that, for any j <k,

||E[F(Xj|Xj,1,Sj; 9*) | Xfm] — E[F(leXj,l,Sj; 9*) | an]“

ST, ai 0P (5 =a 1 X4,) — B3 (5, =l X))

aesS

< maSX||F(X]-|X]~,1, a; 0,)

Py (Si=-1X5) =P (S;=-1X5)],.
By Lemma 20(ii),
||E[F(Xj|Xj,1, Sj; 9*) | Xfm] — E[F(leXj,], Sj; 9*) | an]”

J

1_[ (1 —Q(Xi))'

i=—m

< Lman||F(Xj|X,_1, a; 0,)
aei
Thus, by the Holder inequality, for ™' + b~ =1 (with a as in Assumption 7),

!
D AE[NXGIX 0, 85 0. 1 X5, ] = E[D(X1X 0, S5 6.) | X5, ]

j==m'

L2(PY)

i
< 2 IE[CX1X,m, 852 6.) 1 X5, ] = E[T(X;1X ;0,852 6.) | XE,]

”LZ(P::)

j=—m’
X 1/Qa) 1 j " 1/(2b)
SL(ZEpg[ T(X\|Xo, a; 6.) | “]) > (Ep;[n(l—g()(i)) D ,
aeS j=—m' i=—m

where the second line follows from the triangle inequality and the third follows from
stationarity (Lemma 1). The fact that I'(X,|X,, a; 6.) = V,log py, (X, a, X;), Assump-
tion 7(i), and the definition of o imply the desired result. Q.E.D.

PROOF OF LEMMA 18: Throughout the proof, we denote || - [|,2) as || - [|,2. Also, we
use ® and ¥ to denote ®,, and ¥, , respectively.

Part (i): Observe that ®(k — 1, k—T,1,k—T)=P(k—1,[k—=T/2], 1, k= T)+P([k —
T/2]1—1,k—T,l, k—T) and an analogous result holds for ¥. Therefore, by the definition
of A, ;7 and analogous calculations to those in Bickel, Ritov, and Rydén (1998, pp. 1624—
1626),

| Ak k-7(6.) — At~ (6.) ],
<|®(k—-1,[k—T/2],k,k —T) —®(k -1, [k — T/2], k, —00) | ,»

YFor a complete proof, see Pouzo, Psaradakis, and Sola (2021).
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+ || Pk —1,[k=T/2),k =1,k —=T) = ®(k — 1,[k — T/2], k — 1, —00) | ,,
+ HCID([k T/2]-1,k—T,k,k—T)—®((k—T/2]-1,k-T,k—1,k—=T)|,,
+ | w(k—1,[k—T/2],k,k—T) —¥(k—1,[k — T/2], k, —00) |,
+ | w(k—1,[k—=T/2l,k—=1,k—=T) —W(k—1,[k - T/2],k —1,—00) |,
+ ||\If([k—T/2]—1,k—T—1,k,k—T)
~W(k—-T/2]-1,k—-T—-1,k—1,k-T)|,,
+ | Ok, k, k, k = T) — D(k, k, k, —0) |,
+ |k, k, k,k—T)—¥(k, k,k,—0)|,,
8
= ZTermi.
i=1
Here, we only bound Term 1 as the bounds for the rest are analogous.?® Observe that
|®(k —1,[k—T/2],k,k = T) = P(k —1,[k — T/2], k, —o0) |,
k—1
= Epy [D(X; 1 X1, 855 0.) | Xi 7]
J=lk=T/2)
k—1
-y Epy [T(X; 1 X1, 855 0.) | X" ]
j=[k-1/2) L2
By Lemma 21(i), for i € {1, 2}, Term; 3 (Zf:_[lkqm o(j,k—T)).
Part (ii). By part (i) and Lemma 17,
T
T2 (A (6.) — Vylog p} (|5 6,)}
t=1 1.2
T
=T A (0) = Bual0)
T [t/2]-1
( WZ Z (L0 +T77> " > ot 1))
t=1 j=[t/2] t=1 j=0
By Kronecker’s lemma, it suffices to show that
T t—1 T [t/2]-1
2y 0G0 and Ty () (17)
=1 j=l[t/2] =1 j=0

