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BY FEDERICO A. BUGNI, IVAN A. CANAY, AND PATRIK GUGGENBERGER

THIS SUPPLEMENT CONTAINS the lemmas (and their proofs) that are used in
the proofs of Theorems 3.1 and 3.2 of the paper in Sections S1 and S2; the
proof of Corollary 3.1 in Section S2; a missing data example and Monte Carlo
simulations in Section S3; the verification of Assumptions A.6 and A.7 in two
leading examples in Section S4; a discussion of the intuition behind Theo-
rem 3.2 in Section S5; and details of the computations carried out in Table I in
Section S6.

S1. AUXILIARY LEMMAS

LEMMA S1.1: Assume that the parameter space is given by F, in Eq. (2.5) and
that S satisfies Assumption A.1. Under any sequence {y., n}n=1 = {0w,.n> Fonh}nz1
defined in Definition A.1 for a subsequence {w,},=1 and h = (hy, h,), it follows
that

(S1.1) T, (0u,0) =adu~S(hy*Z + hy, hy),

where T,(-) is the test statistic associated with S and Z = (Z,,...,Z;) ~
N (O, I1).

LEMMA S1.2: Forany a € (0,1) and p € [-1+ a, 1 — a], define

(S1.2)  f(z1, 22, p)

=(1-p)"
X mile {(zi—t) + (22— )’ = 2p(z1 — 1) (2, — b))}
(1.0)eR2 o

Then f(z1, z,, p) takes values according to the following four cases:
(i) Let zy > 0and z, > 0. Then, f(zi, z2, p) = 0.
(ii) Let z; > 0and z, < 0.If p < z,/z,, then

(S13)  f(zi,z22,p) =1 —p) (21 — 2 +2(1 — p)z122].

If p > z1/ 25, then f(zi, z2, p) = 23.
(iii) Let zy <0 and z, > 0. If p < z,/z,, then Eq. (§1.3) holds. Otherwise,

f(Z],Zz, P) :Z%,
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(iv) Let zy <0 and z, < 0. If p <min{z,/z,, z,/z,}, then Eq. (§1.3) holds.
Otherwise, f(z1, z,, p) = max{z?, z2}.

LEMMA S1.3: Suppose that k = p =2 and fix B > 0. For ¢ > 0, let p, =
—1—¢& h,, = [ ! ’]f],and
’ Pe
(814) HBE{hl ERZ:h],] S—ﬁ, h]7250}.

Define the set A, p= A% ;U A2 ;U AS ; CR?, where

(S1.5) A ,={zeR*:2,>0,2,<0,0 <z — p,z, < B/2},

eB =
(§1.6) A’;B_{zeRzzzl <0,2,>0,0 <z, — p.z1 < B/2},

(S1.7) A;lﬁ_{zeRz:zl >0,20<0,z; — p.z, <0},

(S1.8) AZZB ={zeR?:2,<0,2,>0,2,— p,z; <0},

and AS = AC1 Afﬁ. Let Z,,, ~ N(0, h,..). Then there exists a real-valued

function 7,(z, hl) A, x Hg — R, such that

1
(81.9)  Sy(z+hy, hyp) = Sa(z, hzg)‘l‘ o — (2, hy),
Vze A.3,Yh, € Hg,

and V1, C > 0, 3e > 0 such that

1
(S1.10)  inf Pr(1

hIEHB

Ta(th’e, hl) > C, th’g € A8,3> >1—n

&

S2. PROOF OF LEMMAS AND COROLLARIES

PROOF OF LEMMA S1.1: The proof follows along the lines of the proof
of Theorem 1 in Andrews and Guggenberger (2009; AG from now on). By
Lemma 1 in AG, we have, for any s € N,

(S2.1)  Tu(8,) = S(D;'*(6,)s" (), D; (6, )34(6, )D;2(8y)).

For j =1,...,k, define A,; = o, 1(0 )s'2(my j(05) — Epmy j(605)). As in
Lemma 2 in AG, we have

(S2.2) (i) A =(Aopis s Auk) —a Zn,
= (th,l; ...,th,k)/’\’N(Ok,hz) as n— oo,
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(i) O, 1( )/O-an h J(meh) —p1

as n—oo for j=1,...,k,

(iil) Dy (00,1)S0n (0015 (00,0) = p By s n— oo,
under any sequence Y, » = {0u,.n> Fo,.n}n>1- These results follow from com-
pleting the sequence v,, ,, that is, from defining the sequence v, , = {6;,
F; 1}s=1 in the following fashion. For s € N, define the sequence {6;, F}=1 as
follows. For any s < wy, (6,, Fy) = (0, 1, F., »). For any s > w; and since
{w,}.=1 is a subsequence of N, there exists a unique m € N such that w,, | <
s < w,. For every such s, set (6, Fy) = (04,1, Fo,.n)- Now let {W;},., be
1.i.d. under F;. By construction, Vs € N, (0,, F;) € F,,, for some m € N and
Corrr, (m(W;, 6,)) — h,. Then, the results (i)—(iii) of Eq. (52.2) hold by trian-
gular array versions of central limit theorems and the law of large numbers
with w,, 0, ,, and F,, , replaced by s, 6;, and F;, respectively. But the conver-
gence results along {6;, F},.; then imply convergence along the subsequence
{0u,.1> Fu,.n}n=1, as by construction the latter coincides with the former on in-
dices s = w,,.

From Eq. (S2.2), the jth element of lA);i/Z(meh)w,ﬁ”ﬁawn(0,1,”,,,) equals
(Au,j + @ EF, M4, j(00,1)/0%, ,i(00,))(1 4 0,(1)). We next consider

a k-vector-valued function of 13;’{/2(0 nwl?m, (6,,,) that converges in dis-
tribution whether or not some elements of h; equal co. Write the right hand
side (RHS) of Eq. (S2.1) as a continuous function of this k-vector and apply
the continuous mapping theorem. Let G(-) be a strictly increasing continu-
ous distribution function (d.f.) on R, such as the standard normal d.f., and let
G(o)=1.Forj=1,...,k,we have

(823) G, ;=G(0,, (00,4)®, M0, (00,4))
=G(6,, (00,1) 07,11 (0u.n)
X [Awn,j + wlz/zEFw,l,h”hwn /( )/O-Fw s /(Gwmh)])'
If hy ; < oo, then
(824) Gwn,j —>d G(th,j =+ hl,j)

by Egs. (S2.3) and (S2.2), the definition of v,,, ,, and the continuous mapping
theorem. If /; ; = oo (which can only happen for j=1,..., p), then

(825) G‘”naj = G(a-n_):,]( h)wl/Zm“’nvf(ea’"*h)) _>p 1

by Eq. (82.3), A4,,,; = 0,(1), and G(x) — 1 as x — oo. The results in Egs.
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(52.4) and (S2.5) hold jointly and combine to give
(S2.6) G., = (Gupise-vrGups)

