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APPENDIX B: PROOFS AND DERIVATIONS

IN THIS SUPPLEMENT, we provide proofs for Lemma 1 and Proposition 1, the
second part of Proposition 5, and Propositions 7, 8, and 9.

B.1. Proof of Lemma 1 and Proposition 1

We construct the proof in steps. In particular, we separate Proposition 1 into
the following four lemmas. These four lemmas are sufficient to prove Proposi-
tion 1.

LEMMA B.1: If the equation system (12)-(13), (7)-(9) has a solution where
¢; < Rk, and both v(c) and q(c) are increasing in the range c € [c[, c}], then
Proposition 1 holds.

LEMMA B.2: The system (12)—(13), (7)-(9) always has at least one solution.
LEMMA B.3: If h — lis sufficiently small, then ¢ < Rg.

LEMMA B.4: q(c) is decreasing in c. If h — [ is sufficiently small, then v(c) is
increasing for c € [c}, c;].

B.1.1. Step I: Proof of Lemma I and Lemma B.1

Denote the dollar share of capital in the firm’s asset holdings by ¢, so that
' = K'p,/wi. According to our conjecture, the value function can be written
as (recall the aggregate cash-to-capital ratio c = C/K)

I(K,, C, K}, C)) = wi[(l — ¥i)gle) + ﬂvm] =J (K., C,, wj).

t
That is, the value function is linear in w,. This is equivalent to J(C, K, K/, C) =
Kiv(c) + C/q(c) stated in the lemma. Also, we have the wealth dynamics, ex-

pressed in terms of capital share i, as
. ) . |
dw, = —da, — 0dK, + zp;wj;(dpt +odZ).
t
And, g(c) > 1 has to hold as firms can consume cash at the final date (and

there is no discounting), which implies da! = 0, that is, firms do not consume
in the aggregate stage.
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2 Z. HE AND P. KONDOR

As the firm is choosing capital share ¢}, and the capital to build or dismantle
dK!, the Hamiltonian—Jacobi-Bellman (HJB) of problem (3) can be written as

0= max do'+JcE[dC]+ JCCE [dC7]

Ayt dK!
+ LB (dw,) + Ty dK! + T ¢ E,[dw, dC,].

The endogenous price dynamics (using Ito’s lemma) is
1
dp, = 50 a’p’(c)dt+op'(c)dZ, +dBf —dU?,

where dB; (dU/) reflects p at p(c;) =1 (p(c;) = h). This is because, in any
market equilibrium, firms will create (dismantle) capital if p, =& (p, =1), and
keep doing it until the price adjusts. We derived the boundary conditions in the
main text. Also, by risk neutrality and the initial homogeneity of firms, before
the final date the price of the capital has to make firms indifferent whether
to hold capital or cash. Otherwise, markets could not clear. We also explained
that p, =c,.

Thus, inside the reflection boundary (¢;, c;), the above HIB equation is (we
drop i from now on)

1
o2 —0'2]7”((3:)
0= n}pax{ thqg(c,) +q(c)pw,=——

t

+ q/(ct)<(l//thp (0' +p (C,)O')))

+§w,[ (% K+(1—¢)—>
2\ p

+ 2(‘/”Rcc, + 1 -4, )Rc> - q(ct)} }
p

Since the problem is linear in i,, in equilibrium firms must be indifferent in
their choice of ,. Thus, we can calculate the dynamics of the cash (capital)
value by choosing i, = 0 (y = 1). Setting ¢, = 0 directly implies (10). Choosing
Y, =1 gives

5 1 2 //(c)
0=Zq") + q(c)zi +4'(¢c) (l(a + p’a)a)
2 p p

1
+ —<§(RK + Rcc) — CI(C)P)-
p\2
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Since v(c) = p(c)q(c), vV =¢'p+ p'q, and v/ =q"p +2p'q' + p"q, we can
rewrite the above equation as (11). Given that the ODEs for v(c¢) and g(c)
were derived by substituting in ¢, = 1 and ¢, =0, it is easy to see that these
functions can be interpreted as the value of a capital and that of a unit of cash.
This implies that
JAN i i (,D; i _
J(C, K, w)) = (wt(l —y)q(c) + pr(c)) =q(c)w;,
t

verifying both Lemma 1 and our conjecture on the form of J(C, K, w').

B.1.2. Step 2: Proof of Lemma B.2

First, note that for any arbitrary ¢, and ¢; from (9), we can express A;—A4
in (12)—(13) as functions of ¢, and ¢; only. Substituting back to (12)-(13), we
get our functions parameterized by ¢, and ¢; which we denote as v(c; ¢;, ¢;) and
q(c; ¢, ¢;). Evaluating these functions at ¢ = ¢; and ¢ = ¢, we get the following
expressions. Define

e " (Ei[c,y] — Eiley]) + e (Ei[—c,y] — Ei[—cy])

fl(cl; Ch) = ey(chfc[) _ e*'}’(ch*fﬁ ’
e " (Eilcyy] — Eileyl) 4 €7 (Eil—yc,] — Eil—yca])
gi(c, cn) = oY) _ g—ven—ep ’
_ ¢ "(Eileyyl - Bilayl) + ¢ (Eil—yey] — Bil—yal)
fh(cl7 ch) = ey(ch—cl) _ e—v(Ch—Cl) ’
B e (Ei[chy] _ Ei[C;’y]) 4 e (Ei[—’ycl] — Ei[—’)’Ch])
gh(cl’ Ch) = e'y(ch*"l) _ e*'Y("h*"l) ’
and
eYen—c) _
m(c, cp) = T e €(0,1).

Then the cash and capital values can be rewritten as

R R
q(c; ¢, cp) = 7C + %y
R R
= 7C + %’yfh(ch ch)7

fiCe, en), qens iy cp)

R R
012 €+ Z—;m(Ch Ch)

Rm/(gl(cl,ch)

v(c; ¢, ¢) =Rg +

+

2 - C[f/(C/, Ch)>7
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and
R R
v(en: ¢y e) = Rx + 225 — ZCm(ar, en)
2 2y
R ¢, C
+ %(M — cnfula, Ch))-

For any c;, define the function H(c;,) implicitly as the corresponding lower
threshold ¢ so that, at ¢ = ¢;,, the market price is just /4, that is,

v(ew; o =H(ew), cp) _
q(cn: cr=H{(cn), cn)
Similarly, define L(c;,) is defined implicitly by

v(cr; ¢ = L(cw), cn) _
q(ci cr=L(cy), cp)

plensc=H(cy), cn) =

p(cl; G =L(Ch), Ch) =

which makes the market price to be / at ¢ = ¢;. Obviously, once we find such ¢,
that H(c;,) = L(c;), then this particular ¢, and the corresponding ¢; = H(c;,) =
L(cy) is a solution of (7)-(9), (12)-(13). To show that this solution exists, we
first establish properties of L(c;); then we proceed to the properties of H(c;,).