are bounded uniformly in T, where recall, o(j, k) = (E[[T_, (1 — Q(X,»))ﬁ_au])%_

BFor the complete proof, see Pouzo, Psaradakis, and Sola (2021).
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Moreover, j — 9(j, k) is nonincreasing and k — o(j, k) is nondecreasing since 1 —
q(-) < 1. By Assumption 8, (9(j, 0)), is p-summable with p < 2/3, thus lim;_.. 0(j, 0)"j =
0 (if not, then o(j, 0) > ¢/j'/? for some ¢ > 0 and all j above certain point and this violates
the assumption). Hence,

t
Z 0(j,0) < Z ]1/1’ _/ x VPdx < %(t/z)lfl/ﬂ

i=lt/2) i=lt/2) (/2141
for all # > 7 and some 7 > 0, and this implies that, for some constant const > 0,

t—1

T T
Zt’l/z Z 0(j,0) < C(7) + const x Z %tl’”p’l/z <C < oo,

i=l[t/2] 1 P

because 1 —1/p —1/2 < —1 < p <2/3 (C is a finite constant, which may depend on 7).
By stationarity of X*_(Lemma 1) and some simple algebra,

[t/2]-1 [t/2]+1

Y ot )= o(t—j0).

j=0 j=0

Thus, Y1 o(r — j,0) < YA T S < Jiyja11 77 du and by our previous calcula-
tion the result follows. Thus, the terms in (17) are uniformly bounded. Q.E.D.

PROOF OF LEMMA 19: It is easy to see that A, _.(6.) is adapted to the filtration as-
sociated with the o-algebra generated by X’ . Since X*_ is stationary and ergodic (by
Lemma 1), s0is (A, _«(6.))% Q.E.D.

To prove Lemma 20, we need the following results.

LEMMA 22: Suppose Assumption 1 holds. Then there exists a finite constant L > 0, such
that, forany —m < j <n <k andany 6 € 9,

HI}%X“P;(SI = |Sﬂ = b’ Xfm) - PS(S/ = |Sn =, Xfm) ||1 = Ll_[(l - Q(Xl))
i=j

a.s.—l_’:.

LEMMA 23: Forany —m <i<Il<r<n,letS;=(S,,...,S,). Then, forany 6 € O,

Py(SiS], X",.0) = Py (SilSi, X7,.1),

that is, the Markov property holds backward in time.

PROOF OF LEMMA 22: Observe that, for any b, ¢ € S?,

1Py(S; =S, =b, X*,) — Py(S; =S, = ¢, X% ||1

= > _Py(S;=IS11 =5, X)) (P} (Sj1 = sIS, = b, X))

seS
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- P;(SH_] :S|Sn = C,Xfm))

1
< g i1 (XE,) | Py (i1 =1Sn = b, X)) = Py (Sj01 = 1S, = ¢, X*,,)

17

where the second line follows from Lemma 23 withi = j,r =[=j+ 1, and n = k, and the
third follows from Lemma B.2.1 in Stachurski (2009) and the definition of ag ;. ;(X*,)
in expression (12). Iterating in this fashion, it follows that

|2} (S; =18, =b, X5,) = Py(S; ="IS = ¢, X)) |, <2 [ etora(XE,).

I=j

Thus, it suffices to show that a ., (X*,) <1 — g(X)). Since
a9,1+1,1(Xfm) =1—min mln{Pg(S, = S/|S[+1 =a, Xfm), Pg(S[ = S/|S[+1 = b, Xfm)}

a,b
s'eS

(see Stachurski (2009, p. 344)), it suffices to show that, for any (a, b) € S?,
Py(Si=alSa=b,X5,) > q(X)w (X', a),

where (X", ) € P(S).

