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APPENDIX B: DERIVATION OF EXAMPLES FROM SECTION 3
B.1. Example 1: Partisan Bias

SIGNALS AND PREFERENCES ARE ALIGNED (Assumptions 1 and 2) since both types have
the same subjective signal distributions and preferences. The autarkic type 6, plays both
actions with positive probability and the social type 6, places positive probability on 6,,
which establishes that Assumption 3 holds. Assumption 4 is redundant in a binary action
decision problem, since Assumption 3 guarantees that the social type believes that the
autarkic type plays both actions with positive probability. For technical convenience, we
assume that the signal distributions are continuous and symmetric, FX(s) =1 — F-(1—5).

From the action probabilities derived in Section 3.1, at likelihood ratio A, type
6, believes action L occurs with probability ¢ (L|w, A;) = w(6,)F*(1/(1 + A)) +
(6,)F(0.5), whereas the true probability of action L is ¢ (L|w, A;) = w(6,)F*((1/(1 +
X)) 4+ (6,)F(0.5'"). The construction of y;(L, 0) in Section 3.3 follows from eval-
uating these expressions at A; = 0. Similarly, the construction of y;(L, co) follows from
evaluating these expressions at A; = oo,

F®(0.5)

(6,)F"(0.5"") log FL(05)

7(6,) + m(6,)(1 — F*(0.5))

+ (w0 + (0 (1= F*(05"))) log i 7(6:)(1— FL(0.5))

We next characterize how A(w) depends on v. We write y;(w, A; v) and A(w; v) to
make this dependence on v explicit. To simplify notation, define a, = F*(0.5"") as the
probability that type 6, chooses an L action in state L and 74 = m(6;) as the probability
of the autarkic type. By symmetry, F?(0.5) =1 — F*(0.5) =1 — a4, and by definition of a
probability measure, w(6,) = 1 — 4. Also note that F* strictly increasing implies that «,
is strictly increasing in v, symmetry implies that a; > 1/2, and F* continuous implies «, is
continuous in .

First consider w = L. To determine whether incorrect learning arises, that is, whether
oo € A(L; v), we need to determine the sign of

1-— 1-— 1-—
UL (1= ) log L Tad Z )

v1(L, 00; v) = T4, lOg
o 1—m40
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Since a; > 1/2, the update from an L action is negative, log % < 0, and the update from

an R action is positive, log %;f”) > 0. Note both terms are independent of ». Since «,

is strictly increasing in v, the probability of an L action, 7 4«,,, is strictly increasing in » and
the probability of an R action, 1 — 7 4«,, is strictly decreasing in v. Therefore, y, (L, co; v)
is strictly decreasing in v. At v =1, y;(L, 00; 1) < 0 by the concavity of the log opera-
tor. At v =0, ay = 0 and therefore vy, (L, oco; 0) = log % > 0. Given vy, (L, oo; v) is
continuous in v, there exists a cutoff v, € (0, 1) such that for v < v, y,(L, oo; ) > 0 and
oo € A(L; v), and for v > v, y;(L, 0o; v) <0 and co ¢ A(L; v).

To determine whether correct learning arises, that is, whether 0 € A(L; v), we need to
determine the sign of

1— 740 a

yi(L,0;v) = (1—74(1 —a,))log 1= ma(l—a) +74(1 —a,)log

As in the previous case, the update from an L action is negative and the probability of
an L action is strictly increasing in », while the update from an R action is positive and
the probability of an R action is strictly decreasing in ». Therefore, y,(L, 0; v) is strictly
decreasing in v. At v =1, (L, 0; 1) < 0 by the concavity of the log operator. At v =0,
ay = 0 and therefore,

1—(11

1—7TA011

ay
L,0;0)=(1- 1 log ——
7i( )=(1—m4) Ogl—ﬂ-A(l—al) + T4 Ogl_a1

1—7TAa1

(e3]
> (1-— 1 log ———
= macn)log 1—m4(1—ay) + A Ogl—al

=v(R,0;1) > 0.
Given vy, (L, 0; v) is continuous in v, there exists a cutoff v, € (0, 1) such that for v < »,,

v1(L,0;v) >0and 0 ¢ A(L; v), and for v > v, y,(L,0;v) <0and 0 € A(L; v).
Finally we show that v; < v,. Note

1-— 1-—
yi(L,00;v) —yi(L,00;1) = m4(c, — a1)<log @ log Tat WAa])
aq 1—’7TA(11

and by the symmetry of the signal distributions, vy, (L, 0; v) — vy, (L, 0; 1) =y, (L, oco; v) —
v1(L, 00; 1). Moreover, y,(L,0; 1) — y;(L, co; 1) is zero at 74 =0 and 74 = 1, and con-
cave in 4 since the second derivative is

(1 —2a1)7TA <0.
(7TA(1 —a)+(1- ’7TA))2(7TAO(1 +1—m4)?

Therefore, 0 ¢ A(w; v) before co € A(w; v). This implies that A(L;v) = {oo} for v €
0,v1), A(L;v) =9 forv e (v1,12), and A(L; v) ={0} for v € (»,, 1].

Next consider w = R. Then y(R, oo; 1) > 0 and y(R, 0; 1) > 0, since only correct learn-
ing can occur at v = 1. The only change in the above expressions is that now the true
probabilities of each action are taken with respect to state R rather than state L. There-
fore, the comparative statics are similar to the comparative statics in state L: y;(R, 0; v)
and vy,(R, oo; v) are decreasing in v. Therefore, vy, (R, 0; v) > 0 implies 0 ¢ A(R; v) for
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all v € (0, 1]. Similarly, y;(R, oo; v) > 0 implies co € A(R; v) for all v € (0, 1]. Therefore,
A(R; v) ={oc} forall v € (0, 1].

When there is a single social type, mixed learning and disagreement are trivially not
possible. By Theorem 4, the characterization of the locally stable set fully determines
asymptotic learning outcomes. This leads to the following proposition, the proof of which
follows from the construction of A(w; v) above.

PROPOSITION 5—Partisan Bias: When w = L, there exist unique cutoffs 0 < v, <v, < 1
such that (i) if v € (v, 1], then almost surely learning is correct; (ii) if v € (v{, v2), then
almost surely learning is cyclical; (iii) if v € (0, vy), then almost surely learning is incorrect.
When o = R, almost surely learning is correct.