Properties of L(c;,). It is useful to observe that

1
ﬁf ( 2ycy, +627cz) f_l &_ﬁ_z c_h_'yfh
dc ( 2yep 2761) Y q ’ dey, - eYen=c _ pvla—cp)?’
g _ 1 (e7n4e™) oom_ 2y
dop o (€7 — M) &b, dc, eV _ eva=ew’

. 1 . .
lim fij=—, limg=0, limm=0.
c—cy ’ych c—>cy c—>cy

1. We show that fi(c;, ¢;) is monotonically decreasing in ¢;. Its slope in ¢; is

J 2ycy + 2y¢ 1
sy L w(mw ¢) - —)

(9C1 (eZych _ eZyc;)
and the second derivative is

2 2yc¢ 2ycy, 2y¢; 2
Ih = —(4’}’627611 e (€7 +e™) )

(7261 (627% _ eZVCI)Z N ( e2ven _ ezyq)ZY

1
X (— — vfilen, Cl))
¢
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_i 2yep 2y¢
( c,2>(e + &™)

(627ch _ eZ'ycl)

1 (e +e2) 1
_ ,y(c_l — vfi(en, Cl)) + mc_lz

Note that if the first derivative is zero, then the second derivative is positive,
implying that f(c;, ¢;) can have only local minima, but no local maxima in c;.
At the limit, one can check that

9 (1 (e 4P
lim i = lim (—(Tycl)('yclfl(ch, Cl) - 1))

aq—cy, ﬁ(}l g—cp \ € (627%

1 1
= — (— ) <0.
Cp 2’)/Ch

Thus, fi(cy, ¢;) is decreasing at ¢, = ¢;. Suppose that it is not monotonic over
the range of ¢; < ¢, in ¢;. Then the largest ¢; where the first derivative is 0
would be a local maximum. But we have just ruled out the existence of a local
maximum. Thus f;(c;, ¢;) is monotonically decreasing over the whole range of
¢; < ¢, in ¢;. This statement is equivalent to yfi(c;, ¢;) — Ci[ < 0 for ¢; < ¢y, for
any fixed cy,.

2. We show that X (¢)) = fi(c;, ¢;) — 7%[ is increasing in ¢;. We would like to
show that

eZ‘ych +e2‘yq)
(eZVCh _ 62761)

1
(B.2) X' (¢)=vy X))+ —5>0.
ve

I

Clearly, we have

1 1
X(a=c)=0, X(a=cn)=f(cr,an)+—=7——>0.
Ye 26,

We know that when ¢; — 0, f(c;, ¢;) has the order of Ei(-y¢;) which is O(In¢));
this implies that X (¢;) - —oo when ¢; — 0. Then, if X (¢;) is not monotone,
we must have two points x; < x, closest to (but below) ¢, so that

0>X(x1)>X(x), X'(x1)=X'(x,)=0.
Setting (B.2) to be zero, we have (because 0 < x; < x;)

(6276;, _ eZVxl) (627% _ eZVXz)

'yzxf (eZych + eZyxl) <~ yzxg (6276;, + eZyxz)

X(x) =~ =X (x,),

in contradiction with X (x;) > X (x,). Thus (B.2) holds always.
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3. We show that the function W — ¢ fi(cn, ¢;) is monotonically increas-

ing in ¢. Its first derivative is (all the derivatives in this part are with respect
to C[)

8i / 1 (ez“/ch 4 ezm)
2 —c _ (e +e™) o
( ’)/ lﬁ) ’)/Cl + (eZ’yC/, _ eZycI) gl( ! h)

2yep + 2y¢
- (e ‘ )(Cl’)’fl(clach)_1)+f[(C[,Ch)
)

(6276" — e
1 (eZych + eZyc,) g
= Ja +Vm<; _c,ﬁ)

(eZych +62ycl)

(@ —emy I

Whenever the first derivative is zero, at that point we have

1
81 fi= % 1
B3) 8 _cf-—__ Y9 ____
( ) y lfl (eZych + eZycl) y
Y (eZ'ych _ 62761)

We also know that

lim (& —c;f,) =0

a—cp \ Y

and

4 1
1im<&—c,fl> - <0
a=en \ Y 3ych

so for any fixed ¢;, ¢; = ¢;, is a local maximum. Thus, to show that % —cafiis

monotone, it suffices to rule out the case of a local minimum ¢; < ¢ so that
(% —¢f)) =0and (% —¢f1)” > 0. In general,

4 Zych 2yc¢ /
8 1 (7" +e) (g ,
(;_Cl z) __7_612+ym ;—szz -/

4e*vene?ra 1
(o))
(e Yo _ o 761) Y Y
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Thus, if there were a ¢; such that (% —¢f;) =0, using (B.1) and (B.3) we have
(4 — ¢ f))" to be equal to

Ayt e V¢, 1 1
o~ fit 2yc 2y 2 2ycy IZW -5t
(e h— 27 1) (e +e ) Y Y

y(eZVCh _ eZyé,)

1 (eZych _ e2y8/)
5V erer (75)
But from (B.2) we know the above term is strictly negative, which proves the
contradiction.