—m+1° _ _
To do this, first note that P4(S; = a|Si, = b, X*,) = Pi(S, = a|S;., = b, X'*1), by
Lemma 23, and

pG(Xh b7 X[+1)Q0(Xla a, b)PZ(Xl_m+1’ Sl = a)
ZPH(XI, ba XlJrl)QO(Xla S, b)P(I;(XI_m_H, Sl - s)

seS

Py(Si=alS=b, X"} )=

—m+1

P; (Xl—m+1’ Sl = a)

> Q(XI) — s
B ZP;(X[—mH’Sl:s)
seS
. . . ! _ Pps=1xt,p)
where the last line follows from Assumption 1. Letting w (-, X_, ,,) = Wﬁ)’
seS Lo WI=SIA_ 1
the desired result is obtained. Q.ETD.

PROOF OF LEMMA 23: Throughout the proof, we omit 6 from the notation. Let S, =
(S:, 81, 8115 - -+, 8,1, ;) and note that, by Bayes’ rule,

B Py (XIS, XL )Py (S, X5L)

PV Si Sr’Xn _ —m+1 _ —m+1 .
0( | 1 —m+1) Pg(Xr" | S;, X:nl_‘_l)Pg(S;, X::nlﬂ)

By the Markov property, P;(X" | S;,, X" ! PU(X"| X,_1,S,), 50

-m+1) =

Py(Si X0ukt) _ Pa(S, 183, X0 ) Pa(ST, X0 )
Bi(s XL By(S IS X LB (ST XL

—m+1 —m+1

Py(SilS;, X",,.) =

—m+1
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Observe that Py(S, | S, X",0) = Qu(X,-1,S5,1,S,), and thus P/(Si|X",..,S)) =
v Qr—1
m (S, S X;’"“) and, by iterating, it follows that
PV(S X m+l)
P“(S,,S,,X’ )
Py(S|S;, X" A AT
( | —m+1) PV(Sé,leH) ( | 1 —m+1)
as desired. QE.D.

PROOF OF LEMMA 20: Part (i). By Lemma 23 with/=r=k — 1, n =k,

Py(SiXE ) =3 Py (SilSicr =5, X2, 1) Py (S = 5|, )

seS

=Y Py(SilSioi =5, X5, L) Py (Sier = 51X5,,0),

—m+1
seS

and similarly,

Py(SiX*) = Py (SiSec = 5, X5 L) Py (Sicr = 5|1 XL L),

seS

Thus, by Lemma B.2.2 in Stachurski (2009),
HP;(S]- = '|Xfm+1) PV(S = |Xfm+l)”1
= max|[Py(S; =[S =a, X5 0) = Py (S; =-|Se1 = b, X5,00)

<L ]_[ (1-q(X))),
=Jj
where the second line follows by Lemma 22 with n = k — 1. Thus, the desired result
follows.

Part (ii). The proof is analogous to that of Lemma 5 (third part) in Bickel, Ritov, and
Rydén (1998). By analogous calculations to those in part (i),

Py(S;=-1X%,)—Py(S;=-1X%)|,
<max|[Py(S; =18 =b, XL, ) = Py(S;=-15_,=b, X ),

—m

= %xnﬁg(sj = |S_u=b, X5 )= P(S; =18, =0, X)),

where the last line follows from the fact that, given S_,,, it is the same to condition on X*
and on X* . The results thus follow from following the same steps as those in the proof
of Theorem 2. O.E.D.

SM.7.2. Proof of Lemma 9

PROOF OF LEMMA 9: To simplify the exposition, we present the proof for the case
where A, _(6.)(X" ) is a scalar; since the dimension of this quantity is finite, the vector
case follows readily from the results below.
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Part (a) follows easily from Lemma 17 in the Supplemental Material SM.7.1.

For part (b), it follows from part (a) that A, ; (6. )(X A, _(0,) (X)) depends
only on (X, ;,...,X.;). By Lemma 1, (X,)?2__ is B-mixing. Since, for any fixed j, the
o-algebra generated by (Ayj - (0:)A; 5 (6.))s<, is contained in the o-algebra generated
by (X4;)s<i, and the o-algebra generated by (A, _oo(0.)A, _(6.))s>, is contained in the
o-algebra generated by (X),.,_;, it follows that, for each j, (A _(0.)A; oo (0.))2_ 1S
also B-mixing with mixing coefficients that decay at rate O(y"*") as n diverges through
the positive integers; as L is taken to be fixed, the decay rate is O(y"). As is well known,
this result implies that the corresponding a-mixing coefficients («,), decay at the same
rate, that is, o, = O(y") for all n.