—a (G(Ziy + h1a)s oo, G(Ziyi + 11y)) =G,

where G(Z,,; + hi;) = 1 by definition when h;; = co. Let G~! denote
the inverse of G. For x = (x1,...,x;) € R x RY, let G, (x) = (G(xy),
..., G(xp)) € (0,117 x (0,1). For y = (y1,..., ) € (0,117 x (0, 1)7,
let G;,{l)(y) = (G'n),...,G'(n) € RYy, x R'. Define S*(y,) =
S(G (), Q) for y € (0,117 x (0,1)" and 2 € ¥. By Assumption A.1(d),
S*(y, £2) is continuous at all (y, ) for y € (0,1]” x (0,1)” and 2 € V. We
now have

(S27)  Tor(0urs) = S(GG(Gon)s Dot (0) S (00 D3 (0ur)
= 8(Gunr D) (00,) 30, (00,) D) (6,.))
=48 (Gw, 1)
= S(G(_lcl>(Goo)’h2)
= S(Zn, + h1, ha) ~ Ty,

where the convergence holds by Egs. (S2.2) and (S2.6) and the continuous
mapping theorem, the last equality holds by the definitions of G| and G,
and the last line hold by definition of J,. Q.E.D.

PROOF OF LEMMA S1.2: The FOC associated with the minimizers ¢, and ¢,
in Eq. (§1.2) are

(82.8) —(z1—t)+p(za—16)=20, wl[—(z1—4)+p(z2—16)]=0,
f >0,

(829) —(z—t)+p(z1i—1)=0, wl—(z2—1)+p(z1—1H)]=0,
t, > 0.

The SOC are immediately satisfied, as the function on the RHS of Eq. (S1.2)
is strictly convex for p € [-1 4+ a, 1 —a].

Consider Case (i). In this case, ¢; = z; and 1, = z, satisfies Egs. (52.8) and
(S2.9) and f(z, z,, p) = 0 regardless of the value of p.

Now consider Case (ii). First we note that #, > 0, , > 0 is not a feasible
solution. This is because #, > 0 and Eq. (S2.9) imply p*(z; — t;) = p(z; — 1),
and this, together with Eq. (S2.8), results in p?(z; —t,) > (z; —t;), which implies
t; = z;. This results in t, = z, < 0, which is a contradiction. The solution must
then be of the form # > 0 and £, = 0. Then, it follows from the first conditions
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in Eq. (52.8) that t; > z; — pz,, so that #, = max{z; — pz,,0} and #, =0 is the
solution. This is a strictly convex optimization problem, and so the solution
exists and is unique. Then, if p < z,/z,, the unique solution is (¢, t,) = (0, 0)
and the objective function is given by Eq. (S1.3). On the other hand, if p <
21/ 22, (4, &) = (21 — pz2, 0) is the unique solution and

(52-10) f(Zl, Z2, P)
=(1-p) (21— 21+ pn)* + 22 —2p(z1 — 21 + p22)(22)) = 22.

Case (iii) is exactly analogous to Case (ii) by exchanging the subindices 1
and 2.

Consider Case (iv) then. First, we note again that #;, > 0 and # > 0 is not
a feasible solution by the same arguments as before. Second, we note that
(t1, ) = (0,0) is a solution provided p < min{z,/z,, z,/z1}, as this condi-
tion implies the correct sign of the derivatives in Egs. (S2.8) and (S2.9). The
remaining case is either p > z;/z, or p > z,/z,. By steps similar to those
used in Case (ii), it follows that the solutions for these cases are (#,f) =
(z1 — p22,0), f(z1, 22, p) = 25 and (1, 1) = (0, 2, — pz1), f(21, 22, p) = 2, Te-
spectively. Q.E.D.

PROOF OF LEMMA S1.3: Note that, for z;=z; + hy;, j=1,2,

(8211) Sz(Z + h17 h2,£)
=1 —p)™" min {20+ (% —06)’ = 2p.(Z — 1)(Z — b)}.

ZE]R+,+00

The RHS of Eq. (S2.11) is the same optimization problem as the one in
Lemma S1.2. For z € A, g and h, € Hg, Case (i) of Lemma S1.2 cannot occur
and Cases (ii)—(iv) always end up with the subcase that leads to Eq. (S1.3). This
is because B/2 < p.hy, — hy; and, for e < 1/2, B/2 < —hy 5+ p.hy ;1. It follows
from Lemma S1.2 that the solution of Eq. (S2.11) for z € A, g and h, € Hp is

(S2.12) Sy(z+ hy, hye)
=(1-p)"
X [(z1 4+ hig— 20— hi2)* +2(1 — p)(z1 + By (2o + hio)].

In addition, it follows from Lemma S1.2 that the solution when #,; = h;, =0
is given by Sy(z, hy,) = 23 for z € A%y, Sa(z, hy,) = 2] for z € AZ,B, and
S2(z, hae) = 27 + (22 — p.21)*/(1 = p}) for z € AL ;. By some algebra, it fol-

lows that
1
(8213) SZ(Z + hla h2,a) = SZ(Za h2,s) + 1_—p273,l(z’ hl)’

Vze A, ;,¥Yhi € Hg,l€{a,b,c},
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where
(82.14) Tou(z, b)) = (214 hi1 — po(z2+ 1) + (1 — Pi)(hiz + 22301 ,),
(S2.15) 1.4(z, h) =(za+hip— pe(z1 + hl,l))2 +(1 - Pi)(hil +2z1hy4),
(S2.16) 7. (z, b)) = (hi1 — hi2)* +2((z2 — pez1) (B — pehiy)
+ hyzi(1— Pi) + (1= po)hiihi).

Additional algebra shows that 7, ,(z, h;) > B*/4 on Af g x Hg, Top(z, h1) >
B*/60n A? , x Hg for & <1/2,and 7,.(z, hy) = B> on AS 5 x Hg. Thus, letting
(S217) 7.z, h)= Y Tz, h)l(ze A ),

le{a,b,c}

it follows that 7.(z, hy) > B*/6 on A,z x Hgz. We can conclude that, for any
constant C € (0, 00), there exists ¢ € (0, 1/2) such that

2

&

1
(S2.18) inf Pr(1

h]EHﬁ

Ta(th’g, hl) >C,Zy,, € Ag,,;,)
BZ

> Pr(m >C,Z,, € Ag,ﬁ),
=Pr(Z,,, € A.p).

Finally, define the set A%, = A%, U A¢,. Note that we can write Z,,, 1 —
pSth’s,z =/ 1-— ng for Zh2,sa2 LW~ N(O, 1) Then,

(S2.19) Pr(Z,, € A“))

— 02
S4B

=Pr(Zh2’s,2 < min{
—-1/2, as p.— —1.