4. We show that g(c;; ¢, ¢;) is also decreasing in ¢, for any ¢; < ¢;,. Given

_ ! cRc RC(877<L'/17"/)+e7(£h7"[)_2) 1 e—Zyeh+2yc’1+1
that (£ C[f]) > 0 and (Q(T + 2y (@ h D g T h D, )/(901 = ERCW

0, v(c,,c,,ch) is increasing in ¢;. Thus, p(c;c,c,) is increasing in ¢ for
. h -
any ¢; < ¢,. Also one can show that lim. o = p(c; ¢, cp) = —w <0,

and
R R 1
R + Chi—= + Ky(—m—)

2 2 YCn
R R 1
Re  Rxf 1

2 Yo~ YCh

Rc  Rg

RK+Ch7_7

Re, R

2 2Ch
which is larger than [ as long as ¢, > [. Thus, as long as ¢, > [, lim,_,., p(c;;
¢;, ¢p) > [ and there is a unique solution ¢, for any ¢, of p(c;; ¢;, ¢;) = 1. There-

fore L(c,) exist. From the monotonicity in ¢;, and continuity of p(c;; ¢/, ¢,), we
also know that L(c;) is continuous.

lim p(c; ¢, cp) =
c—>cp

Properties of H(c;,). First, we show that for any ¢, € [/, Rx], H(c;,) is a con-
tinuous function and H (¢;,) € [0, ¢,]. Again, the notation ' means we are taking
the derivative with respect to ¢;. We use the following facts:

1
2 Ch, C1) — —
fn _ <Yfl( e Cl) Ign 2ygi(cn, ¢r)

e, (eﬂ/(cvrcv) _ efv(c‘hfq)) S (ev(cwc‘/) _ e*V(Ch*Cl)) ’

é’fh ( 2ven 4 62761) 1
ach ( 2yep 2'ycl) (a - ’th(cfn Cl)>7
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g 1 (eZYCh 4 e*ra

=—— 15— =v8&(c, cn)
dey cp (€77 — M) YEmLCL 1)

1
lim f,= —, lim g,=0.
c—cy ’ych c—cy
1. The result of ZfT’I’ = 2(¥fi(cn, ) — L—?j)/(ey(”h*q) —e "=y < 0 follows

from step 1 in the previous subsection.
2. We show %’“ — fuen) > 0 for ¢; < ¢;,. We have

1

g / gl—CWfl‘f‘Ch;

<_h_fhch) =2 L
Y

eYen—c) _ p=v(en—cp)

and
’ / Ch
& & — fucn 28— a2yf, —2—
Y _ G
326‘[ - e _ o=v(ep—cp

2(=y(cp—cp))

e + 2¢;,

4ye Yo (29, — ¢, 2vfi + — ).
Y T 8 — c2¥fi o

If the first derivative is zero at a point ¢, > ¢/, then the second derivative is

1 e ¥ Ch 1
25 +2y Eezyc" — ) (gz(CI, cn) — en¥filen, ) + g) - Chzg
i
(ev(ch—cl) _ e—Y(Ch—Cl))
Cp — (
S
<

= (ev(c'h*t‘n _ e*‘/("h*"l)) < 0’

for any ¢, > ¢;, which implies that it can have no minimum in that range. Also

&<&_fhch> 072<&_fhch> 1
Y —o Y

lim lim > =— >
c—>cp ac c—>cp J°¢ 3yc,

s0 ¢; = ¢, must be the unique maximum in the range ¢, > ¢;, and the result
follows.

3. Consequently, g(c;; ¢, ¢;) is monotonically decreasing and v(cy; ¢, ¢;) is
monotonically increasing in ¢;. Thus, p(c,; ¢, ¢;) is monotonically increasing
in ¢;.
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4. Observe that the following hold:

Rc  Rg
lim p(cy; ¢, cp) = lim vicn; G, ) — Reen+ Ci? B 76;1
q—cp a—cn g(cp; €1y Ch) Re Ry
29ty
_ ¢GRc+Riey
o Rcch +RK =
Because lim,,_,¢ p(cy; ¢, ¢4) = —c;, hence we know that, for any ¢, > h, there

is a unique ¢ € [0, ¢,] which solves p(cy; ¢, ¢;,) = h. From the monotonicity
of p(cy; e, ) in ¢ and the continuity in ¢, the resulting function H(c;) is

continuous in ¢j.

Intercept of H(c;) and L(cy).
1. Here we show that H (k) > L(h). We know that H(h) = h because

Re R 1
R,<+h7c+i§(h )

lim — v(cy; ¢, Cn) _ yo? B W
a=h q(cy; ¢, ) Re | R¢é§ 1
2 yo'yh
R R 1
RK—f—h—C—i-—K‘y —h—
. 2 2 vh h
o Rc 4 Ry 1 -
2 "2 Y h

However, note that

Rc R 1
Ry +h=—-+ ﬂ(—h—)

v(c; ¢, Cp) 2 vh
= = h,
a—~h q(ci; €1, Ch) Rc | Rk
2 2h
v(epenen) i : : : L(h) is defined b v(c;L(h),h) =] h
and J0 s increasing in ¢. Since L(h) is defined by {270 =1 < h,

q(cpicpsep)
L(h) <[}; - H (h) must hold.
2. Now we show that lim,, .. H(¢;) =0 < lim, . L(c;). It is easy to check

that

—FEi[—¢7v] . Ei[—vyc/]
— " limg= —a

e’ ep—00 ’

lim f; =
Cp—>00

lim f, =0, lim g,=0.
cp—>00

cp—>00
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Thus, lim,, _, 2Aera.n) takes the value of
q(crierscp)
R R , R )
R 4 “Re cm(c, ) | Rey (gi(cr, en) _ afien o)
. 2 2y 2
lim
Cp—>00 & + [KY (C C )
5 2 1(Cr, Cp
aRe  Re  Rgy (Ei[—vyca] —Ei[—qYy]
Rie+=5+ 2y T2 \(yeto T otw
B Rc  Ei[—¢y]
2 e
Thus, lim,, ., L(c;) is the finite positive solution of
caRe | Rc | Rgy (Eil—ycal —Ei[—¢y]
Ry + 2 T 2y T 2\ yert T ,
Rc  Ei[—¢y] N
7 - 67(*01)
In contrast, lim,, . ., 29 takes the value of
q(cpserscp)
cnR R¢ Ry ¢, C
Ri + 25 — Em(e, cp) + =+ v (8nlen ) —cnfuler, cn)
. 2 2y 2
lim
cp—>0 & K’)/f (C c )
5 5> Jule e
R R R R
Rx  Rc  Rc kY [ &n(ci, Cn) _ Fulen e
. Cp 2 Ch2’}/ 2 Cry
= lim
cp—>00 &_{_ RK'th(clych)
2Ch 2 Cp
Rc 4 Ry Ry (gh(Cl, Ch))
. 2 Cry
= lim
cp—>00 RKY fula, cp)
2 Cp
Hence, % grows without bound for any fixed ¢, and % is
monotonically increasing in ¢;. As a result, in order to have a solution of
lim,, o % =1, ¢; has to go to zero, implying lim,, .. H(c;) = 0.