B.2. Example 2: Partisan Bias and Unawareness

We construct this variation by adding two types to the setting considered in Example 1.
Types 6, and 6, are partisan types with the same signal misspecification and preferences
as in Example 1. Types 0; and 6, are non-partisan types that correctly interpret signals,
ﬁ;’ (s) = ﬁf (s) = F“(s); 65 is a social type while 6, is an autarkic type." Both types have
the same preferences as 0, and 0,, that is, u;(a, ) = 1,-,. Assume that an equal and
positive share of partisan and non-partisan types are autarkic, m(6,)/(7(6,) + 7(6,)) =
7 (04)/(mw(6;) + 7(04)) € (0, 1). Both social types have correct beliefs about the share of
autarkic types, but partisan 6, believes all agents are partisan, ((6;) = 7(6,) + 7(63)
and 7(60,) = 7(6,) + 7(6,), and analogously, non-partisan 6; believes that all agents are
non-partisan. Let ¢ = 7(0;) + 7(6,) denote the share of non-partisan types and 7, =
7(0,) + m(6,) denote the share of autarkic types. To close the model, assume that the
signal distributions are continuous and symmetric, F®(s) =1 — F-(1 — s) with support
S =10,1], and po, = 1/2. Signals are aligned since partisan types order signal realizations
in the same way as non-partisan types, that is, s* is increasing in s (Assumption 1).

The true action probabilities for partisan types 6, and 6, are identical to those derived
in Section 3.1 for Example 1, as are 6,’s subjective action probabilities for each type.
A non-partisan type 0, € {65, 6,} who has likelihood ratio A and observes signal realization
s updates to belief ; L ;&f}y) = A(7=). It chooses action L if this belief is less than 1, which
is equivalent to s < 1/(1 + A) =5,1(A). At likelihood ratio A;, type 6; chooses L with
probability F°(1/(1+ A3)). Type 6, is autarkic. Therefore, its likelihood ratio is constant
at Ay, = 1 and it chooses action L with probability F(0.5). Type 6; has correct beliefs
about the probability that 6; and 6, choose action L.

We use these subjective and true action probabilities for each type to construct i,
i3, and . Partisan type 6, is now also misspecified about the type distribution, since
it does not account for the non-partisan types. It believes action L occurs with proba-
bility ¢ (L|w, A) = (1 — m4)F*(1/(1 + A,)) + m4F*(0.5). This misspecification about
the type distribution leads the partisan type to underestimate the range of signal realiza-
tions for which other agents choose action L, while its signal misspecification causes it to
overestimate the probability of these signal realizations. The latter effect dominates, and
0, overestimates the frequency of action L. Non-partisan type 6; has a correctly spec-
ified model of the signal distribution and believes that other agents do as well, since

In a slight abuse of our previous notation, we maintain 6, as the partisan autarkic type for consistency with
Example 1, which violates our convention that the first £ types are the social types.
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it does not account for the partisan types. It believes action L occurs with probability
J3(L|w, A) = (1 — 74)F°(1/(1 4 A3)) + 74F*(0.5). This type misspecification leads the
non-partisan type to believe that other agents are choosing L for a larger range of signal
realizations than is actually the case, which leads it to overestimate the frequency of L
actions. The true probability of action L is

(Lo, )= (1= g)((1—m)F*((1/(1+ 1)) ") + maF*(0.57))
+q((1 = m)F(1/(1+ A3)) + m4F°(0.5)).

Although the partisan and non-partisan social types have different models of the world,
their models collapse to the same subjective probability of each action when they have the
same current belief: for any A with A; = A, $](L|w, A) = 1% (L|w, A). Therefore, these
types update their likelihood ratios in the same way following each action. For different
reasons, their beliefs both move too much towards state R following R actions and too
little towards state L following L actions. This implies that when there is a common prior,
after any history 4, beliefs are equal, A, , = A3 ,.*

Given that the two likelihood ratios move in unison, we can consider the partisan and
non-partisan social types as a single type to characterize asymptotic learning outcomes.
Disagreement and mixed learning do not arise, since it is not possible to separate beliefs.
Global stability immediately follows from local stability for the two agreement outcomes.
Therefore, determining the set of parameters (v, g) for which each agreement outcome is
locally stable fully characterizes asymptotic learning outcomes. This leads to the following
proposition.

PROPOSITION 6—Partisan Bias: When w = L, there exist unique cutoffs q; € (0, 1) and

q> € (q1, 1) such that:

(i) For g < qu, there exist unique cutoffs 0 < vi(q) < v2(q) < 1 such that if v > 1,(q),
then almost surely learning is correct; if v € (v1(q), v2(q)), then almost surely learning
is cyclical; and if v < v,(q), then almost surely learning is incorrect.

(ii) For q € (qi1, q»), there exists a unique cutoff 0 < v,(q) < 1 such that if v > 1,(q),
then almost surely learning is correct, and if v < v,(q), then almost surely learning is
cyclical.

(ili) For q > q,, almost surely learning is correct.

When w = R, almost surely learning is correct.

PROOF: The construction of the locally stable set is similar to Example 1. To sim-
plify notation, define @, = F*(0.5"*) as the probability that type 6, chooses action L
in state L. Given this notation, type 6, chooses action L in state L with probability
a;. As in Example 1, F®(0.5) =1 — F*(0.5) =1 — «, «, is strictly increasing in v,
and «; > 1/2. We characterize how A(w) depends on v and g. We write v,(w, A; v, q),
vs(w, A v, q), and A(w; v, q) to make this dependence explicit. Since beliefs move in
unison, y3(w, A; v, q) = yi(w, A; v, q), and therefore, we can focus on characterizing
vi(w, A; v, q) at (0,0) and (o0, 00).

ZPartisan and non-partisan types with the same likelihood ratio may choose different actions following a
given signal realization s, as they have different signal cutoffs.
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To determine whether (oo, 00) € A(L; v, ), we need to determine the sign of

1—a1

y1(L, (00, 00); v, q) = (L|L, (00, 00); v, q) log

ay

+ ¢ (RIL, (00, 00); v, q)logM

1— 740

where (L|L, (00, 0); v, q) = m4((1 —q)a, +ge) and ¢ (R|L, (00, 00); v, q) = ma((1 —
91 —a,)+q(1 —ay)) + 1 — 7,4 Since o > 1/2, the update from an L action is
negative, log 1;‘1“ < 0, and the update from an R action is positive, log%;l“‘) >
0. Note both terms are independent of » and g. Since «, is strictly increasing in
v, the probability of an L action, (L|L, (00, 00);v,q), is strictly increasing in v
and ¢, and the probability of an R action, (R|L, (c0, >0); v, q), is strictly decreas-
ing in v and g. Therefore, y,(L, (00, 0); v, q) is strictly decreasing in v and g. At
v = 1, both partisan and non-partisan types are identical, so ¥ (L|L, (o0, 00);1,q) =
mqap and Y(R|L, (00, 00); 1, q) = m4(1 — ay) + 1 — 7,4. Therefore, for any g € [0, 1],
vi(L, (00,0);1,g) < 0 by the concavity of the log operator. Similarly, at g = 1,
for any v € [0,1], y:(L, (00, 00);v,1) < 0 by the concavity of the log operator. At
v = 0, 6, chooses action R for all signal realizations, that is, @y = 0. Therefore, at
q =0, $(L|L, (00,00);0,0) = 0 and y,(L, (00, 00); 0,0) = log 5= > 0. This es-
tablishes that there exists a cutoff g, € (0, 1) such that for g < g, there exists a cutoff
v1(q) € (0, 1) such that for v < v1(q), y1(L, (00, 00); v, q) > 0 and (o0, 00) € A(L; v, q),
and for v > v(q), vi(L, (c0,0);v,q) < 0 and (co0,00) ¢ A(L;v,q). For q > q,
Y1 (L, (00, 0); v, q) <0 and (00, 00) ¢ A(L; v, q).
To determine whether (0, 0) € A(L; v, g), we need to determine the sign of