The same applies for the set A2 = A° , U AZ,. By continuity in p,, it follows
that Vn > 0, 3¢ > 0 such that

(52.20) Pr(Z,, € Aop)=1—m.
The result then follows from Egs. (S2.18) and (52.20). Q.E.D.

PROOF OF COROLLARY 3.1: Let & > 0. Define the test function Sz,s(m, )
as in Eq. (3.5) and the parameter space ¥, .. Let f.: ¥; — Vi« be defined as

(52.21) f.(2) = + max{e — det({2), 0}/,
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and note that f,(-) is a continuous function. By construction, the matrix f,({2)
has a determinant that is bounded away from zero, that is, 3C > 0 such that
infocy, det(f.(£2)) > C. As

(82.22) 8,,.(m, Q)= inf (m—1t) f.() (m—1),

. P
1=(11,00):5€RY |

it follows that S’z,s(m, (2) is continuous at all {2 € ¥}, and so it satisfies Assump-
tions A.1-A.3. By Lemmas S1.1 and B.1, it follows that

(52.23) AsySzZ? = inf  Pr(Sy.(Z, + Iy ha) < co(ha, 1 — ).

h=(h1,hy)eH

Next, note that, for all s, € ¥, ., we have f.(h,) = h,, and so it follows that
Sy..(m, hy) = Sy,(m, hy) forallm e R}, x RY and h, € ¥, .. Since ¥, , C ¥, we
have

(S2.24) AsySz%* < AsySz .

It follows from Theorem 3.2 that, for every n > 0, 3¢ > 0 such that
AsySzPA"’") <mn. By the proof of Theorem 3.1, AsySzPAs) > AsySzSgg) >
AsySzgl\jg. Q.E.D.

S3. MISSING DATA EXAMPLE WITH SIMULATIONS

EXAMPLE S3.1—Missing Data: Suppose that the economic model indicates
that

(83.1) Ep(Y|X=x)=G(x,0), VxeSy,

where 6, is the true parameter value and Sy = {x,}?, is the (finite) support
of X. The sample is affected by missing data on Y. Denote by Z the binary
variable that takes a value of 1 if Y is observed and zero if Y is missing. Con-
ditional on X = x, Y has logical lower and upper bounds given by Y; (x) and
Yy (x), respectively. The observed data are {W;}_,, where Vi=1,...,n, W, =
(Y:Z;, Z;, X;). When the observed data come from the model in Eq (S3 1), the
true 6, satisfies the following inequalities for [ =1, ..., d,:

(S32)  Epmy (Wi, 6))
=Er[(YZ + Yu(x)(1 = Z) = G(x1, 00) (X = x1)] = 0,
EFOmz,z(W;, 6o)
= Ep,[(G(x;, 00) = YZ = Yo(x)(1 = Z)(X = x)] > 0.
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Notice that when {Y|X = x;} is fully observed (i.e., Pr(Z|X = x;) = 1),
Eq. (53.2) implies the equation

(S33)  Erymu(Wi, 0y) = Ex [(Y — G(x1, 0))I (X = x))] =0.

Now suppose that, in fact, the data come from a local perturbation F, of the
hypothesized model F, such that

(834) Ep,(YIX=x)=G,(x,00), Vi=1,...,d,,
and for a vector r € R’f‘,
(S3.5)  |Gu(xs, 00) — G(x1, 00)| <2, Vl=1,...,d,.

This last condition says that the true function G, is not too distant from the
model G used by the researcher. After a few manipulations, it follows that, for
I=1,...,d,,

(S3.6)  Ep,mu (W, 6,)
= Ep,[(YZ+ Yy (x)(1 = Z) = G(xi, 00)I (X = x)] = —rin "7,
Eanl,Z(I/Vi, 0o)
= E,[(G(x1, 00) = YZ = Y, .(x)(1 = Z)I (X = x)] = —rin™ ',

and when {Y|X = x;} is fully observed, Eq. (S3.5) implies the moment condi-
tion

(S3.7)  Ep,my(W,, 6y) = Er,[(Y — G(x;, ) (X =x))] <rin” /2.

Therefore, under the perturbed distribution of the data, the original moment
conditions, Egs. (§3.2) and (S3.3), may be locally violated at 6.

S3.1. Numerical Simulations

In this section, we describe a small simulation study to assess the finite
sample relevance of the asymptotic results in Theorem 3.1. We simulate
data according to Example S3.1, using the following parameterization for the
data generating process: 6, = (0.1, —0.5), Sx = {(1,0), (0, )} (i.e., d, = 2),
Pr(X =(1,0)) =Pr(X = (0,1)) =0.5, Y € {0, 1} is a binary random vari-
able, G(x, 0) = ®(0'x), where ®(-) denotes the standard normal cumula-
tive distribution function (i.e., Fy implies that this is a Probit model), and
Pr(Z=1X=x)=1(x=(1,0)) +0.5I(x = (0, 1)). According to the param-
eterization, Y is always observed when X = (1, 0). The model then results in
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two moment inequalities and one moment equality (i.e., p =2 and k = 3).!
We compare PA, subsampling, and GMS critical values, together with the test
function ) from Eq. (2.9).

The remaining parameters of the simulation are as follows. The sample size
is n = 1,000 and the number of Monte Carlo simulations is MC = 500. All
of the critical values are approximated by simulation and, in every case, a to-
tal of B = 200 simulations are used. The subsampling block size b is allowed
to be 2n/25, (2n/25 + n'/?)/2, and n'/?, resulting in three subsampling pro-
cedures: SS1, SS2, and SS3, respectively. The GMS tuning parameter «, is
allowed to be Inlnn, (Inlnn + Inn)/2, and In n, resulting in three GMS proce-
dures: GMS1, GMS2, and GMS3, respectively. Finally, we take r, = r* > 0 for
[=1,2,3,where rn='/? is allowed to be any number in an equally spaced grid
of numbers from 0 to 0.1.2

For simplicity, instead of focusing on the distortions in the confidence size
of the CSs, we look at the distortions in the size of tests for the null hypothesis
Hy: 6, = (0.1, —0.5). This substitution simplifies the computations significantly
and provides conclusions that can also be applied to the confidence size of CSs,
as explained in Remark 2.3. Under the null hypothesis, it follows that

(S3.8) En(Y|X=(1,0)=054 and E(Y|X=(0,1))=031.