The two results imply that there is always an intercept ¢, € (4, co) such that
H(c;,) = L(cy). This concludes the step proving that (7)—(9), (12)—(13) has a
solution.
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B.1.3. Step 3: Proof of Lemma B.3

We have shown that H (k) = h. Note also that if ¢, = ¢;, then Z—Z = Z—j This,
and the continuity of H(-) and L(-) in /, implies that at the limit / — #, there is
a solution of the system (7)—(9), (12)—(13) such that ¢; —c¢; — O and ¢}, ¢; — h.
Then, the statement comes from & < hR¢ < R (as R¢c > 1).

B.1.4. Step 4: Proof of Lemma B.4

First we show that g(c) is always decreasing, and there exists a critical value
¢ € (¢, ¢p) so that g"(¢) < 0 for ¢ € (¢, ¢) and q"(¢) > 0 for c € (¢, ¢;). More-
over, for ¢ € (¢, ¢) where ¢”(c) < 0, we have that ¢”(c¢) > 0.

1. To show that ¢’ < 0, we differentiate the ODE 0 = %zq” + g(RC + RTK) —&q
again to reach

0-2 111 gR /
(B4)  0="¢"-S7 -4

Due to boundary conditions, we have at both ends ¢ and ¢}, the function g'(c)

equals zero and its second derivative %zq’” = %13—5 > 0. Suppose to the contrary

that ¢'(¢) > 0 for some point ¢ € (¢, ¢;); then we can pick ¢ so that g'(¢) >
0 and ¢g”(¢) = 0 (otherwise the function ¢'(-) is zero at one end, is convex
globally, and thus never comes back to zero at the other end). But because

> Zq"(&) = £2¢ + £4/(¢) > 0, contradiction. This proves that ¢’ < 0.
2. We know that ¢"(¢;) < 0 and ¢g”(c;,) > 0, and therefore there exists ¢ so
that ¢”(¢) = 0. We show this point is unique. Because 0 = £ ¢" + £ (R¢ + 2&) —
£ Rk

&g, we have 0 = ";q — 55 —¢&q¢,and

o’ ERk

(B3) 0=Tq"+>3 —¢q"

Suppose we have multiple solutions for ¢”(¢) = 0. Clearly, it is impossible to
have ¢”(¢) = 0 but ¢"(¢—) > 0 and ¢"(¢+) > 0; otherwise ¢”"(¢) > 0 which
contradicts (B.5). Then there must exist two points ¢; > ¢ and ¢, > ¢; > ¢ such
that ¢"(¢;) = 0 q'(c;) <0 and q"(c) >0, but q¢"(c) <0 for c € (¢y, ¢;). This
implies that %-¢"'(¢;) = —*3 + £q"(c1) < 0. As a result, there exists another

point ¢; € (c,, ¢) so that q””(c3) =0 with ¢”(c;) < 0. But this contradicts (B.5).
3. Now we show that for ¢ € (¢, ¢) with ¢”(c) < 0, we have ¢”(c) > 0, that
is, g”(c) is increasing. Suppose not. Since ¢”(c;) > 0 so that g”(c) is increasing
at the beginning, there must exist some reflecting point ¢, for the function g”
so that ¢ (cs) = 0. But because ¢”(¢4) < 0, it contradicts (B.5).
Second, we show that v(c) is increasing if & — [ is sufficiently small.
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1. We show that if v"(¢;) > 0, then v(c) is increasing in c. Let F(c) =v'(¢),
so that

7/ 2 0-2 1/ f
0=q"0"+ > F’+ 2RC EF
with boundary conditions that F(c;) = F(c,) = 0. The assumption v"(¢;) > 0
implies that F'(¢;) > 0. Thus, if there are some points with F(c) < 0 in the
range of (¢, ¢;), then we can find two points ¢; and ¢, (a maximum and a
minimum) so that ¢; < ¢, but F”(¢;) <0, F"(¢c;) > 0, F'(¢;) = F'(¢;) =0 and
F(c;) > 0> F(c;). We can apply the ODE to these two points:

2
o
0=q"(c1)o* + 7F”(cl) + gRC —&F(a),

2
o
0=q"(c)o” + ?F”(Cz) + gRC —&EF (o).

The second equation implies that g”(c,) < 0, which implies that ¢; < ¢, < ¢.
However, the above two equations also imply that

q'(c))o* > ch > q' ()07,

in contradiction with the previous lemma which shows that g” is increasing over
[cla é]'

2. Now we show that if & — [ is sufficiently small, then v’(¢;) > 0; with the
first result, we obtain our claim. From our ODE,

v'(a) = —%4@ - v(cl))
g

£2<R2K Rgé& (gz(cz, ) afin Ch)))-
70' Y

We know that as h — I — 0, ¢, — ¢, — 0. We will prove the statement by show-
ing that (1) limclﬁch(w —v(¢)) =0, because limq%h(w —v(q))
equals

a—ey\ 2 2

R R 1
=X 40+ Kg(()——) 0
2 Yo Y

lim (& + —h(cl, )+ Ry <M —afia, Ch)))
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. Rec+R : >
and (2) lim,, .., J(P<LTL. —v(e))) /de; =lim, e, (SR, cp) + B52 (L2 —
afi(a,cn)))/de < 0, because it equals

lim

c|—>cCp

Rcev(ch—q)
<_ (ev(Ch—CI) + 1)2
R 1 eXren 4 @2 eXrn 4 ¥
+ ”( +( o )(c/vﬁ—1)>>

2 \ya (eZych_em/)g’ (er — )

1 Rmx(l 1 1 ) Re
——— + =7 =-=¢ <o.
c(1_|_1)2 2 <

Yo 2yven 2vyc¢, 4

These two statements imply that if ¢, — ¢; is small enough, then v'(¢) >
lim,,_.., v"(¢) =0.

B.2. Proof of the Second Part of Proposition 5

The result ¢;, > h is a consequence of the fact that we defined H (c;) as the

unique ¢; solving 2% — j when ¢, > h (see part 4 in Section B.1.2).
an(ercp)

For the result ¢; <, consider the possibility that ¢/ > /. The following lemma
states that, in this case, p”(c;) < 0. This implies that this is not an equilibrium.
To see this, we have p’(c;) = 0 by the boundary conditions v'(¢;) = q'(¢;) = 0.
Thus p”(cf) <0, combined with p(c;) =1 and p'(¢;) =0, would imply that
p(c) <[ for c sufficiently close to .

LEMMA B.5: The sign of p”(c}) is the same as that of | — c}.