Henceforth, let Q. oo(6:) = A oo (0:) (XA, o (0,) (X)) and Qi _oo(6,) =
Qiij-00(02) = Epr[Qssjr,—0(0,)], for any ¢, j. Observe that, for any j,

[( ZQW (6. ))] T Ep[(Qj0,-(6.)) ]

+2T—1Z(1—t/T)EPV[( rit—o0 (04)) (Q ]0700(9*))],

t=0

where the last equality follows by stationarity. By Corollary 6.17 in White (2001), for any
meN,

|Epr [Q0,-00 (0.) Q) mm, e (60,) ]|
< () 75y En[(Q0(0.)) ) (x|

for any j (the implicit constant in the display does not depend on j). Thus, for any j,

Ep: |:(T] iﬂtﬂ',t,—w(e*)) :|

ST Ep[(Qo.-(6.)]

2+28] 2—

Qj+m m, 00(0 )‘

2

T-1 - .
+277'Y (1—1/T) () Ep[(250,-000) ]
t=0
X (EP [ Q 2+25])1/(2+28)
¥ J+m,m,—oo )

By the Cauchy-Schwarz inequality and stationarity, for any j,
= )2 4
Ep[(@0.-(07) 1 3 Epe[80,(0.) (X2) ],
which is bounded by assumption. In addition, by similar calculations,

Ep[(©0-(0)"1 3 Ep[B0 (0)(X°) ] Vi,
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which is bounded by assumption. Therefore, there exists a finite constant C (which does
not depend on j) such that

|:< ZQ +ijt, oo 0* ) i| < C(T' +2T7] 2(1 —l‘/T)(at)z/(erz‘S)),

t=0

As a, = O(v"), it follows that zf;)l(l —t/T) ()Y = O(1) (1 =t/ T) (y¥ @)1,
Since y < 1, it follows that S =t/ T)(a)¥®) = O(1), which in turn implies that
Ep[(T7" Y0, Qi —(67))?] < CT~'. Hence, by the Markov inequality, for any a > 0,

ZAH] (0 (XA (0 (XL)

)

T3 8y (0 (X)) (X)"

t=1
o)

which implies the desired result. Q.E.D.

— Ep;: [Aj,_oo(e*) (Xioo)AO,—w(a*)(Xgoo)T]

L
< pv
= *
j=0

— Ep[A; oo (0.) (X7 o0) Ao, (0.) (X°)T]

<Ca’LT7 1,

SM.8. PROOF OF THEOREM 5

To prove Theorem 5, we use the following results, whose proofs are relegated to the
end of this section. The following lemma shows that we can “quantify” convergence in
probability.

LEMMA 24: Suppose a random sequence Xr)5._, converges to zero in probability. Then
there exists a deterministic positive sequence (rr)5., such that rr = o(1), and for any € > 0,
there exists T. such that

Pr(| X7l >rr) <e,
forall T > T.. In particular, | X 1| = Op;(rr).

The next lemma presents some useful properties for the “score process.”

LEMMA 25: Under the Assumptions of Theorem 5, the following are true:
L 1supyegs o) 180, 0o (O) Il L2(pr) < 00 (8 > O is as in Assumption 7).

2. A, _and A,,_OOA(LOO are continuous in L' (}_’:)-nonn, that is, for any € > 0, there exists
8 > 0 such that

max
t

sup [|Ar oo (8)Ar e (0)T — A, o (60)Ar o (60)7||

16—06oll <6

<e€
Lipy) —
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and

sup [ Ao (8)A0, ()T — Ao (B0) Ao, (60)T]|

10—6oll<d

@ (8) = max

Ll(P” -
3. There exists a constant C < oo such that, for any t and M,

<CM''»,

ZV)

sup At,—oo(e)_ ttM(e)

0eB(3,05)

Moreover, by Assumption 8, p € (0,2/3), and thus the RHS vanishes as M diverges.