A perturbation I’ of F, results in different values of the expectations
En(Y|X = x).? In our simulation exercise, we consider the set of all distri-
butions F’ that would result in values of Ex(Y|X = x) that are in a small
neighborhood of the predictions of the model under the null hypothesis. In
particular, for any r* > 0, we consider the set of models F, defined as

(Epmy(W;, 60)/0p 1(0p)]- <r*n~'/?
(S39) F.=F e€P:y[Ermy(W,;, 0y)/0F2(0p)]- < rn?
|Eprms(Wi, 60)/ o 3(600)| < r*n'/?

where P is the set of all distributions that satisfy the restrictions of the data
generating process and

(S3.10) my(W;, 00) =(YZ+(1—-2) - G(X;, 00)I(X;=(0,1)),
my(W;, 0y) = (G(X;, 0p) — YZ)I(X; = (0,1)),
mz(W;, 0y) = (Y — G(X,, 0p)) (X; = (1,0)).

'For simplicity, we also assume that the distributions of X and Z are known and fixed by design
and, thus, the researcher is effectively conducting inference about the (conditional) distribution
of Y.

2For r*n~Y2 > 0.1, all of the inferential methods are 100% distorted.

3For example, if the model was a Logit model, then Ep (Y |X = (1,0)) = A(0.1) = 0.53 and
Ep(Y|X =(0,1)) = A(—0.5) = 0.37, where A denotes the logistic cumulative distribution func-
tion.



10 F. A.BUGNL I. A. CANAY, AND P GUGGENBERGER

TABLE S.I

MAXIMUM REJECTION PROBABILITY OVER CORRECTLY
SPECIFIED MODELS (LE., r*n~1/? = 0)?

PA SS1 SS2 SS3 GMS1 GMS2 GMS3

0.07 0.065 0.035 0.005 0.105 0.105 0.105

aSimulation parameters: n = 1,000, MC = 500, B = 200, b = {2n/25,
(2n/25 +n1/2)/2, n/2}, kp = {Inlnn, (Inlnn+1Inn)/2,Inn}, and « = 0.10.

Given a value of r* > 0, we explore all models that are in F,» and compare the
maximum rejection probabilities across inferential methods. That is, we report

(S3.11)  sup Pry(T,(6y) > c,(6p, 1 — @)

FeFx

for each choice of critical value, which involves simulating data from all F’ €
Fre

Under correct specification (i.e., ¥* = 0) and in the limit, the hypothesis tests
based on PA are conservative, whereas the ones based on subsampling and
GMS are size correct. Table S.I reports the empirical rejection rates under
correct specification for each inferential method for a size of « = 0.10. As ex-
pected, PA appears to be conservative and GMS appear to be size correct,
whereas subsampling is unexpectedly very conservative. These differences be-
tween the rejection rates and size under correct specification will complicate
the comparison across methods as we allow for misspecification. To make the
results comparable, we size correct the maximum rejection probabilities so that
they are all equal to the size. Finally, we also report the noncorrected results
for PA, as it is actually conservative.

The results are reported in Table S.II. The results reveal that the noncor-
rected PA has a smaller maximum rejection probability than subsampling or
GMS for all levels of misspecification. Furthermore, the corrected PA, sub-
sampling, and GMS have very similar maximum rejection probabilities for all
levels of misspecification. In particular, the finite sample rejection probabilities
of GMS and subsampling are very similar, and the differences are not statis-
tically significant given the MC = 500 simulations. All these results are in line
with Theorem 3.1. Finally, the table also illustrates that the robustness of PA

“The optimization problem in Eq. (S3.11) was solved numerically. The details of this compu-
tation are as follows. We selected a fine grid of 15,000 points in @ = [0, 1]?; 10,201 of them were
chosen equidistantly and the remaining ones were chosen at random using a distribution with
a high concentration around F,. For all of these points, we computed the rejection probability.
Finally, to compute Eq. (S3.11) for a particular value of r*, we determined which subset of the
15,000 points belongs to F,« and reported the maximum value attained in this subset.
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TABLE S.II

S1ZE-CORRECTED MAXIMUM REJECTION PROBABILITY OVER MODELS WITH A MAXIMUM
MISSPECIFICATION OF r*p~1/22

/2 PA noncorr. PA SS1 SS2 SS3 GMS1 GMS2 GMS3
0 0.07 0.10 0.10 0.10 0.10 0.10 0.10 0.10
0.005 0.08 0.12 0.11 0.15 0.35 0.12 0.12 0.12
0.010 0.11 0.14 0.14 0.16 0.37 0.14 0.14 0.14
0.015 0.16 0.18 0.21 0.21 0.37 0.19 0.19 0.19
0.020 0.17 0.23 0.23 0.25 0.37 0.25 0.25 0.25
0.025 0.24 0.30 0.31 0.30 0.38 0.30 0.30 0.30
0.030 0.28 0.35 0.35 0.34 0.38 0.35 0.35 0.35
0.035 0.39 0.43 0.44 0.42 0.38 0.43 0.43 0.43
0.040 0.40 0.49 0.48 0.48 0.38 0.52 0.52 0.52
0.045 0.52 0.61 0.62 0.61 0.40 0.62 0.62 0.62
0.050 0.63 0.68 0.69 0.69 0.49 0.69 0.69 0.69
0.055 0.71 0.76 0.77 0.77 0.60 0.78 0.78 0.78
0.060 0.75 0.81 0.81 0.81 0.64 0.82 0.82 0.82
0.065 0.88 0.91 0.91 091 0.75 091 091 0.91
0.070 0.91 0.93 0.95 0.93 0.81 0.93 0.93 0.93
0.075 0.93 0.96 0.96 0.94 0.86 0.96 0.96 0.96
0.080 0.97 0.98 0.98 0.98 0.93 0.99 0.99 0.99
0.085 0.98 0.99 1.00 0.99 0.96 1.00 1.00 1.00
0.090 0.99 1.00 1.00 1.00 0.97 1.00 1.00 1.00
0.095 1.00 1.00 1.00 1.00 0.99 1.00 1.00 1.00
0.100 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

aSimulation parameters: n = 1,000, MC = 500, B = 200, b = {2n/25, (2n/25 +n'/2)/2, n1/2}, «; = {Inlnn, (Inlnn +
Inn)/2,Inn}, and a = 0.10.

is related to the fact that the method is conservative under correct specifica-
tion.

S4. VERIFICATION OF ASSUMPTIONS IN THE EXAMPLES
S4.1. Example $3.1

We start by writing the example using the notation in Definition 2.1 and using
the following primitive assumption. For the assumption, we use the following
notation. Pr, denotes the probability with respect to the distribution F,, I, =
I(X =x)), pin=Pr,(X =x)), m, =Pr,(Z=1|X =x)), E,, = Ep,(Y|Z =
1, X = x,), Hl,n = Epn(Y2|Z = 1, X = X[), and Gl,n = G(x,, 0,1)

ASSUMPTION S4.1: Assume that, for ci,c;,c,¢c0 € R, (1) pin > ¢ > 0,
(i) H,y < ¢, <00, H,y — E; ;> ¢3 >0, and m,, > ¢, > 0 for all n > 1 and
I=1,...,d,.