PROOF: Simple algebra implies that

vl vg—qv\
pie)=(" ")
(c) 7
v//q+v/q/_ q//v+v/q/ B , )
_ qz( ))_Zq (g —q)

v//q _ q//v
2

q

2
= ((~&reci + o)+ e1a(e) ) 2o
f * * * —2 2
() o)

i
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NS

2
= <(——(Rcc;‘ + Rx) + &lq(c}) + éciq(c) — fc;“q(c;*)) et
f % % % 2
_ (_E(Rcc, + Rg) + §c,q(cl)>02—c1*v)/q2
2
— (-5 reci+ R0 + £cia(en) ) 5 (- 2)
2
- )eal) 2a) [

1 2 2
E(g(Rccf +Rg) — SCTQ(C?‘)); +€alei) 3
= (=)~ ’
q

which gives the lemma by noticing that g is decreasing in ¢ and the boundary
q'(cf) =0 implies that

—g(RCCl* + Rk) + &ciq(c;) o« q"(c}) <. O.E.D.

The third statement is a consequence of the following lemma.

LEMMA B.6: We have the following limiting results:

1
lim yf;=—, lim =—,
y—00 ’Yfl Cl Y—>00 th Ch

lim g, =0, limg =0,
Yy—00 Y—>00
and

limc;=h, limc¢ =1
y—00

y—> 00

PROOF: The first four results are based on LHopital’s rule. Take the first
result for illustration:

y(Ei[—cyy] — Ei[—¢/y]) lim Ei[—c,y] — Ei[—cy]

lim yf; = lim = =1
Yoo Yoo e’ 1 Y00 2o
Y
e_Ch7 e_cl'y
- —C
= lim Yy 7 —lim — 1
e _izewcn + (_cl)eyecz) e (_Cl)ewfcn G

Y Y
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These four results imply that

R
lim 2% = lim ( Re + 2¢ — ey, o)
y—00 Qh y—>00 2 2’)/
c,
+RK%(M —Chfh(C/,Ch))>
Y
R
/<7C +RK%fh(clach))
R 1
B Ry + "2 < —Ri5
Re T
— +R
2 T K2¢,

Thus, in the limit, the solution of ;—: = h is the solution for the equation of

e R 1
Rg + }'ZC—RKE
R ="
C
S L R.—
>t %2¢,

which gives lim,_.,, ¢; = h. Similarly, the following calculation implies that
lim, ¢ =1:

R R
tim 2 = Em (RK + afte + =Sm(e, cn)

g T o 2 2y
,c
+RK%<M - szl(Cz,Ch))>
Y
R
/(70 +RK%fl(clach))
¢R 1
_RK+ 12c +RK§
R¢ 1 ’
- TRy Q.E.D.

B.3. Proof of Proposition 7

The proofs of the two statements follow the same logic. Thus, we prove the
first statement in detail and explain the necessary modifications for the second
statement at the end of the proof.
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Consider the functions g(c; qo, vy, ¢,) and v(c; qq, Vo, ¢;) of ¢ parameterized
by g, vy, and c¢;:

’ R
B6)  0=T3+ %(Rc —ae)+5(% ),

B.7) 0=g(c)o”+ — v”(c) + §(Rcc —(c)) + g(RK — (c)),

and the boundary conditions

(B.8)  v(ew)=¢'(cn) =0,
(B9) Z](C(]) = qo, f)(C()) =1.

The general solution is

(B.10) g(c)=— C L e A, + e A,

RKy —e”Ei(—yc) + e " Ei(cy)
+ 2 2 ’

R
(B.11) #(c) =Ry + CTC F e (As — cAy) — e ( Ay + Ay

cRgvy e Ei(—vyc) — e " Ei(yc)
+
2 2
(B.12) =Rg+Rcc+e"A;— e YAy —cq(c),

where A,—A4 (may differ from those in (12) and (13)) are pinned down by
(B.8)—(B.9). We have

R 2 <Y Ej + ¢ Ei[—
é/(C) — _»yg—C’YAl + ,.yec"yl42 _ KY (e I[C’y] e 1[ c’y])

2 b
Re  Ryy(—e Ei[cy] + e Ei[—
oo Re ky(—e l[cz] e Ei[—cy])
N RKC)/Z(e"'y Ei[cy] + e Ei[—cy])

2
+ e ((—ye = DA+ yAs) + e ((ve — D Ai + yAy).

Define the function c¢;,(qo,vo) implicitly by v(cy; qo, vo, cr) = hq(cy;
qo, Vo, Cr), and we are interested in the derivatives

den _ Uy, —hay, &__ﬁ

aqo v, — hq,, Ay — hq,,
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We proceed as follows. First we show that '7;" > 0 and ”Cg < 0. This proves
that if g,(cy) < q(c) and v,(cy) > v(cy), then ¢ < ¢, that is, such policies
make the overinvestment problem worse. Then we show that this is true even
if g.(cy) < q(cp) and v, (cy) < v(cp), as long as the policy increases the price at

v () v(co)
o, that is, e e

We start with the following lemmas.

LEMMA B.7: We have

aq(cu; qo, Vo, Ci) 2
(B.13) s = Y =07 - o=CnY ¥ =Y

dv(cn; qo, Vo, Cn) 2 3q(cn; os Vo, )
(B'14) vy - e Y=o + e?(cn—co) = O’ vy =0.

PROOF: We show (B.13) first. We know that g(cy) = qo, which, based on
(B.10), can be written as e"Y A, + e A, + [, = q, (Where [, is independent of
qo), which implies

_lq - eyC()Az + CIO

e*C(J'Y

(B.15) A, =

2

and g'(c,) = 0, which can be rewritten as —e~ "y A, + e’y A, +s, =0 (where
s, is independent of g,), which implies

—lq — e”“Az + qo

—eny
ey A, —s e h Y > — 8
(B16) A= 0 e
e’y e’y
=l
e*(«h'}”yeqiicquo_sq
= A=

(1 + e—ZC/zveVZCo)eC/zv,y'

Thus, (B.16) and (B.15) imply that

B17) o4 e

( : ) aqo ety gm0 4 Y v’
aA] 1 e~ cnY ey

(B18) =~ y - 67200 ChY ,—C0Y —ChY LY = Y ,—C0Y —CpY LY ©
dqy e eMe 0 e e Ve e MY e

Using (B.10), we obtain our result. )
The first result in (B.14) follows similarly. The second result 20205 — ()

comes from the fact that (B.6) and the boundary conditions ¢'(¢;) = 0 and
q(cy) = qo are independent of vy. Q.E.D.
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LEMMA B.8: We have
aﬁ(ch; q(J’ Vo, Ch)
dq
ev(ch—Co) _ e—Y(Ch—CO) _ ’Y(Ch _ CO)(e—v(Ch—Co) + eY(Ch_C()))

= 2
_ _ 2
y(e“/c"e Yh 4 e VCOeYch)

<0,

JV(En: o> Vo, ), 9G(Chi 9o, Vo, C)
dq dq
ev(Ch—Co) _ e—v(Ch—Co) _ Y(Ch 4+ h— CO)(e—v(Ch—Co) + eY(Ch_CO))

y(evq)e—v% + e—VEoeVCh)z

=2 < 0.