1-— e sl

yi(L, (0,0);v,q) = (L|L, (0,0); v, q) log -

0[1+1—7TA
aq

+ ¢ (RIL, (0,0); v, g) log —a

where ¢/(L|L, (0,0);v,q) = m4((1 — q)o, + qa1) +1 — 74 and ¢(R|L, (0,0);v,q) =
74((1—q)(1 —a,) + q(1 — ay)). As in the previous case, the update from an L action is
negative and the probability of an L action is strictly increasing in v and ¢, while the up-
date from an R action is positive and the probability of an R action is strictly decreasing in
v and ¢q. Therefore, vy, (L, (0, 0); v, q) is strictly decreasing in v and gq. By similar reason-
ing to the case of (00, 00), at v =1, y;(L, (0,0);1,q9) <Oforall g€ [0,1],and at g =1,
v1(L, (0,0);v,1) < 0 for all v € [0, 1] by the concavity of the log operator. At » =0 and
q=0, ¢(L|L,(0,0);0,0)=1— m, since ap = 0. As in Example 1, y,(L, (0, 0);0,0) > 0.
This establishes that there exists a cutoff g, € (0, 1) such that for ¢ < ¢,, there exists a
cutoff »,(g) such that for v < v,(q), v1(L, (0,0); v, q) > 0 and (0, 0) ¢ A(L; v, g), and for
v>1(9), v1(L, (0,0);»,9) <0and (0,0) e A(L; v, q). For ¢ > q», v:1(L, (0,0);v,9) <0
and (0,0) e A(L; v, q).

To show that ¢, < ¢, and v,(q) < »(q) for all g < gy, note y;(L, (c0,00);v,q) —
v1(L, (00, 0); 1, q) is equal to

(X1+1—7TA 1—(11

1—
WA(l—q)(a,,—al)<log7T A% —log il ),
A
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and by the symmetry of the signal distributions, y;(L, (0,0); v, q) — vi(L, (0,0); 1, q) =
v1(L, (00, 00); v, q) —y1(L, (00, 00); 1, q). Moreover, v, (L, (0,0); 1, g) —v1 (L, (o0, 00);
1,q)is0at 7, =0,0 at w4, =1, and concave in 74 since the second derivative is

(7TA(1 —a)+1-— 7TA)2(’7TA0{1 +1-— 7T,4)2 B

Therefore, (0, 0) ¢ A(w; v, g) before (o0, 00) € A(w; v, q).

Next consider w = R. Then y(R, (00, 0);1,g) > 0 and y(R, (0,0); 1, g) > 0 for all
q € [0, 1], since only correct learning can occur at » = 1. The only change in the above
expressions is that now the true probabilities of each action are taken with respect to state
R, rather than state L. Therefore, the comparative statics are similar to the comparative
statics in state L: y;(R, (0,0); v, g) and y;(R, (00, 00); v, q) are decreasing in v and gq.
Therefore, (R, (0,0);v,gq) > 0 for all » and g, which implies (0,0) ¢ A(R; v, q) for
all v and ¢. Similarly, v, (R, (oo, 0); v, q) > 0 for all » and ¢, which implies (oo, 00) €
A(R; v, q) for all v and g. Therefore, A(R; v, q) ={(c0, 00)} for all » and g and learning
is almost surely correct. Q.E.D.

APPENDIX C: PROOFS FROM SECTION 4
C.1. Section 4.1 (Overreaction)

PROOF OF OBSERVATION 1: Suppose agents observe signals directly. Modify the defi-
nition of the expected change in the log likelihood ratio to allow for an uncountable signal
space (as opposed to a finite action space):

(@, A; v)z/seslog<%)ydw(s).

Then ¥(w,A;v) = vy(w, A;1) since [_ log(:=)"dF (s) = v [ _clog(:)dF*(s) =
vy(w, A; 1), where y(w, A; 1) is the expected change in the log likelihood ratio in the
correctly specified model. Therefore, y(w, A; v) has the same sign as y(w, A; 1). Since
correct learning obtains almost surely when agents have a correctly specified model,
A(L; 1) ={0} and A(R; 1) = {oo}. This implies that A(L; ») ={0} and A(R; v) = {co} for
all v € [1, 00). Berk (1966) showed that beliefs converges a.s. in state L to the unique ele-
ment in A(L). Therefore, correct learning occurs almost surely, independent of v. Q.E.D.

PROOF OF PROPOSITION 1: Let x = 7(0;)/m7(6,) denote the ratio of social to autar-
kic types. If an agent is an autarkic type with overreaction parameter v, then p*(v) =

*\1/v . . . .
% is the signal cutoff to choose action a;. Note that this reduces to p* for a

correctly specified type, that is, p*(1) = p*.

We first construct the locally stable set. We write y;(w, A; x,v) and A(w; x,v) to
make these expressions’ dependence on parameters x and v explicit. Define I'y(x, v) =
vi(L,0; x,v)(x + 1) and ', (x, ) = y1(L, 00; x, v)(x + 1). Then, from the construction
of yi(w, A; x,v),

F'(p) + F'(p’)

For ) = (5100 ) o8 iy = (60w
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F*(1/2) — F*(p")
Ft(1/2) = FH(p*)’
()

FL (p*)

F*(1/2) — F*(p")
F'(1/2) - F*(p*)

+ (F*(1/2) — F*(1/2) + F*(p*(v)) — F*(p*(v))) log
FR(p*) +x

Too(x,7) = — (FR(p*(¥)) + x) log m + FL(p*(v)) log

+ (F*(1/2) — F*(1/2) + F*(p*(v)) — F*(p*(v))) log

These functions have the same sign as (L, 0; x,v) or vy,(L, o0; x,v), respectively.
Therefore, the signs of I'y(x, v) and I',,(x, v) can be used to characterize the locally stable
set A(w; x, v). Since there is a single social type, long-run learning is fully determined by
A w; x,v).