For simplicity, assume that Y; (x;) and Yy(x;) are both finite for all / =
1,...,d,. Without loss of generality, assume that Y; (x;) =0 and Yy(x;) =1,
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so that
(S4.1)  yipia=op'  Ermi (W, 6,)
= 0-1;,11,1,1EF" [(YZ —G(x;,0,)+1— Z)Il]
>

-1/2
_rl,ln /a

= Ugll,l,l(wl,nEl,n - Gl,n + (1 - 7Tl,n))pl,n
(842) Y20 = U};,ll’l,zEanZ,l(VVi; 0,) = 0-1«:,,1,1,2EF,, [(G(X}, 0,) — YZ)IZ]

—1 -1/2
= O-Fn’]’z(Gl,n - El,n’n-l,n)pl,n = _rl,2n / )

where o7 | =Vi, (m; (W, 6,)),for j=1,2and [ =1,...,d,, is given by

(843)  0p,41 = Pramal (Hyw — E7,) + (1 =m0 (1= Ep)°l,

(S4.4) 0} 2= pramal(Hy, — EL) + (1= m,)(Ey, — 2G,)*.

Also, forl=1,...,d,,

(54.5)  puain = Er,(my (Wi, 0,)my (W, 6,,))
=Ep(YZ—-G,+1—-2)(G,—YZ)I)]

(54.6) =1 =m0 pralGra(l = p1y) + EinTiupral — 07, 5

This model satisfies the relationship

(S4.7)  m (W, 0,) +mi (W, 0,) = - 2)I,,

forl=1,...,d,,so that

(S4.8)  visin= 05,1,1,1(1 — ) Pln — Uﬁ{l,laFn,z,z)’l,l,z,n-

S4.1.1. On Assumption A.5

We begin with the case d, = 1 and cover the case d, > 1 afterward. By Defini-
tion A.1, ., .,,» denotes a sequence of parameter vectors 6,,, and distributions
F,, for W; such that )/*y, j ., — hi;and b)/*y, ., — gi; for j € {1,2}.

For a given v,,, ,,.», denote by J the set of j € {1, 2} that satisfy A, ; = co and
&1, < oo. By Assumption S4.1, there are constants 0 < B; < B, < oo such that
0F, ; € [By, B;] for all j € {1, 2} and n € N, which implies that Ex, m;(W,, 6,) =
o(1) for all j € J. When J is empty, there is nothing to show. We are therefore
left with Cases (I) J = {1}, (II) J = {2}, and (IIT) J = {1, 2}. We start with the
case J = {1} and consider two subcases. In Case (a), &, ; < 0o, while in Case (b),
we have h;, = oo and g, = oo. To simplify notation, we write » rather than
®, and b instead of b;,.

Case (I)(a). Since &, , < o0, it follows by previous arguments that Ex, m, (W,
6,) =o0(1). By Eq. (54.7), (1 — m,) = o0(1) and E, = G, + o(1). It then follows
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that py,, — —1. Consider an alternative sequence of parameters {6/, F},>1
such that 6, =6, (so G, =G,), H, = H,, m, and E/, given by

(S49) w,=(1—(nb)b'?) > 1,

(S4.10) E, = (G, + hy205, 07> — (Inb)b™"?) (1 = (Inb)b /)™
=FE,+o(1).

This implies

(S4.11) (1—7) = (Inb)b™"*=0(1),

(S4.12) (G, —7mE.) = —hy 05,0 + (Inb)b™"* = o(1),

and oy jo;' =1+ o(1) for j=1,2. As a result,

(8413) bl/zo';ll’lEF;lml(VV,», 0;') = O'_r,ll’] (—b]/z(hl,za}"ml)nil/z + lnb) — 00,

(S414) I’ll/ZO';r,ll,zEFémz(I/Vi, 0;) = 0';;’1,2(]’11’20'17”71) — h1,2~

Finally, by 7, — 1 and Assumption S4.1, p}, , = Corrg, (m(W,, 0,), my(W,,

0,)) — —1.

Case (I)(b). Since o, , € [By, B,], it follows that lim Er, m,(W,, 8,) € [0, co].
In this case, lim(1 — r,,) € [0, 1]. Consider an alternative sequence of param-
eters {0, F,},-1 such that 0/, =6, (so G, =G,), H, = H,, m, and E|, given
by
(84.15) @ =m,—2(Inb)b™"* =7, + 0(1),

(S4.16) E, = (mE, — (Inb)b™"?)(m, —2(Inb)b™"?) ™ = E, + o(1),

where we used 7, > ¢; > 0. This implies oy ;o' =1+ o(1) for j=1,2. Tt
then follows that
(84.17) b0y Ermy(W, 6,)

> Yn

=b"0;! \ Ep,my(W,, 6,) + 07! Inb +0(1) — oo,
(S4.18) b0 Enymy(W;, 6,)

=b"0y ! Er,my(W,, 6,) + 0, Inb + 0(1) — oo.
Finally, Assumption S4.1 and Eq. (S4.6) imply

(54.19) Paz,n = Corrp, (my(W;, 0,), my(W, 6,)) = p12,n + 0(1).

Case (II). This case is analogous to Case (I) and is therefore omitted.
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Case (11I). By Eq. (84.7), (1 — m,) = o(1) and E, = G, + o(1). As a conse-
quence of this and Assumption S4.1, it follows that py,, — —1. Consider an
alternative sequence of parameters {6, F/},-; such that 8/, = 6, (so G, = G,),
H) =H,, m, and E| given by Eqgs. (S4.15) and (S4.16). Then, Eqgs. (S4.17)-
(54.19) follow, and this concludes the proof for the case d, = 1.

Now consider the case d, > 1. Notice that in the case with d, = 1, we consid-
ered a sequence of parameters {0/, F},-; such that §, = 6, and
(54.20) a';r,ll,lEF;lml(W,- 0,) = o;'  Er,mi(W;, 6,) + o(1),

> Yn

(S421) o' Epmy (W, 6,) = o7, Er,may(W;, 6,) 4+ o(1),

(S4.22) lim Corry, (my(W;, 6.), my(W;, 6,))

> Yn

= lim Corrp, (my (W}, 6,), my(W;, 6,,)).

When d, > 1, we consider an alternative sequence of parameters {6/, F},-,
such that, foreach /=1, ..., d,,weset p;, = pi,, 0, =0, (so G, , = G,,), and
the rest of the choices of the alternative distribution would be chosen according
to the corresponding case in the previous part. According to this, it follows that,
foreveryl/=1,...,d,,

(84.23) o'\ Epmi (W, 0,) = op!\ Ep,my (W, 0,) + o(1),
) =05 Erma (Wi, 0,) + o(1),
(S4.25) lim Corrg, (my (W, 6,), my (W, 6,))

= lim Corrg, (m (W}, 6,), my (W}, 6,)).