PROOF: We show the first result. We rewrite v(¢;) and v'(cy,) as (as before,
here [,, and s,, are independent of g)

U(cy) = eV (A3 — cyAy) — eV (As+ cyAy) + 1y,
V' (cpn) = 8 + €M7 ((—yen — 1) Ar + v As)
+ e~ ((yen — 1) Ay + yAs).
Thus, the boundary conditions v(cy) = vy and ¥'(c,) = 0 imply that
As=cyAr +e vy — e, + eV (Ay+ Ay,
Ay= —((—ew”(ych —ye+1) A4,
+ (7" (yep — 1) + yepe Ve ) A,
+ (ye e vy + (54 — ye TV lqv)>
[ (ye 7 + ye e n).
Thus, using the result in (B.17) and (B.18), one can derive that
9As _ 7% 2e7Ve T — yco(e7 VeV 4 eT V0 N) ‘

a9 ,y(evcoeﬂ'fh + e*YCoeVCh)z

Similarly, it implies that
dA dA dA dA
_3 — _le_zcﬂyco + —ZCO + _46_2607
9o 9o 9o 9o
De Y0 4 Yo (67606727% + eﬂ'ﬁo)

,y(eVCo e Y 4 77 676”)2
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Consequently, using (B.12), we have (where we have used (B.13))

av(cy) _ ecm(?A3 B e—cwﬁA“ e aq(cy)
dqo 9o qo dq
eY(en=c0) _ p=vlcp=co) _ 'Y(Ch _ CO)(e—v(Ch—Cm + ev(fh—co))

y(ewoe—v% + e—YCOeYch)z

=2 < 0.

The last inequality comes from the fact that the function e* —e™ — x(e™* + €*)
is negative and monotonically decreasing for all x > 0. The second statement

comes directly from the expression for 24 Q.E.D.
990

LEMMA B.9: If ;—g < h, then v(y; qo, vy, y) — hq(y; qo, vo, y) > 0.

PROOF: We parameterize ¢, by y. The idea is that if the function v(y;
qo, Vo, ¥) — hq(y; qo, vo, ¥) is negative at y = ¢y and positive as y — oo, then
there is a y = ¢, so that this function is zero (satisfying the definition of ¢;) and
where the slope of this function is positive, which is the claim of our lemma.

The function v(y; qo, vo, ¥) — hq(y; qo, Vo, ¥) can be solved by imposing the
boundary conditions

(B~19) V() =q()=0, g(c)=qo, V(cy) ="y,
for all y > ¢,. Thus, by setting y = ¢;, we must have
V(Co; o, Vo, €o) — hq(co; qo, Vo, o) = vy — hqy <0,

by the condition of the proposition.

Now we show that v(y; qo, vo, ¥) — hq(y; qo, Vo, y) — 00 as y — oo. We first
calculate lim,_ . g(¥; go, v, ¥) in (B.10). For this, we solve for e A4, and
e’? A, from (B.10)—(B.11) and (B.19):

R Ry M’ R
qo — ZC 4 ety 2K ») — KVM(CO)
e A, = 2 2 2
1= =) o g¥(co=y) >
Rc RxyM'(y)  Rgy

qo_j_e(yfco)v 3 5

Y'YA —

€ A= -0 =)
€y 07+eY 0~y

M (cy)

b

where M(y) = —e”Ei[—vyy] + e Ei[yy]. Using lim,.., M'(y) = 0, it is
easy to show that lim, . e A4, = lim, e A4, = 0, which implies that
lim,_, ., g(y; qo, Vo, y) = RTC in (B.10). A similar argument implies that
lim._, o, ¥(c; qo, Vo, ¢) = 0o. Thus, v(c; qo, Vo, ¢) — hq(c; qo, vy, ¢) = oo. This

proves the statement. Q.E.D.
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Putting together the above three lemmas, we have

don _ Y= PMa o g ﬂ:_ﬂd}_
Iqo v, — hq,, I —hq,,

This implies that ¢ < c;; whenever q,,(co) < q(cp) and v,(cy) > v(cp).
h Uy

For the last step, as "7‘—" = —U h[f,"

‘h ‘lz

holds for the worst v, drop to maintain p,, that is, vy and g, decrease propor-
tionally so vy/q, remains at constant.

To this end, we consider decreasing g, to gy = qo — € where ¢ is very small.
To make sure that ;U = ;g we need that vy = vy — ae where a = q” Let us
refer to all the objects after the change with the bar. Our goal is to show that
v(cy)/q(c,) would increase; then v vCh - thh > 0 implies that ¢] < c;. Using the
first two lemmas above, we have (denoting x = (¢, — ¢)7y)

< 0, it suffices to show that this result

q(cr) =q(cp) — em,

et —e—x(e+e) vy 2
y(e* +e7)’ Qe +e

l_)(Ch) = f)(Ch) —2¢

X

Hence, for sufficiently small &, we have (up to the first order)

U(en) _ D(ew) 26 <ex—e)‘—x(ex+e") L% 1 )

(B.20)

q(ew) — qlen)  glen) (e +e) Qe +e
'D(Ch) 2¢e
F(en)e +e
(@ _ 1~J(Ch)>
e 26 [ef—e —x(e* +e) L \ay g(cr)
e alan) y(e' +e) e e
v(c)
> = .
q(cn)

Here, the third inequality in (B.20) is because the term e* —e™ —x(e " +¢€*) <

0 forall x >0 and 2 — "EZ‘? is strictly negative because * < %) — h; hence,

q(cp)
the first-order 1mpact of decreasing ¢, is an increase in v(c;)/q(c;). Because
the above argument holds for any v, and g, tracing out the first-order effect
implies that any intervention which lowers cash value but keeps capital price
unchanged will lower ZEEZ; Compared to that change, an increase in v, just
decreases cj further. That concludes our proof.