PROOF OF THEOREM 5: The proof has several parts and steps.
PART (A). We show that

T
T ZV; logp’[’(Xt|X(§71, év,T) —Ep [51(0*)] H =op(1).

t=1
We do this by using the triangle inequality and showing the following:

T

7' {Vilog p; (|-, b.7) — &(6.7))

t=1

=0

LY(PY)

lim

T—o0

(which implies convergence in probability), 7' Y. {&,(0,.r) — &(0.)}] = op(1), and
1T 320 £06.) — Enl£(0)]1 = 0p:(1).

The first expression holds true because by Theorem 1, for any & < 8, 6,1 € B(&, 6,)
w.p.a.1, and hence, by Lemma 8, the desired result follows.

Regarding the second expression, again by Theorem 1, 6, 7 € B(&', 6,) w.p.a.l. Thus,
by the Markov inequality and stationarity, it follows that, for any € > 0, there exists 7'(€)
such that, for any ¢ > T'(¢),

P;( T-

By Lemma 8, &; is continuous, and thus uniformly continuous over compact sets. Since
&' > 0 can be chosen to be any number less than & (6 as in Assumption 7), we can choose
it so that the first term in the RHS is less than 0.5¢. Hence, the desired follows.

Finally, ergodicity of X*_ (Lemma 1) implies ergodicity of (&,(6.)) .. ; therefore,
by Lemma 8 and Birkhoff’s ergodic theorem, || 7! Zthl £(0.) — Ep[£:1(0)]ll = 0pr (D).
Hence,

DY {E(Bur) — 8.} ] +05e

t=1

ze) 56_1Eﬁv[ sup [ €(0) — &

0eB(8,04)

T
- ng logplt)(thX(g_l’ év,T) — Epv [51(9*)] H =op(1).

t=1

With this result and the Fisher information equality (established in the proof of Corol-
lary 1), the result of part (a) of the theorem follows.
PART (B). STEP 1 To prove part (b), it suffices to show that || Es [£(6.)] — Hr(6,.7)l| =

op(1) and [127(0.) — Jr(B,.7) | = 0p: (1).
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The first expression was established in Part (A). Regarding the second expression, we
introduce some notation. For any 0 € 0, let

Q(0) = A (0) (X3 A a(0)(X3,)T, Vi1, M €N,

where it is left implicit that this quantity depends on X™5"_ Also,

T—7

0> Fr0(0)=(T=7)"' > Quinio(6), ¥re{l,..., Lz}

t=1

Recall that A, o(0)(X!) = Vep' (X, | X', 0), s0 Y7.,0(0) is the sample covariance of
Qrrro(0)
Given this notation, observe that

T t-1

3700 =T Ep[Qui-(0)]+ T Y D {Ep[Qui-(6.)] + En[ Q- (6.)7]}.

t=1 t=1 [=0

The aim is to show that each of the summands above is well approximated by its counter-
part in Jr. For the first summand, we show in Step 2 below that

T

T! Z{Qt,t,o(év,T) - EP;’ [Qt,t,—oo(e*)] } ” = 0133!(1)'

t=1

Regarding the second summand, we observe that, for any ¢ > I, Ep[Q,; _(6.)] =
Epr[Qy_10,-50(0+)] = ¥:-1(0,) (the first equality, which follows from stationarity, can be es-
tablished by analogous arguments to those presented at the beginning of Step 2). Hence,

T t-1 T-1
T Y En[Quw(8)] =) (1= j/T)y1(6.).
t=1 I1=0 j=0
Thus, it suffices to show that
T-1 Lr—-1
D (A —=j/T)yia(0) = Y 0l L)Frj410(0r.) | = 0 (1),
j=0 j=0

the proof of which is in Step 3 below.
STEP 2 We now show that

T

T71 Z{Az,o(év,T)(Xé)At,O(év,T)(XI)T - E}_’,‘; [At,foo(6*)(XiOO)A%*OO(H*)(XiOO)T]} H

t=1

= OP:(1)7

where, by the definition of A, 1, A, 0(6)(X*) = Velog p,(X, | X{)‘l, 0).
First, observe that