(S4.24) o7l Eryma (W, 6,

To conclude the proof, we notice that, for /;,/, =1,...,d, with [, # 1, and
a, ax € {1, 2},

(S4.26) Corrg,(my, 1, (Wi, 6.), mg, 1, (W, 6,))

> Yn

_ 1 . / -1
- O-F;n”lyllEF;'mal’ll(W’ 0.0 n>a2,12

-1
Eana],ll (W’ 611)0-]7”,

Epme, 1, (W, 0,) +o(1)

-1
=—0% a1y arty EFMay,1, (Wi, 0,) + o(1)

= COITF,, (mal,ll (I/I/U en)a maz,lz(m7 0”)) + 0(1)'
S4.1.2. On Assumption A.6

We verify Assumption A.6 for * > 0. For simplicity, consider the case d, = 1.
Choose a sequence of parameters {6,, F,},-=1 with 1 — 7, = o(1) and limiting
parameter A}, < 0. By Eq. (54.8), h{, = —h}, > 0 and h; is a 2 x 2 matrix
equal to [1, —1; —1, 1].

First, consider the test function §;. Let ¢y(4}, 1 — «) be the 1 — a quantile of

(5427) S] (Zh§9 h;) = [Zl]z_ + [_ZI]Z_ = Z127 Zh; = (Zl’ ZZ) ~ N(O, h;)~
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Note that
(S4.28) Si(Zuy + K, 13) =1 Zy+ B P+ =20 — B, P = (Z+ B )P

and since Pr((Z; + h},)* < x) < Pr(Z} <x) for hi, <0, Pr((Z, + h},)* <
c(h}, 1 —a)) <1— a. Assumption A.6 then holds.

Second, consider the test function S,. We consider the version of S, in
Eq. (3.5), as here the limit correlation matrix is singular (i.e., the test function

should be defined on ¥;). Using the definition of 3, in Eq. (3.15), it follows
that

A |14+ -1 Ae1 1+¢ 1
(54.29) 08—[_1 1+s] and  0; —a<8>[ ! 1+8]’

where a(e) =[(1+ €)> — 1]7L. As a result,
(S4.30)  8,(Zys, (27)
=1+ ¢)a(e)
x inf ((Zi—0)'+(Z—0)' +2(1+ &) (Zi = h)(Z, — )

1120,60>
=(1+e¢&)a(e)
x inf 0{(21 — 1)+ (Zi+ 56 =20+ &) (Z — t)(Zi + 1)}

1120,10>
1
1+¢

2
1°

where the first equality holds by definition, the second equality holds because
Zy is such that Z, = —Z,, and the third equality holds by solving the optimiza-
tion. Since Z, + hj, = —Z, — h} , we also have

(84.31) 8y(Zys + 7, o) = 1+L@(Zl +hi )%

where hj, < 0. Let ¢y(h;,1 — @) be the 1 — @ quantile of S’z(Z,fZ’;) in
Eq. (54.30). Since Pr((Z, + hi )’ < x) < Pr(Z} < x) for hj, <0, Pr((1 +
8) " (Z1+hi))* < c(h3,1—a)) < 1—a. Assumption A.6 then holds. The gen-
eral case where d, > 1 follows by applying the previous argument to each pair
of moment inequalities.

S4.2. Example 2.1

We start again by writing the example using the notation in Definition 2.1.
For simplicity of the argument, we assume that the distribution G is uniform,
as stated below.
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ASSUMPTION S4.2: Under the distribution G, u; = (uy ;, U;) is uniformly dis-
tributed on [0, 11%.

Let 6, = (0,.,, 6,.,) be the true parameter vector, Pr,(-) be the probability
with respect to the distribution F, of W, p,;,=Pr,(W,;=r,W,,=s)forr,s e
{0,1},and pj; , = Corrg, [m;(W,, 6,), m;(W,, 6,)] for j, j' € {1, 2, 3}. As defined
in the text, G, denotes the true distribution of u; for sample size n. Under
Assumption S4.2, we have

(84.32)  yi1n= 051 ER,[Gi1(6,) — Wii(1 = Wa)l= 07" (820 — Pron)s
Yion = 05 L Er [WLi(1 = Wa) — Gy(6,)]
=0; (P — (1= 01,,)02.0),
Yin = 05 S Er, [WLiWai — G3(6,)]

=07 5(Pria— (1= 01,,)(1 — 62,)).
By simple calculations, we have
(S433) o}, =0}, , = Varg,[m(W, 0,)] = po.(1— pio.) € (0,1/4],
7,5 = Varg, [ms(W,, 0,)] = pui (1 — pi) € 0, 1/4],

pra=—1, pi,= M, and  py = —pisu
0F,,10F,,3
where zero variances have been ruled out by Definition 2.1(iv). By Defini-
tion A.1, ., .,.» denotes a sequence of parameter vectors 6,,, and distributions
F,, for W;such that />y, j ., = hi;and b/>yy ;.. — &, for j € {1,2,3}. Re-
call that vy,,, (, » defines 6,,, = (6:,.,, 02..,,) and thus defines G,(4.,,), G2(6.,,),
and G;(6,,,).

S4.2.1. On Assumption A.5

For a given v, 4 1, denote by J the set of j € {1, 2} that satisfy h;; = oo
and g; ; < co. When J is empty, there is nothing to show. We are therefore left
with the cases J = {1}, J = {2}, and J = {1, 2}. We start with the case J = {1}
and consider two subcases. In Case (I), /,, < oo, while in Case (II), we have
h,, =00 and g; , = oo. For each subcase, we consider two further subcases: in
Case (a), p13.,, — 0, while in Case (b), p13., — p13 € (0, 1]. To simplify notation,
we write n rather than @, and b instead of b;,.

REMARK S4.1: Note that, for any positive numbers ajy, a¢;, @;; whose
sum equals 1 and 6 = (6, 6,) € (0, 1), there exists a random variable u; =
(uy,, Up;) on [0,1]* with continuous distribution such that Pr(u,; > 6, and
U; < 02) = dyo, Pr(ul,i < 01 and Uy ; > 02) = Ay, and Pr(ul,,- > 01 and U ; >
0,) = ay; (and consequently Pr(u;; < 0; and u,; < 6,) =0).
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Letting ayo, ao1, a1, play the role of pi,., poin, Pi1.., Remark S4.1 implies
that, for a given vector 6,, = (0, ,, 6,,), any desired outcome probabilities pig,,,
Poi.n> P11, can be generated by a random variable u; = (u,;, u,;) that has a
continuous distribution G,,.