INEFFICIENT INVESTMENT WAVES 21

The second statement follows the same steps with the following modifica-
tions. Each ¢, has to be changed to ¢; and each % has to be changed to [ at
every point of the proof. Then the first lemma remains the same, the first
statement in the second lemma changes to w > 0, while the second

statement does not change. Also, in the proof of the first statement, we use
that e* —e™ — x(e™* + ¢*) > 0 for all x <0, and in the proof of the second
statement, we use that e* —e™ — (x + y)(e™* 4+ ¢*) <Oforallx <0Oand y > 0.
In the last part, we follow the same steps, but the inequality (B.20) in the mod-
ified version is switched. This gives that ¢/ > ¢; under the conditions of the
statement.

B.4. Solution for Price-Floor Policy and Proof of Proposition 8
B.4.1. Characterizing the Equilibrium With Price-Floor Policy

We first derive the solutions for price-floor policy. A price-floor policy (c)
is defined as

2
(B21) 0=g'(c)o’ + %v”(c) —v(c) + g(RCc + Rg) + cm(c),

K

2 R
(B22) 0= %q” —q(o) + §<RC n 7) — 7(0),

so that (1) for ¢ € (¢, ¢f], m(c) =0, and at the upper investment threshold
p(ci) = h; and (2) for ¢ € [c}, ¢, v(c) = (I + 8)q(c) always. Here, v(c), g(c),
m(c), ¢, and ¢ are endogenous. We have the following lemma.

LEMMA B.10: Given the lower disinvestment threshold cf, the solution to the
price-floor policy can be calculated as follows.

1. Given the upper investment threshold c5, first calculate the welfare function
Je(¢) =Rk + Rcc+ Dye " + Dye”, where the constants D—D, are given by the
boundary conditions

Je(cfscf) = (cfF + l)jg,(cf) and j(cf;cf) = (cf + h)j;,(c,f).

2. For ¢ € (cy, ¢}, the capital price and cash price are given by

Rec : :
U(C) = RK + TC + eW(A3 — CA2) — eiLy(A4 + CAl)

e Ei(—vyc) — e “"Ei(yc
—|—cRK%( ( 7)2 (y ))’

R eV Ei(— g
q(c)=7C+e‘CVA1+eWA2+RK% e Bl Vc)2+e i(cy)
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Here, Ay = —D; and A; = D,. The other four constants, that is, A;—A,, ¢y, and
¢}, are determined by the following four boundary conditions:

V() =0, ¢(c;)=0,
v(c)) = (I +8)q(cy), V'(c)=(I+8)qg ().

3. For c €[c}, col, we have

Je(€) _ [+ 6 .
I+ e and v(c)= —l+cjg(c)

(B.23) q(o)=

and the taxation is given by
©=Zq g+ 5 (Re+ B5) =0
=—q" — = — ] >0.
MO= 4 TR R

PROOF: The total welfare function j(c) = v(c) + cq(c) given in step 1 of
Lemma B.10 only depends on the investment/disinvestment policies ¢} and ¢
(see explanations around equations (18) and (19)). For ¢ € (¢, ¢;], there is not
taxation and the derivation is the same as before, except that at the endoge-
nous intervention point ¢y, we are value-matching and smooth-pasting so that
the price is the implemented floor price / 4+ 8. Note that, by construction, we
have v(c§) = hq(c}) (due to j(cf) = (c; + h)j'(c})). For c € [}, ¢], notice that
v(c) = (I + 8)q(c) always; (B.23) follows because of j,(c) = v(c) + cq(c) =
(I 4+ ¢)g(c). The endogenous taxation 7(c) follows from (B.22). O.E.D.

B.4.2. Proof of Proposition 8

Now we set 6 =0 and prove Proposition 8. There are three steps.

Step 1. Rewrite the problem. ~Clearly, for ¢ € (¢, c;], the same structure solu-
tion applies without policy, with the only difference at the lower end ¢, so that
V'(co) = lq'(¢y) might not be zero. This allows us to draw a connection between
the equilibrium with policy and the one without. We first show that for ¢} < ¢,
the resulting slope at ¢, has to be negative, that is,

(B24) V() =1q'(cy) <O0.

To show this, focus on ¢ € [}, ¢]. By v(¢) = Hic J(¢) and boundary condition
of j,(c), we have

sy DO =] _,
(I+¢f)
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Moreover, since j;j (¢) < 0 (see Proposition 2 and its proof), we have [ jé(c) X
(I+c¢)—j(o)] = jg(c)(l +¢) < 0. As a result, since ¢, > ¢, we have

sign[v'(co) ] = sign[j; (co) (I + ¢o) — jg(co)] <O.

This proves (B.24).
This suggests us to introduce {v(-), ¢(-), ¢y, ¢;; x} indexed by x as the solu-
tion to the ODE system (10) and (11), with modified boundary conditions

V() =¢'(cf) =0, v(cf)=nhq(c),

V'(cy) =—xl, ¢(c)=-x, v(c)=Iq(c).
Here, the parameter x > 0 captures the negative slope of v'(¢y) = Iq'(¢y) < 0.
As shown shortly, our key result does not depend on the exact value of x, which
will be determined by predetermined lower disinvestment threshold cF.

It is easy to show that if ¢; = ¢}, that is, the policy sets the lower disinvest-
ment threshold as the one in the market solution, then x = 0 and we have
¢y = ¢ = ¢} and ¢} = c}. Given this result, the claim in Proposition 8 is equiva-
lent to showing that

. dc
lim & > 0.