To show the desired cutoffs exist, we show (i) v +— I'y(x, ) crosses zero at most once
for a fixed x, (ii) if 0 ¢ A(L; x,v) for some x', then 0 ¢ A(L; x,v) for all x > x’, (iii)
oo ¢ A(L; x,v) for all (x, v). To show (i), note that the derivative of I'y(x, v) with respect
tovis

oy _dp*(¥) 1 1.
E_ dv f( (V))

p
Fi(p)+x  pv)  F(p
x(logFL(p*)+x -5 ) log (
A FR(1/2) — F*(p*)
(1 —ﬁ*(v))l"gFL(l/z) FL(p*))

)
)

where we use the property that fX(p*(v))/f*(p*(v)) = p*(v)/(1 — p*(v)), which fol-
lows from the normalization that signal realizations are posterior beliefs. The sign of this
derivative is the same as the sign of

10gF (p* )+x+ fylg z )(l F?(1/2) — F*(p*) FR(p*)>

FE(p") + x CFLA2) —FH(pr) | S FL(p)
FR(1/2) - F® ( )
(p

CFL2) - FH(pr)

This expression is increasing in v, so v — I'g(x, v) is either decreasing, U-shaped, or in-
creasing. Given I'y(x, 1) <0, v — I'y(x, v) changes signs at most once. Therefore, for a
fixed x, there exists a cutoff » > 1 such that 0 ¢ A(L; x,v) forallv > v and 0 € A(L; x, v)
for all v < v. For (ii), note that the derivative ¢1'y/dv is strictly increasing in x. If we can
show that I'y(x, 1) is increasing in x, then as x increases, A = (0 becomes unstable at a
lower value of v. The derivative of I'y(x, 1) with respect to x is

o _ o Fo) +x o (pt) — FH(p)
ax gFL(p*)-i-x FR(p)+x
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Moreover, the second derivative is

PTo___ (F(p") = F*(p))°
M (FH(p) ) (F(p) )

So x — Ty(x, 1) is concave in x and lim,_, ., %(x, 1) = 0. Therefore, "F“ 2(x,1) > 0 for
all x. Finally, I'y(x,v) > I'g(x’, v) for x > x'. Therefore, as x increases vi(L,0; x,v)
crosses 0 at a lower v, that is, if 0 ¢ A(L; x’, v), then 0 ¢ A(L; x, v). For (iii), the derivative
of I' . (x, v) with respect to v is

71 S d p (V)
v

(P @)
X(_ Pp)+x  1=p)  FP)
Fi(p)+x " P& FHp)

p
()

This derivative is maximized at x = 0 for a fixed v since log ;7 Fip *;f‘ is monotone in x.

At x =0, Z=(0,v) < 0. Therefore, Z=(x,v) <0 for all (x, v) and oo ¢ A(L; x,v) for all
(x,v).

The symmetric environment implies identical cutoffs in state R. Therefore, 7 and »
exist and satisfy the desired properties. Finally,

. SN U
im lim Ty(x,v) = F*(p*) — F*(p*) — F (1/2)10gm >0
X—>00 V—>00 p
by assumption. Therefore, cyclical learning occurs for some parameters. O.E.D.

C.2. Section 4.2 (Naive Learning)

We first prove Proposition 3 and then Proposition 2, as the latter is based on the former.

PROOF OF PROPOSITION 3: Let o, = F*(1/2) be the probability an autarkic type plays
action L in state L and ag = F®(1/2) be the probability an autarkic type plays action L
in state R. Note that a; € (0, 1) and a € (0, 1), since private signals are informative. In
a slight abuse of notation, let 7; denote 7;(6,) and 7 denote 7(6,) to abbreviate the
following expressions.

We first construct the locally stable set. We write y,;(w, A; 7;) and A(w; 71, 72) to make
these expressions’ dependence on 7r; and 7, explicit. The local stability of correct learning
is determined by the sign of

WL 0.0 7) = (e + 1= ) tog( F2 L) 41— g 128 ).

o +1— L

If 6; has a correctly specified model, y;(L, (0, 0); 7) < 0. This expression is decreasing in
;. Therefore, y;(L, (0, 0); ;) < 0 for all 7; > #r. This implies that (0, 0) € A(L; 7, 72)
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for all 7y, 7r,. Therefore, correct learning arises with positive probability at any level of
heterogeneity. The local stability of incorrect learning is determined by the sign of

(1 — 1— 4
¥i(L, (00, 00); ;) = ey, log(%> +(m(l—ar)+1—m) 10g<77’( ar) + W’).
L

'ﬁ'l(l —(XL)+1—7},'

This expression is increasing in 7r; and is equivalent to the representative agent model
at 7r; = 7r. Therefore, if y;(L, (00, 00); ) < 0, then y;(L, (00, 00); 1) < 0 since 7} < 7r
by definition. This implies that if incorrect learning does not arise in the representative
agent model with bias 7r, that is, (o0, 00) ¢ A(L; 7, 7r), then it does not arise in any cor-
responding heterogeneous model with average bias 7, that is, (oo, 00) ¢ A(L; 7, ;) for
all 7y, 7, such that (7r; 4+ 7,)/2 = r. Further, we know from Bohren (2016) that there
exists a cutoff 7 € (7, 1] such that for 7; > 7, v;(L, (00, 00); 7;) > 0, with 7 < 1 for small
enough 7. Therefore, (0o, 00) € A(L; 7, 7r) for 7 > 7 and (oo, 00) € A(L; my, ) for
7, > 7. The local stability of disagreement is determined by the sign of

%iaR + 1(1 — ’ﬁ',)
'yi(L,(O, oo);ﬁ'i):(TraL—i—(l—ﬂ')/Z)log( 2 >
ey + 5(1 — ;)

1
m(l—ag)+=(1—m)
+(r(1—ar) + (1 —m)/2) log( % )
’ﬁ',(l — OZL) + —(1 - %l)

2

N 1 R
m(l—a)+ 5(1 — ;)
=7 (2a;, —1)log ),

1
ﬁ',»aL + 5(1 — ’ﬁ'l)

where the second equality follows from symmetry, ag = 1 — a;. Given a; > 1/2, (7;(1 —
aL) + %(1 — %i))/(%iaL + %(1 — %,)) < 1land 2(1L —-1>0. Therefore, ')/,'(L, (0, OO), ’ﬁ'l) <0
for any ;. This implies that (0, 00) almost surely does not arise, that is, (0,0c0) ¢
A(L; iy, ). Given vy;(L, (00,0); 7)) = vy:(L, (0, 00); 7;), (00,0) almost surely does
not arise. Therefore, almost surely disagreement does not arise. The construction of
A(R; 7y, 1r,) is analogous.

Next, we rule out mixed learning. Since correct learning is always locally stable, the only
candidate mixed outcomes are A} = oo or A} = co. As argued above, v, (L, (0, 00); 7)) <0
for any 7, and 7y,(L, (00, 0); 7,) < 0 for any 7. This implies Ay (L) = @. Therefore,
mixed learning almost surely does not arise. The construction of A,/ (R) is analogous.