Ep[A w0 (0.) (X' )AL (0.)(X" )] = Epr [A0,oo(0.) (X0 ) Ao, (6.) (X2)T]-
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This follows from stationarity (see Lemma 1) and the fact that A, _,(6,) can be approxi-
mated (uniformly in ¢) by A, ,_,(6.) (see Lemma 18). Hence, it suffices to show that

T A (B r) (X A0(0) (X) T = Epr[A -0 (8.) (X ) Ao oo (8.) (X°) ]

= Opi/(l).

By Lemma 1, ergodicity of A, , »(6,) for any M follows. This, Birkhoff’s ergodic theo-
rem, and Lemma 18 imply that

T ZAOO(H*)(XiOO) - E}_’,'Z [AOO(O*)(XEOO)] H = 01_’;’(1)7

where, for any M € Z U {00}, Ay (6)(X"_,,) = Ao_u (0)(X'_,) Do —u (0) (X1,
Hence, in order to obtain the desired result it suffices to show that

T

T {A(b.1)(X5) — Aw(e*)(Xfoo)}H =o0p(1).

t=1

In order to do so, by the triangle inequality, it is sufficient to show that

T A (6)(X ) — (B (X)) \ ~on() (1®)
and
Z t(ev T) Xt AOO(év,T) (Xt_oo)} H = Of’,’;(l)' (19)

_ Expression (18) holds by Lemma 25, the fact that, for any 6 > 0, Or, € B(é, 0,) w.p.a.l-
P! (by Theorem 1), and the Markov inequality. Regarding expression (19), by the Markov

inequality and the fact that 0, € B(8, 6,) w.p.a.1-P” (by Theorem 1), it is sufficient to
show that

T ZEP»[ sup [[3,(6)(X;) — B (0) (X)) [] = 0(1).

0cB(8,04)
The LHS is bounded by
T A o(6
T 0ol
X( 9efzuapo)”At0( )H LZ(PIZ)+ eeiupo ”At OO(O)H LZ(PV>
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By Lemma 25(3), the first term in the RHS is bounded (up to constants) by 7= Y7 #1-1/»,
The second term in the RHS is bounded by Lemma 25(1). Thus, under Assumption 8, the
whole expression converges to zero and the desired result follows.

STEP 3. We next show that, for any L = Ly such that limy.. Ly = oo and
Lr(w(T~"*loglogT)loglog T + rr + T7?) = 0(1),

T-1 Lp—1
D A=/ T)yia(0) = Y 0l L)rj410(07.) | = 0 (1),
j=0 j=0

where, forany 7 €{1, ..., Ly}and any M <1,

T—1

0 Fr.m(0)=T" ZAt+T,M(0) (Xy )AL (0) (X))

t=1
(recall that A, o(0)(X}) = Vep? (X, | X', 0)).
Putting Y7, = Y1, _~, We have, by the triangle inequality, that || thol(l —j/T) x
Vi+1(0.) — ijo_l (], L)}A’T,jﬂ,o(ér,v) || is bounded by

-1 Ly-1 Ly—1
Z(l —J/T)vin(0.) — Z 0(J, L)y (0.) | + Z w(j, L){')’/+1(0*) - ?T,j+1(0*)} H
j=0 j=0 j=0
Lr—1
+ Z w(j, L){’i’r,j+1(9*) - ’)A’T,/+1(éT,V)} H
j=0
Lr—1
+ 1Y w0l LY{91.41.0(07.) — ?T,j+1(ér,v)}H-
j=0

We now bound each term in the RHS individually.
By assumption, for any / > 0, |y,(6.)|l < v(/), and thus, for any L,

Z(l —J/T)vj+1(6:) — Z w(j, L)vj41(6.)
=Y v+ (5T~ G D}y (6]