Step 2. Solve the new ODE system. For simplicity, we denote ¢} by cj,.
Given ¢, and c;, the boundary conditions v'(¢;) = ¢q'(¢;) = 0 and vV'(¢y) =
—xl, q'(¢cy) = —x imply that

( ’ > 7V ) ( ’ > 1) |(,‘1: ( ‘I )
q C() C(] X Ch - q CI CZ C] +
€0 y(eZych eZ’yLo)

b

zxe7(50+6h)

,},(627% _ 62760) ’

x(e?0(yl+1) 4 e (yl — 1))
,y2(62ych _ e2yc0) 4
2xe” 0T (cy — ¢, + 1)
,y(e%/ch _ 62700)

q(cp; co, X, ) = q(Cps €1,y Cp) o=y +

v(Co; o, X, Ci) = V(C1; €1, Cn)ley=c,

v(cn; €, X, Ch) = V(Cps €1y Ch)lpmey +

b

where q(ci; ¢, cn), q(en; ¢, cn), v(c; ¢, cn), v(cy; ¢, ¢p) have been defined
above. Then, ¢, and ¢, solve F},(cy, x, ¢;) = Fi(cy, x, ¢;,) = 0 where we define

F(co, x,cn)

= v(cp; €o, X, i) — hq(cy; o, X, C1)
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(ch —h)R¢  Rc

=Rg+ B Zm(co, )
R Co, C
+ %Y (M — (cn + h) fu(co, ch))
2xe” 0T (¢y — ¢, + 1) 2xetcoten)
2vc, 2v¢ - 2vyc, 2vco\ ? and
'y(eyh—e"”) y(ewz_e“yo)
Fi(cy, x, cp)
= v(co; o, X, i) — lq(co; o, X, C1)
(co—DR
=Rx + TC + 277’”(007 Cn)
R Co, C
— (M — (e + D fi(co,s ch))
x(eP0(yl+1) + ¥ (yl — 1)) l)c(ezyc0 + e77r)
+ ,yz(ezyc,, _ eZyco) B ,y(ehch _ 62760)

Simple derivation reveals

oF, . Rc  Rg 2elorwy RK'Y( 1 (eZych +627¢'0)

% (6276’1 _ 62760) 8

dey 2 2 (e +e)’ 2
( 2yep + eZVCO)

—ﬁ—(Co‘*‘l)m(Yﬁ_ _))

JF, . R¢ 2elcoten)y 4 RK’)/ 2g1(ch’ Co)
dcy 2 (ecw + ecm)2 2 (eY(Ch—Co) _ e—v(Ch—co))

1
2 -
(7]‘1 CO>
(e’Y(Ch*CO) _ e*Y(Ch*Co))

2xe7(cn+ch) ')’(Co —cn+ ] — h)(eZyco + eZ‘ych)
y(eZYCh _ 62760) < (eZych _ eZyCO) + 1) d

é’F, B RC 2€(CO+Ch)7 n RK’}/ 2gh
de, 2 (eCOV_i_eChV)Z 2 eYcn=c0) _ g¥ico—cn

— (¢ +h)

v(ch o) __ V(CO—Ch)

1
C——th
—2(C0+l) )7
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(9Fh RC RC 2e oty

dcy, - 7 B 7 (eCUY + echy)z
Rgy ( 1 (€779 +e¥)

— — ————8n(c, C
2 \yar (@ — v Bl

2ycy, + 2ycq 1
— (e ”’)w@ — Yfulen, co>> — fulco, ch>>

( e2ren _ 62760)

2 xecoten) y(co —cn + ] — h)(ezy"“ + 62’)"3}1)
o 7(627% _ 82760) ( (6276” _ 62700) + 1)'

Step 3. Prove the claim. Now we are ready to show our desired result
lim,_, o % > (. First of all, it is easy to show that when y — oo, ¢, — h and
¢y — [ are bounded. Cramer’s rule (or implicit function theorem) implies

oF, OJF, JF, OJF,
. dcy .| ax  dc dc, ey
lim — = — lim
71—>00 ox Y=o (?F[ (9F1 / (9F1 (9F[
ox dcy acy, dcy

dF, dF, JF, dF,

— lim ax d¢y r?—co&x
_y—>oo &Fh(?F[ (9F/0’1Fh ’

dey, dey dey, dey

Focus on the denominator first. It is easy to show that

. JFF R¢c Rxl . JF, R¢ Rgh
lim —=—+——, lim =+,
Y—> 00 (9C0 2 2 Cy Y=o 07Ch 2 2Ch
and
JF, oF
lim —* = lim — =0,
y—=oo dCy y—o0 dCy,
implying
. oF, oF, O0F, JF,
sor A\ G ax  ax da
(B25) lim — = 0 0

y—oo dX RC RKh RC RK l )
(2 +2€;2;)(2 + 2 ¢
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2“0t n)Y (h—1+(cp—cp))

For the numerator, since e 0

, we can show

ox T

the following two limiting results:

9F _ 1 IEy _
> and ' =

: — _ _c (9Fh 0’)F1
B.26 lim y(ep=co) _ p=¥(cp—cp)
( ) 71%07(6 ¢ ) ax dey

R Ryl
( + (¢ Co))( 5 +—2 _C§>

and

. e e OF, OF,
B.27 1 y(ep—co) __ ,=v(cp—co)

) 1 Rc Z(evch _ eWO)
=lm-| ———-2~
y—>00 'y 2 (eCOY + ech'}’)

R 1
+ %y (Zgl(ch, ¢) — (cp + h)2<7fz - —)>
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Hence, applying (B.26) and (B.27) to (B.25), we have

) acy,
1 y(ep—co) __ p,—v¥(cp—co)y 1
yggy(e ¢ ) Jx
Rc Ryl
2(h—1 -~ —t+
) (h—1+ (s CO))( 5+t C§>

> 0.

Rc Rxh\(Rc Rkl
(2 +2c,21>(2 + 2 ¢

University of Chicago, 5807 South Woodlawn Avenue, Chicago, IL 60637,
U.S.A. and NBER; zhiguo.he@chicagobooth.edu
and

Dept. of Finance, London School of Economics, Houghton Street, London,
WC2A4 2AE, UK. and CEPR; p.kondor@lse.ac.uk.

Co-editor Daron Acemoglu handled this manuscript.

Manuscript received July, 2013; final revision received August, 2015.


mailto:zhiguo.he@chicagobooth.edu
mailto:p.kondor@lse.ac.uk

	Appendix B: Proofs and Derivations
	Proof of Lemma 1 and Proposition 1
	Step 1: Proof of Lemma 1 and Lemma B.1
	Step 2: Proof of Lemma B.2
	Properties of L ( ch ) 
	Properties of H ( ch ) 
	Intercept of H ( ch )  and L ( ch ) 

	Step 3: Proof of Lemma B.3
	Step 4: Proof of Lemma B.4

	Proof of the Second Part of Proposition 5
	Proof of Proposition 7
	Solution for Price-Floor Policy and Proof of Proposition 8
	Characterizing the Equilibrium With Price-Floor Policy
	Proof of Proposition 8
	Step 1. Rewrite the problem
	Step 2. Solve the new ODE system
	Step 3. Prove the claim



	Author's Addresses