Given Ay (w) =¥ and A(w; 7, ;) does not contain any disagreement outcomes—and
therefore, we do not need to consider maximal accessibility—by Theorem 4, A(w; 7, )
fully characterizes the set of asymptotic learning outcomes. From the above characteriza-
tion, either A(w; 7y, ) ={(0, 0)} or A(w; 1, m) ={(0, 0), (00, 00)}. Therefore, either
learning is almost surely correct, or learning is almost surely correct or incorrect with both
occurring with positive probability. Further, if A(w; 7, ) ={(0, 0)}, then A(w; 7, ) =
{(0, 0)} for all 7, 7, such that (7r; + ,)/2 = 7, and if A(w; 7, 1) = {(0, 0), (c0, 00)},
then A(w; 7, 7) ={(0, 0), (00, 00)} at 7 = (7 + ) /2. Q.E.D.
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PROOF OF PROPOSITION 2: This result follows directly from the constructions of
vi(w, A; 7r;) in Proposition 3. Generically, y;(w, (0, 0); ;) # 0 and y;(w, (00, 00); ;) #0
for i = 1,2. Given an average bias 7, consider the case where vy;(w, (0,0); 7) # 0 and
vi(w, (00, 00); 7) # 0 for i = 1, 2. For any 8 > 0, there exists an ¢ such that for |7 — 7| <
g/2 and |7, — 7| < €/2, |yi(w, A; ;) — vi(w, A; )| < 6 for A € {(0,0), (00, 00)} and
i =1,2. Choosing 6 small enough ensures that y;,(w, A; 7;) and vy;(w, A; 7) have the
same sign. Therefore, A(w; 71, ) = A(w; 7, 7r) and the heterogeneous set-up has the
same set of learning outcomes as the corresponding representative agent set-up. Q.E.D.

C.3. Section 4.3 (Level-k)

PROOF OF PROPOSITION 4: Let A = (A2, A3) denote the vector of likelihood ratios for
the social types 6, and 6;. Note A, , = 1 for all £. When type 0, € {6, 6,, 65} has current
belief \;, it chooses action R iff it observes a signal realization s > 1/(A; + 1). Given
A1 =1, type 60 chooses action L with probability F(0.5) and action R with probability
1 — F“(0.5), independent of the history. Type 6,’s subjective probability of each L action
in the history is the probability that a level-1 type chooses action L, ¢, (L|w, A) = F*(0.5)
and its subjective probability of each R action is J/z(R |w,A) =1— F(0.5), independent
of the history. Given belief A,, level-2 chooses an L action with probability F*(1/(A,+1))
and an R action with probability 1 — F“(1/(X, + 1)). Type 65’s subjective probability of
each L action is the weighted average of the probability that a level-1 type and a level-2
type choose action L,

U3 (Llw, A) = (1 — &)F*(1/(A2 + 1)) + eF“(0.5),

which does depend on the history through A,. The subjective probability of an R action is
analogous. Finally, the true probability of an L action depends on the correct distribution
over types,

Y(Llw, A) =7(0,)F°(0.5) + m(62) F*(1/(A2 + 1)) + 7(65) F* (1/(A3 + 1)).

To simplify the exposition, let a; = F*(0.5) be the probability a level-1 type plays action
L in state L and ay = F?(0.5) be the probability a level-1 type plays action L in state R.
Note that «; € (0, 1) and ax € (0, 1), since private signals are informative.

Suppose w = L. We first consider local stability for the level-3 type. At the correct learn-
ing outcome, (0, 0), the level-2 type chooses action L for all signal realizations. There-
fore, the level-3 type believes that L actions are approximately uninformative for small ¢,

J3(LIR.(0.0) __ 1-etsag o ; . J3(RIR.(0.0) _ 1-ag
TLIL00) = Toetear 1 and R actions are from the level-1 type, T RIL0.0) = 1oar . Since

only the level-1 type plays action R, the true probability of an R action is 7(6,)(1 — ay).
Therefore, for small &, y;(L, (0,0)) = (m(0:) e, + 7(0:) + 7(65)) log :=2% + 77(9,) (1 —

l—e+teay,

ap)log =~ = B~ a(60,)(1—ar)log i °£ > (0 and correct learning is not locally stable for the

level-3 type (0,0) ¢ As(L). Slmllarly, for small &, y3(L, (00, 00)) ~ m(61)a,log 3k <0
and incorrect learning is not locally stable for the level-3 type, (oo, 00) ¢ A;(L). This es-
tablishes that correct learning and incorrect learning almost surely do not occur for small
&, as neither outcome is locally stable for level-3 types.

This leaves the disagreement outcomes as candidate learning outcomes. Consider
(0, 00). As in the case of (0, 0), the level-3 type believes that L actions are approximately
uninformative and R actions are from the level-1 type. But now, this confirms the level-3
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type’s belief that the state is R, y3(L, (0, 00)) &~ (m(6:)(1 — ar) + m(6;)) log =% 122z - () and
(0,00) € A3(L). Similarly, y3(L, (00, 0)) ~ (m(61)ar + m(65))log 22 <0 and (oo,O) €
A3(L). Therefore, for small ¢, both disagreement outcomes are locally stable for the level-
3 type, A3(L) = {(07 00)7 (007 0)}

Next, we determine whether the disagreement outcomes are locally stable for the level-
2 type. The level-2 type believes that all actions are from level-1 types. Therefore, it in-
terprets L and R actions in the same way at both disagreement outcomes. At (0, 0o0), the
true probability of an L action is 7(6;)a, + 7(6,), while at (oo, 0), it is 7(60;)a, + 7(63).
Therefore, y,(L, (0, 00)) = (7(01)a, + m(6,)) log 2& * (m(01)(1 — ) + 7(05))log = L= — K

and y,(L, (00,0)) = (mw(60:)a, + 7(05))log °& + (77(0 YA —ap) + w(ez))log} — The
signs of these expressions vary with the true distribution of types. To Characterlze the re-
gion of the type distribution at which each disagreement outcome is locally stable, we
use the inequalities (a “—f <1, (b) =2 > 1, and (c) from the correctly specified model,

aplog 8 + (1 — aL)log1 R <0, as well as the property that = +— y,(L, (0, 00)) and
T > yz(L (00, 0)) are continuous.

Case (i): As 7(6;) — 0, y2(L, (0,00)) = (7(61)er + 1 — 7 (6, ))log + 7 (6)(1 —
ar)log 1-Zf < 0 for all 7(6;), where the negative sign follows from 1nequaht1es (a) and
(c). Therefore, there exists a cutoff ¢; > 0 such that for 7(6;) < ¢, (0, 00) € Ay(L) for all
7(0;) and 7(6,).

Case (ii): As 7(6;) — 1, v2(L, (0, 00)) — log1 > 0and (L, (00,0)) — log 2% < 0.
Therefore, there exists an interior cutoff ¢, € (0, 1) such that for 7 (6;) > ¢, (0,00) ¢
A, (L) and there exists a cutoff ¢; < 1 such that for 7(60;) > ¢3, (00, 0) ¢ Ay(L) for all
7(60;) and 7 (6,), where ¢, > 0 follows from part (i). Therefore, there exists an interior
cutoff 73 = max{c,, ¢;} € (0, 1) such that if 7w (6;) > 73, neither disagreement outcome is
locally stable for 6,. Combined with A;(L) = {(0, 00), (o0, 0)}, this implies that A(L) =@
for m(6;) > 7r; and small &.