Since, v is integrable, the first term in the RHS converges to zero as L diverges.
Furthermore, since w(-,-) is bounded, |v;+1(6,)Il < v(j + 1), which is integrable, and
(1—-j/T)— w(j, L) converges to zero pointwise in j as T (and thus L = L) diverges, so
by the dominated convergence theorem, the second term also converges to zero as 7" (and
thus L = L7) diverges. Therefore, for any € > 0, there exists 7, such that, for all 7 > T,

Ly—1

S/ Tyya(0) = Y 0l Li)ya(6)

j=0

<e€.
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-5).

f’:( max > 8/L).
jel0,....L7}

By similar arguments to those presented in Step 2 and Birkhoff’s ergodic theorem, for
each L,

We now consider, for any é > 0,

13:(

Since Z o ' w(j, L) < L, this expression is bounded above by

L-1

Zw(j’L){ ZAH—] 00(0) t+l) t 00(0 )( ) _yj(e*)}

j=0

T-j

T3 Ay (0 (XED)8, (0 (X )~ %,(0.)

t=1

ZAt+/ 00(9) H])At —oo(0s )( )T _Yj(e*) :OPJZ(l)'

By Lemma 24, for each L, there exists a positive sequence (r7)r such that rr = o(1)

and Py (maXcq,...0 177 0 Avejmoo(0:) (XD A oo (B.)(XL)T = ¥,(8.) ]| = rr) = o(1).
Thus, by setting 6 = 2rr L, for any € > 0, there exists 7, such that, for all T > T,

( > 2rTL> <e

By Theorem 4, 6, r € B(T~/*loglog T, 6,) w.p.a.1-P”. Hence, for any € > 0 there exists
T. such that forall T > T.,

13:(

L-1
< :f( sup > 0 L) 91,141(0.) = Fr.1(0)

0eB(T~1/2loglog T, 05) =0

Zwo,m{f 3 A (0 (XA, (0 (X" )T—w(ﬂ*)}

j=0 t=1

L-1

> 0@, LY{#r.511(6.) — Fr.501 (B}

j=0

> L& (T loglog T) loglog T)

> L&y (T "*loglog T) loglog T) +e.
Moreover, by the Markov inequality,

L-1
13:( sup Y 0@, L)]97,1(8.) = 97,11 (8) | = L (T~ loglog T) loglog T)

0eB(T~1/2loglog T, 05) j=0

L-1

Y w(j, L)@ (T loglog T)

j=0

<
~ Lo (T *loglogT)loglog T’
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where the last line follows from Lemma 25 and A, _y(8) = A, _y(8)Ag_y ()T for any
te{0,...,T,..}and M € NU {oo}. Since Zf;ol w(j, L)/L <1, the last expression is less
than e for sufficiently large 7'. Thus,

P;(

Finally, since, for any 7 € {1,...,L}, 0 = $7..0(0) = T' 31 " A, . 0(0) (X)) x
A 0(0)(X{)T, by Lemma 25(3) (with M =),

L-1

>0, D{Fr41(6.) = 97,101 (8,1) )

j=0

> L& (T loglog T) loglog T> <e.

L-1 L-1 T—j
> 0@, LY (#1551 (Bnr) = Fr.j41.0(0,1) ) 3Y e, LTy e,
j=0 L2(PY) Jj=0 t=1

By the proof of Lemma 18, 7-"/2 3" ¢=V/7 vanishes; thus, the RHS is of order o(LT~'/?).

=1
Therefore, we have shown that, for any € > 0, there exists 7. such that, for all 7 > T,

T-1 Ly—1
P:( Z(l —J/T)vj+1(6.) — Z w(J, L)¥1,j31,0(07.,)
=0 j=0

> e+ Ly(w(T"*loglog T) loglog T + 2r7 + Tl/z)) <e,

where the e inside the probability arises from bounding || Z].T;O](l —J/T)yi1(0.) —
Z;:ofl o(j, L7)v;+1(6.) |l and requires Ly to diverge. Therefore, by taking L = L such
that limy_, ., Ly = oo and L (& (T~ ?loglog T)loglog T + ry + T~'/?) = 0(1), we estab-
lish the desired result. Q.E.D.