Case (I)(a). We have to produce a sequence v, , for which g, ; = 00, hy, is
a specific finite number, and the upper right element of £, equals 0. Define

(S434) Py, =b".
Let 0, = (6, ,, 6, ,) for 6; , and 6, , defined next. Pick 6, , € (0, 1) such that
(8435) G1(9;,) = 0,2,;1 — p’]om + b—1/2(p/10,n(1 _ pqo’n))1/2b2/7,

and pick 0} , € (0, 1) such that

(8436) Gz(e;l) = (1 - 0/1,n)0,2,n = p/l(J,n 1/2(pl() n(l p,lO,n))l/zhl,z'

This is clearly possible because p), , — 0, [n~"2(p}y (1 = pio,) ' *hial < Pl
and b7"2(py,,(1 — piy,)"26*" — 0. We have Gi(6,) = 0,, =2b/7(1 +
o(1)), G»(8,) =b"(1+ o(1)). Now

(5437) (1 +0(1) = Gy(6,) = (1-6; )65, = 2(1— 6; )b~ (1 +0(1),

which implies that 6, , cannot converge to 1. Without loss of generality, we can
therefore assume that 0, , — 0; for some 6, € [0, 1). We then have

(S4.38) Gs(0,) =(1—6;,)(1—6;,) — (1-6)).
Consider the function
(S4.39) f(x)=x— hysn 2 (x(1—x))"?

for x € [0, 1]. The function f is continuous and satisfies f(0) =0 and f(1) = 1.
Therefore, for given G;(6,,), the intermediate value theorem implies that there
exists a value p}, , such that

(5440) G3(0:1) = p,ll,n - h1,3n71/2(p/11,n(1 - p,ll,n))l/z'

Define pj, , to be any value in (0, 1) that satisfies Eq. (54.40). It cannot be
the case that D1, — 1, as otherwise we would have G;(6,) — 1, contradicting
Eq. (54.38). Therefore without loss of generality, pj, , — p}, for some p), €
[0, 1). Note that pj, , — 0 and p/, € [0, 1) imply that

’ /
PionPiin
/ /
Fn,19F,,3

(S441) ply, = 0.
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For these given choices of py, ,, pj;,, and 6, = (6, 0, ), Remark S4.1 im-
plies that there exists a continuous distribution G/, for the random variable
u; = (U, Uup;) such that Pr(u,,; > 0, , and u; < 6,,) = p)y,,, Pr(u,; < 6, ,
and u,; > 0,,)=1-pyy,— pj,»and Pr(u,; > 0, and u,; > 0, ,) = p;, ,. By
construction, all requirements are fulfilled under the sequence 6, and G,

Case (I)(b). We have to produce a sequence v,z , for which g, = 00, h;, <
oo, and the upper right element of 4, equals p;; € (0, 1]. Assume first that
p13 € (0, 1). Define

(54.42) ply,= cb™'’

for some constant ¢ > 0, and define (0 ,, 0, ) € (0, 1)? as in Egs. (S4.35) and

(S4.36). We then have 6, ,, = cb™"/7 4+ ¢'?b=*"7(1 4+ 0o(1)) and (1 — 6; )6}, =
cb™V7 4+ 0(b~%7) and thus

—-1/7 =2/7
¢ +o(b77) = 12p717(1 + 0(1)).

443) 0, =1- =
(S ) el,n cb71/7_|_cl/2b—2/7(1+0(1))

Next,

(S4.44) Gi(0,)=(1-0,,)(1-6,,)
=(1—c"p(1+0(1))(1—cb™(1+0(1)))
=1—(c"+c)b7" (1 +o(D)).

Arguing as in Case (I)(a), there is a value p), , € (0, 1) such that

(54.45) Gs(6,) = p/ll,n - h1,3”7]/2(P/11,n(1 - p/ll,n))l/z'

As G3(0,) — 1, we have p, , — 1. More precisely,

(S4.46)  piy, = G5(8,) + hisn™2(piy (1= piy )2
=1—(c"?+¢)b™(1+0(1)).

Therefore,

’ ’ 1/2
P1o,nPi1n
S4.47) pi;, = < — T )
( ) B (1_p10,n)(1_p11,n)

B ( ch™ V(1 — (¢ + )bV

(1 _ Cb—1/7)((c—1/2 + C)b—1/7)

1/2

172
) (1+o0(1))

= (¢/(c7" +¢))
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The function (¢/(¢™'? + ¢))¥? is continuous for ¢ > 0 and converges to 1 as
¢ — oo and to 0 as ¢ — 0. There is therefore ¢ > 0 such that (¢/(¢™"?+c¢))"/? =
p13- The proof is then concluded as in Case (I)(a). If p;; = 1, the same proof
applies once the constant ¢ in Eq. (S4.42) is replaced by the sequence ¢, =Inb
that slowly converges to infinity.

Case (II)(a). We have to produce a sequence vy, z, », for which g, ; = g, , = 00
and the upper right element of %, equals zero. Define

(S4.48) pi,,=b"".

Let 0, = (0, ,,0,,) € (0, 1) be defined as follows. Let 0., € (0,1) be such that

1,n>
(S4.49) Gi(6,) =05, = Plo,, + b7 (Pl, (1 = Pro,)"*bY,
and pick 6, , € (0, 1) such that

(8450) GZ(OLI) = (1 - H/I,n)B,Z,n = p,10,n - b—l/2(p’10,n(1 - pll(),n))l/zblﬁ‘

As in Case (I)(a), we have G;(0,) =2b7/7(1+ o(1)) and G,(0,) =b>*7(1 +
o(1)). Using the same steps as in Case (I)(a), we have 6,, — 0] for some
0, € [0, 1) and thus that G;(6,) converges to a number smaller than 1. Then
again, there exists p}; , such that G3(6,) = py,, — hisn™2(ply (1 — p11 DY
and py, , — p}, for some P €10, D). Therefore, we have again that Pz, —>0
and the proof concludes as in Case (I)(a).

Case (II)(b). We have to produce a sequence v, z, , for which g, ; = g, , = 00
and the upper right element of %, equals pi; € (0, 1]. The proof follows along
the same lines as Case (I)(b) with the one difference that G,(6/,) is defined as
in Eq. (5§4.50).

That concludes the verification of the assumption for the case J = {1}. Re-
garding the other cases, note that the case J = {1, 2} is covered by Cases (II)(a)
and (IT)(b) above. The verification of the assumption in case J = {2} is also par-
tially covered by Cases (II)(a) and (II)(b), and the remaining cases for J = {2}
are similar to Cases (I)(a) and (I)(b) above for J = {1}, and therefore omitted.