Case (iii): As m(6;) — 0, y2(L, (00,0)) = (7(61)ar + 1 — 7(61)) log 2% + 7(6:1)(1 —
ap)log = = —% <0 for all 7(6,), where the negative sign follows from 1nequaht1es (a) and
(©). Therefore, there exists a cutoff ¢, > 0 such that for 7(6,) < ¢4, (00, 0) ¢ Ay(L) for all
(0;) and 7(63).

Case (iv): As m(6;) — 1, y2(L, (0, 00)) — log & < 0 and y,(L, (o0, 0)) — log1 °R >
0. Therefore, there exists a cutoff ¢s < 1 such that for 7(6,) > ¢s, (0,00) € Ay(L) and
there exists an interior cutoff ¢s € (0, 1) such that for 7(6,) > ¢, (00, 0) € Ay(L) for all
7(60;) and (65), where ¢ > 0 follows from case (iii). Therefore, there exists an interior
cutoff 7, = max{cs, ¢s} € (0, 1) such that if 7(6,) > i, both disagreement outcomes are
locally stable for 6,. Combined with A;(L) = {(0, c0), (o0, 0)}, this implies that A(L) =

{(0, 00), (00, 0)} for 7(0,) > 7, and small ¢.
Case (v): As m(6;) — 1, vo(L,(0,00)) = ar log + (1 - aL)log1 °E < (0 and

Y2(L, (00,0)) — aylog 2 + (1 — ozL)log1 R < (). Therefore there exists an interior

cutoff ¢; € (0, 1) such that for w(6,) > ¢, (0 00) € A,(L) and there exists an interior
cutoff ¢g € (0, 1) such that for 7(6;) > cs, (00, 0) ¢ A,(L) for all 7w(6,) and 7(6;), where
¢; > 0 and ¢g > 0 follow from cases (ii) and (iv). Therefore, there exists an interior cutoff
7 = max{cy, cg} € (0, 1) such that if 7(0,) > 7, (0, 00) is locally stable for 8, and (oo, 0)
is not. Combined with A;(L) = {(0, 00), (00, 0)}, this implies that A(L) = {(0, co)} for
7(60;) > i, and small ¢.
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Fixing (6,), y>(L, (0, 00)) is increasing in 7(6;). Given this, we next show that the
type distribution can be divided into two connected regions in the simplex such that
(0, 00) € Ay(L) or (0, 00) ¢ Ay(L), and these regions are separated by the unique solution
to y2(L, (0, 00)) = 0. As shown above, at 77(6,) = 0 and 7(63) =0, y»(L, (0, 00)) <0, and
at m(6,) =0 and 7(0;) =1, vo(L, (0, 00)) > 0. Therefore, there exists a cutoff ¢y € (0, 1)
such that at 7(6,) =0 and 7(65) = ¢y, y2(L, (0, 00)) = 0. Similarly, there exists a cutoff
co=log Z—;/(log Z—z —log t—j;) such that at 7(6,) =0 and m(63) = cy0, v2(L, (0, 00)) =0.
Given y,(L, (0, 00)) is linear in 7(6,) and 7(6), the solution to y,(L, (0, c0)) =0 is lin-
ear in the simplex and represented by the line connecting (1 — ¢y, 0, ¢o) and (0, 1 — ¢y, ¢10)-
This establishes the above statement.

Fixing 7(6,), v2(L, (00, 0)) is decreasing in 7(6;). Therefore, by similar reasoning,
the type distribution can be divided into two connected regions such that (oo, 0) €
Ay(L) or (00,0) ¢ Ay(L), and these regions are separated by the unique solution
to y2(L, (00,0)) = 0. Given y,(L, (00, 0)) is linear in 7 (6,) and m(6;), the solution
to v2(L, (00,0)) = 0 is linear in the simplex and represented by the line connecting
(1 = ci1,¢11,0) and (0,1 — ¢y, ¢12), where ¢y € (0, 1) is the value of 7(6,) such that
v2(L, (00,0)) =0 when 7(0;) =0, and ¢, =log ]ljzz/(log }:Z; —log Z—i)

Given the linearity of both solutions, if ¢;g > ¢y, then the solution to y,(L, (0,00)) =0
lies above the solution to y,(L, (00, 0)) = 0. Therefore, there are three distinct re-
gions such that for small &, either (i) A(L) =@, (ii) A(L) = {(0, 00)}, or (iii) A(L) =
{(0, 00), (00, 0)}. Otherwise, if ¢y < 12, the solutions cross exactly once. Therefore, there
are four distinct regions such that for small ¢, either (i) A(L) =9, (ii) A(L) ={(0, 00)},
(iii) A(L) ={(00,0)}, or (iv) A(L) ={(0, 0), (00, 0)}. Note that when the signal distri-
butions are symmetric, ¢y > c,. The construction of A(R) is analogous.

We next show that both disagreement outcomes are maximally accessible at all type
distributions. Formally, we show that for any = € A((6,, 6>, 6;)) and ¢ € (0, 1], (0, 00)
and (o0, 0) are maximally accessible. At A = (0, 0), type 6, perceives L actions as stronger
evidence of state L than type 65,

J2(LIR, (0,0)) ar _ e+ (1-ear _ 3(LIR, (0,0))
Jo(LIL, (0,0)) ar e+ —e)ar s(L|L,(0,0))

and both types perceive R actions in the same way,

Do(RIR, (0.0) _ ds(RIR.(0.0)) 1-an
0a(RIL, (0,0))  §s(RIL, (0,0)) 1—a

Therefore, 05 >, 6,. From Definition 7, this implies that (0, co) is maximally accessible.
At A = (00, 00), type 6, perceives R actions as stronger evidence of state R than type 6,

P2(RIR, (00,00)) _1—ean e+ (1—e)(1—an) _ s(RIR, (o0, 0))
@z(R|L,(oo,o<>)) l—ap e+(1-2g)(1-ay) @3(R|L,(OO,OO))’

and both types perceive L actions in the same way,

1/32(L|R, (o0, oo)) _ $3(L|R, (o0, oo)) o

J2(LIL, (00,00))  §i5(L|L, (00, 00))  ar’
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Therefore, 6, > () 63. From Definition 7, this implies that (oo, 0) is maximally accessi-
ble. Therefore, a disagreement outcome arises with positive probability if and only if it is
in A(w).