SM.8.1. Proofs of Supplementary Lemmas

PROOF OF LEMMA 24: The proof is standard, and thus omitted; it can be found in
Pouzo, Psaradakis, and Sola (2021). Q.E.D.

PROOF OF LEMMA 25: We show that || sup, g 4., 180, (O) Il 122 is bounded (§ is as

in Assumption 7) and that A, _, and A, _, Ay _ are continuous in L!(P”) norm, that is,
for any € > 0, there exists > 0 such that

w(8)=max| sup {A _(0)A _(0)T — A _(80)A,_(6)T} <€ (20)
E Who—ogli<s LY(PY)
and
&(8) = maxH Sup A (0B (0)T — A (00)A0_(0)T}|  <e (1)
r Wjo—6oll<s L1(PY)
We also show that there exist a constant C < oo such that, for any # and M,
sup A, _(0) —A—m(6) . <CM'-Vr, (22)

0<B(5,04)
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By Assumption 8, p € (0, 2/3) so the RHS vanishes as M diverges. We first establish (22).
To do so, note that, by inspection of the proof of Lemma 18, the conclusion of that lemma
holds uniformly in 6 (and also in ¢), that is,

[t—M/2]-1
sup A, (0) = A w(0)] 3 Z o(it—M)+ > o(t—1,j). (23)
0€B(5,04) ( j=[t—M /2] j=lt—M]

By the definition ?f o and stationarity, we haA\;e that, for any j > k, o(j, k) = o(j — k, 0),
t— . _

and thus > .- ,n0(,t — M) < fM/2]+1 1/(x)"rdx < %(M/z)l Up,  and

Y et —1—,0) < £ (M/2)'""/7. Thus,

_< Ml 1/p
2102500

sup A, oo (8) — Arr_yi ()

0eB(5,65)

as desired. Since, under Assumption 7, || sup,.g 4. A0, 2 (O) Il 12(p2) < oo for any finite
M, (22) implies that || Sup,cps 4, 180, -0 (0) Il 252 is bounded.

We show next that (21) holds (the proof of (20) is completely analogous so it is omitted).
To this end, observe that, for any r € NU {0} and M € NU {oc},

sup A, _o(8) —A, (6 < sup A,_(0)—A,, u(6
Huefeornla =0 (8) = Auco(60) LY(PY) oeB(sI,)o*) toeol ) = Bs-n(6) LY(PY)
+ H su 0) — A 7]
{\|9760H<6}F|’)WB(8,0) b M( ) b= M( 0) Ll(Pu
+1{| sup A, o (6)) — A, m(8 ]
9063(59*) - ( O) o M( 0) LY(PY)

= Terml,,,M + Termz’t,M + Term3,,,M,

where A, _y(6) = A, _y (6)Ag 1 (6)T. We now bound each of these terms.
Regarding terms 1 and 3, by simple algebra and the fact that

| sup a0 u@)]| , <oo

0€B(5,05)

L2(PY)
for any M € N U {o0},

Term,, y + Terms < C| sup A, (6) — A (0)]

0<B(5,064)

LZ(P”

for some C < oo, and, by (22), the RHS is bounded by O(M'~'/?). Therefore, under As-
sumption 8, for any € > 0, there exists an M such that, uniformly over ¢, Term; ; » +
Term; , )y < €. Henceforth, fix this M.

Regarding term 2, observe that M < oo and that A,, j, is the product of two func-
tions that are comprised of M-term-sums of products of 6 — log p,(x,s,x’), 6 >
log Qy(x, s, x") and their derivatives, all of which are continuous functions by Assumption
6. Thus, it can be shown that A, ,_, is continuous, thereby implying that, for any € > 0,
there exists some 8, (Which could always be chosen to be smaller than 6 > 0) such that
Term, , ) < €. This completes the proof. Q.E.D.
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