S4.2.2. On Assumption A.6

The verification of Assumption A.6 follows almost identical steps to those
used in Section S4.1.2 and is therefore omitted.

S5. ADDITIONAL DISCUSSION ON THEOREM 3.2

To understand the intuition behind Theorem 3.2, it is enough to consider the
case with two moment inequalities, p = k = 2, together with the limit of the PA
critical value. In this case it follows from Lemma S1.1 that

(S5.1)  AsySzh, <Pr([Z: —nl> +[-Z;1* < (2,1 —a)),
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where Z* ~ N (0, £2) and (2 € V¥, is a correlation matrix with off-diagonal ele-
ments p = —1. Theorem 3.2 shows that AsySz},, is strictly positive provided the
amount of misspecification is not too big, that is, 7* < B. The reason why some
condition on r* must be placed is evident: if the amount of misspecification
is really big, there is no way to bound the asymptotic distortion. To illustrate
this, suppose r; > (2¢y(2,1 — @))"/* and let A =[Z; — r]* and B=[-Z;]*
so that the RHS of Eq. (S§5.1) is Pr(A4 + B < ¢y(£2, 1 — «)). On the one hand,
if Zy ¢ [0, r], it follows that either B=0and 4 > ¢y({2,1 —a) or A =0 and
B> ¢(2,1— ). On the other hand, if Z; € [0, 1], A+ B=(Z; —r)*+ Z* >
r?/2 > cy(2,1 — a). We can then conclude that

(S52)  Pr((Z; —nl +[-Z* <c(2,1—a)) =0,

meaning that AsySZPA =0 when r* > (2¢y(£2, 1 — «))"/2. For this level of r*,
AsySz,;) = 0 as well, so both test statistics suffer from the maximum amount of
distortion. Therefore, to get nontrivial results, we must restrict the magnitude
of r* as in Theorem 3.2.

In addition, Theorem 3.2 shows that AsySz..) can be arbitrarily close to zero
when ¢ in the space V¥, . is small. What drives this result is the possibility that
at least two inequalities are violated (or one is violated and the other one is
binding) and strongly negatively correlated. To illustrate this, consider again
the case where p = k = 2 together with the limit of the PA critical value. By
0 eV, ,, the off-diagonal element p of the correlation matrix (2 has to lie in
[—(1—&)Y%, (1 — &)"?]. It follows from Lemma S1.1 that

(S5.3)  AsySz\) < Pr(S,(Z*, 1, 02,) < co(2,,1—a)),

where Z* ~ N (0, (2,), 2, is a matrix with p = —(1 — £)/?, and

(55.4) SQ(Z*, ri, Qe) =— inf Z(Z —r =t )

2
EeRi oo |2

+2(0 =) (Zt -1 —t)(Zy — 1 — tz)}.

The solution to the above optimization problem can be divided in four cases
(see Lemma S1.2 for details), depending on the value of the realizations
(Z:, Z3). However, there exists a set A C R? such that, for all (z, z,) € A4,

2
(SS'S) S2(Z7r19‘Q£) ZSZ(Z7 0’ ‘Qs)+_[r12_21 —Zz],
&

with [r? — z; — z,] > 0, and Pr(Z* € A) — 1 as & — 0. It is immediate from
Eq. (S5.5) that small distortions r; > 0 can produce a value of S,(Z*, r, (2,)
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that is arbitrarily high on the set A4 by allowing ¢ to be arbitrarily close to zero,
that is, correlation close to —1. Since ¢y({2,, 1 — ) can be shown to be bounded
in ¥, , it follows that

(85.6)  Pr(8:(Z%,r1,0,) <2, 1 —a)|A) — 0,

as ¢ — 0. Therefore, Eq. (5§5.3) implies that CSs based on S, have asymptotic
confidence size arbitrarily close to zero when ¢ is small.

S6. DETAILS OF THE NUMERICAL COMPUTATIONS IN TABLE I

Table I reports a numerical approximation to the AsySz of the CSs based on
S; and S, (with a PA critical value) using the formula in Lemma B.1, that is,

(S6.1) AsySZPA = inf Pr(S(Zh + h17 hz) < Co(hz, 1- CK)),

h=(hy,hy)eH

where Z, ~ N(0,, h,). Table I reports the cases where p € {2,4, 8,10}, k = p,
e €{0.10, 0.05}, and r* € {0.25, 0.50, 1.00}. Therefore, the parameter space H
is given by all the p vectors A, such that h,; > —r* (i.e.,, r; =r*) for all j =
1,..., p,and h, € ¥, (or ¥, ) for §; (or S,).

Having defined the parameter space H, we now describe how we compute
the minimizer in Eq. (S6.1). By the nature of the parameter space H, the prob-
lem can be broken down into finding the worst subvectors 4; and A,. In the
case of A, it is not hard to show that the worst subvector is given by 4, ; = —r*
(i.e., all the inequalities are as violated as possible). The case of /4, is not as
simple, as it is not clear which correlation matrix is the worst case correlation
when p > 2. In the results presented in Table I we use the following three types
of correlation matrix structures:

(a) Matrices A, of the form

_ A 02 (p-2) |11 p
(S6.2) hz_[o(p_z)xz A where A= o 1|

and 0, ; denotes an / x s matrix of zeros. This is the structure used in the proof
of Theorem 3.2. For the test function S,, we set p = —+/1 — €, as we know this
is the worse correlation structure for this test function. For the test function S,
we consider a grid of 20 points in [—1, 1] for p and compute Eq. (S6.1) taking
the minimum on this grid. This method generates one probability for S; and
another one for S,.

(b) Matrices h, of the form

A4 0 - 0
63) h=| " A4
0 ... A
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For the test function §,, we set p = —+/1 — €¥?, as we know this is the worse
correlation structure for this test function. For the test function S;, we consider
a grid of 20 points in [—1, 1] for p and compute Eq. (S6.1) taking the minimum
on this grid. This method again generates one probability for $; and another
one for ;.

(c) Matrices h, equal to a random matrix generated by the method of
Marsaglia and Olkin (1984). We generate 15,000 random correlation matri-
ces from ¥ for the test function S;, and for the test function S, we adjust the
correlation matrix so as to satisfy the restriction det(/,) > € if the randomly
generated matrix has a determinant below e. We then compute Eq. (S6.1) tak-
ing the minimum of the 15,000 randomly generated matrices. Once more, the
end result is one probability for §; and another one for S,.

What Table I presents is the minimum value, for each test function §; and
S,, of the three probabilities derived in each of the above cases. Note that for
each matrix 4, in cases (a), (b), and (c) above (e.g., for each of the 15,000
in case (c)), we approximate the probability in Eq. (S6.1) by generating 2,000
random variables with distribution N(0,, /).
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