Finally, we need to rule out mixed learning outcomes. Suppose w = L and consider
the four possible mixed outcomes. Consider (0, 6;). By the concavity of the log opera-
tor, a; logZ—f + (1 —a;)log 1:‘;’2 < 0. Therefore, since z—’z <0, 72(L, (0,0)) = (maL +

1

7(0,) + m(65))log & + (1 — e)log =2 < 0 and (0,0) € Ay(L). By the definition
of Ay (L), this implies that (0, 6;) ¢ Ay (L) and this mixed learning outcome almost
surely does not arise. Consider (oo, 65). This outcome is in Ay(L) if (oo, 00) ¢ A,(L)
and (0, 00) ¢ A,(L), which is equivalent to y,(L, (00, 00)) < 0 and vy,(L, (0, 00)) > 0.
However, y,(L, (A, 00)) is increasing in A,, so this is not possible. Therefore, (oo, 6;) ¢
Ay (L) and this mixed learning outcome almost surely does not arise. Consider (0, 6,).
This outcome is in Ay (L) if (0,0) ¢ A3(L) and (0, 00) ¢ A3(L). From the characteriza-
tion of A(L) above, we know that (0, oo) € A;(L). Therefore, (0, 6,) ¢ Ay (L) and this
mixed learning outcome almost surely does not arise. Consider (oo, 6,). This outcome
isin Ay(L) if (o0, 0) ¢ A;(L) and (00, 00) ¢ A;(L). From the characterization of A(L)
above, we know that (oo, 0) € A;(L). Therefore, (oo, 6,) ¢ Ay (L) and this mixed learn-
ing outcome almost surely does not arise. Together, this establishes Ay (L) = @. Similar
logic shows Ay (R) = 0.

Given Ay (w) =@ and both disagreement outcomes are maximally accessible, by The-
orem 4, A(w) determines the set of asymptotic learning outcomes. As ¢ — 1, A(w) <
{(0, 00), (00, 0)}. Either A(w) = ¢, in which case learning is cyclical for both types,
or A(w) # ¥, in which case beliefs almost surely converge to a limit random variable
with support A(w). The construction of A(w) above establishes the cutoffs on the
type distribution such that A(w) =@, A(w) = {(0, 00)}, A(w) ={(c0,0)}, or A(w) =
{(0, 00), (00, 0)}. Q.E.D.

APPENDIX D: LEARNING CHARACTERIZATION: MORE THAN TWO SOCIAL TYPES

This section proves analogues of the global stability of disagreement, mixed learning,
and belief convergence results in Section 3 and Appendix A for any finite number of social
types. Together, this establishes a direct analogue of Theorem 4; an analogue of Corollary
2 immediately follows. These results nest the case of £ < 2.

D.1. Global Stability of Disagreement

We first prove an analogue of Theorem 7 to show that separability can also be used
to establish the global stability of a disagreement outcome when there are more than
two social types. We then extend the definition of maximal accessibility and prove that it
implies the separability condition, establishing an analogue of Theorem 3.

THEOREM 7'—Global Stability of Disagreement (k > 2): Consider a learning environ-
ment that is identified at certainty and satisfies Assumptions 1 to 4. Suppose disagreement
outcome A* € A(w) and, starting from agreement outcome A € {0*, 0ok}, there exists a finite
sequence of adjacent disagreement outcomes A5, ..., A} = A" suchthatforl=1,...,L —1,
either (i) (A;); =0, (A} ,); = oo, and A is separable at zero for 0;, or (ii) (A}); = oo,

(A),,): =0, and A; is separable at infinity for 6;. Then A™ is globally stable in state w.

1+1
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PROOF: Given k € {1,...,k — 1}, consider disagreement outcome A* = (0%, cok=*).
Suppose A" € A(w) and for each [ =1, ...k — k, A} = (0“*1, 00/~1) is separable at zero
for type 0;_141. Given A} = (0F-"*1, 00'1) is separable at zero for type 6,1, by Lemma
5, A7, = (0", 00") is adjacently accessible from A;. Since this holds for each element of
the sequence starting at A} = 0¢ and ending at A;__,, = A%, by Lemma 6, A" is accessi-
ble. Fix an initial belief A; € (0, 00)* and choose an & < e *, where E is defined in Eq.
(11). By accessibility, there exists a finite sequence & of N actions that occurs with positive
probability, such that following &, Ay, € B,(A"). Given A is locally stable, this implies
Pr(A;, — A*|h =€) > 0. Given Pr(h = £) > 0, from any A, € (0, 00)¥, Pr(A, = A¥) > 0.
This establishes that A™ is globally stable. The case in which there is a sequence of station-
ary beliefs that are separable at infinity is analogous, as is the proof for other disagreement
outcomes. Q.E.D.

We next use the maximal R-order >, to define a sufficient condition for separability,
which we refer to as maximally separable. We use this condition to extend the definition
of maximal accessibility to the case of more than two social types.

DEFINITION 11—Maximally Separable (k > 2): Belief A* € {0, oo}* \ oof is maximally
separable at zero for type 0; with A} = 0 if 6; >, 6, for all j with A7 = co and 6; >~ 6; for
all j # i with A7 = 0. Belief A" € {0, 0o} \ 0% is maximally separable at infinity for type 6,
with Af = oo if 6, >+ 6; for all j # i with A =00 and 6; >, 6; for all j with Af= 0.

DEFINITION 7—Maximal Accessibility (k > 2): Disagreement outcome A* € {0, co}* \
{0%, 0o} is maximally accessible if, starting from agreement outcome A} € {0%, co*}, there

exists a finite sequence of adjacent disagreement outcomes A, ..., A; = A” such that for
I=1,...,L—1,either (i) (A;); =0, (A,,); = o0, and A; is maximally separable at zero
for 6;, or (ii) (A}); =00, (A};); =0, and A is maximally separable at infinity for 6,.

As in the case of kK =2, maximal accessibility guarantees that there exists a finite se-
quence of a; and a,, actions that separates beliefs and moves them to a neighborhood
of the disagreement outcome. It is straightforward to verify from the primitives of the
model and is equivalent to Definition 7 when k = 2. Using Definition 7', the statement of
Theorem 3’ is identical to Theorem 3.

THEOREM 3'—Global Stability of Disagreement (k > 2): Consider a learning environ-
ment that satisfies Assumptions 1 to 4. If disagreement outcome A" is in A(w) and maximally
accessible, then A* is globally stable in state w.

PROOF: We show that Definition 7' implies the conditions for separability outlined
in Theorem 7. Given « € {1, ..., k — 1}, consider A* = (0%, co*~*). Suppose A* € A(w)
and A" is maximally accessible, with A} = (0¥~'*!, 0o’~!) maximally separable at zero for
Oy forl=1,...k—k.Foreachl=1,...k — «k, 0;_;;; >ar Ok implies that the subma-
trix W[6k_s11, Ok—15 a1, an](A)) defined in Eq. (14) has a positive determinant. Therefore,
there exists a ¢ € R? that solves

" 1
W[O—r+1, Ox—ss a1, an](A}) - c = <0) .
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By continuity, there exists a perturbation of ¢ to ¢ € R? such that

*\ G
W, anl)- 2= (G,

where G,_41 > 0 and G4_; < 0. Moreover, ¥[6;; a;, ay](A))-¢>0forany j >k —1+1
and W[0;; a;, ay](A]) - ¢ <0 for any j < k — [, where W[0;; a;, ay](A) is the submatrix of
Eq. (13) for type 6; and actions a, and a,,. Therefore, by Definition 8, A; is separable at
zero for 6;_,4, since the definition holds for vector ¢’ € (0, c0) with ¢, = ¢y, ¢}, = ¢,
and ¢, = 0 otherwise. The case of maximal separability at infinity is analogous, as is the
proof for the other disagreement outcomes. Q.E.D.

D.2. Mixed Learning

Consider the mixed learning outcome (Ag, C) in which beliefs converge to A €
{0, 0o}l€! for some subset of social types C C Og with |C| € {1,..., k — 1} and beliefs do
not converge for the remaining social types N = O \ C, where A¢ denotes the likelihood
ratio vector A restricted to a set of types C. Without loss of generality, maintain the con-
vention that the first |C| types are the convergent types, that is, C = {6, ..., 6|}, and
the remaining types are the non-convergent types, that is, N = {641, . . . , 0«} (it is always
possible to relabel the type space so that this holds).

For example, when k& = 3, ((0, 0),{0;, 6,}) denotes the mixed outcome where 6; and
0,’s beliefs converge to zero and 65’s beliefs do not converge. If (0,0,0) € A;(w) or
(0,0, 00) € A3(w), then when (A, A,,) — (0, 0), with positive probability the beliefs of
05 also converge in state w. This is a sufficient condition to establish that ((0, 0), {6, 6,})
almost surely does not occur in state w. Sufficient conditions to rule out mixed out-
comes in which the beliefs of two or more social types do not converge are more in-
volved, as we also need to ensure that the neighborhood of a locally stable outcome
for the non-convergent types is reached with positive probability when the beliefs of
the convergent types converge. For example, to rule out the mixed outcome (0, ;) in
which 6;’s beliefs converge to zero and 6, and 6; have cyclical learning, in addition to
(0,0,0) € Ay(w) N As(w), we also need to show that from a neighborhood of the other
stationary beliefs with A; = 0, that is, A € {(0, o0, 0), (0, 0, c0), (0, 00, 00)}, either (i) be-
liefs enter a neighborhood of (0, 0, 0) with positive probability or (ii) A € Ay(w) N Az(w).
The following paragraphs formalize this idea.

We first define the concept of mixed accessibility. The concept applies to pairs of sta-
tionary beliefs in which non-convergent types whose components differ between the two
belief vectors agree, which we refer to as agreement adjacent beliefs.

DEFINITION 12—Agreement Adjacent: Given a set of types N C Oy, distinct stationary
beliefs Ay € {0, oo}V and A}, € {0, oo}Vl are agreement adjacent if A; = A; for each 6;, 6, €
N such that A} # A; and A} # A;.

Trivially, two stationary belief vectors that differ in only one component are agreement
adjacent. Given a mixed outcome and a stationary belief for the non-convergent types,
the set of stationary beliefs that are mixed accessible from this belief depends on the local
stability of this belief for each non-convergent type.

DEFINITION 13—Mixed Accessible (k > 2): Given mixed outcome (A, C) with N =
O; \ C, stationary belief A}, € {0, oo} is mixed accessible from distinct stationary belief
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Ay €10, oo}V in state w if A}, and A}, are agreement adjacent and (A}, Ay) ¢ A;(w) for
some 6; € N such that A} # A;.

As we will show in the proof of Lemma 4’, mixed accessibility is a sufficient condition
to establish that with positive probability, the likelihood ratio process either transitions
between the neighborhoods of two agreement adjacent stationary beliefs or exits a neigh-
borhood of the mixed outcome. We next define a graph to represent which stationary
beliefs are mixed accessible from other stationary beliefs.

DEFINITION 14—Mixed Accessible Graph (k > 2): Given (A, C) with N =05\ C,
define the mixed accessible graph G(A., C; w) with nodes Ay € {0, oo} as follows: there
is a directed edge from Ay to A), if and only if A, is mixed accessible from Ay in state w.

We say (A, C) is reducible in state w if G(A}, C; ) has no cycles. We refer to a node
with no edges leaving it as a terminal node—in other words, a node from which no other
nodes are mixed accessible. It follows from the definition of mixed accessibility that Ay is
a terminal node in state o if and only if (A¢, Ay) € () oy Ai(@).

We use this graph to define Ay (w) as the set of mixed outcomes that are not reducible,

Ay (o) = {(A¢, C) a mixed outcome |(Ag, C) is not reducible in state w}, (20)

where a mixed outcome corresponds to A} € {0, oo}l C € Oy, and |C| € {1, ...,k —1}.
This definition is equivalent to Eq. (5) when k = 2. Using Eq. (20), the statement of
Lemma 4’ is identical to Lemma 4.

LEMMA 4'—Unstable Mixed Outcomes (k > 2): Consider a learning environment that is
identified at certainty and satisfies Assumptions 1 to 4. If mixed outcome (A¢, C) ¢ Ay (w),
then Pr(Ac, — Ay and Ay, does not converge) = 0 in state w, where N = O\ C.

As in the case of k = 2, if a mixed learning outcome arises with positive probability,
then it must be in Ay (w). Therefore, if (A, C) is reducible, then almost surely it does
not arise. Intuitively, if (A;, C) is reducible, then when the beliefs of the convergent types
are in a neighborhood of A(, almost surely either the beliefs of the convergent types leave
this neighborhood or the beliefs of the non-convergent types also converge. Reducibil-
ity is relatively straightforward to verify and is always satisfied in some important cases.
For instance, it holds when y;(w, A) < 0 for all A € {0, oo}* and 6; € O (this includes
environments that are close to a correctly specified environment).?

PROOF OF LEMMA 4': Fix state w and consider mixed outcome (A, C) with corre-
sponding graph G(A¢, C; w) and non-convergent types N = Oy \ C. Suppose (A, C) is
reducible, that is, (A}, C) ¢ Ay(w). Let € € (0, e ), where E is defined in Eq. (11), and
suppose A; € int(B,(AL)) x (0, 00)M. Let 7 = min{¢|A, ¢ B,(AL) x (0, 00)V'} be the first
time that (A,) leaves a neighborhood of the mixed outcome. We will establish the fol-
lowing claim: almost surely, either (i) 7 < oo or (ii) (A,) converges for all social types.

3To see this, consider the graph induced by any mixed outcome (A}, C) with N = ©; \ C. Each node where
k non-convergent types have belief A; = oo has an edge to all agreement adjacent nodes in which ' < «
non-convergent types have belief A; = co and does not have an edge to any other nodes. Therefore, every path
terminates at node 0. For any mixed outcome (0!, C), this is a convergent point. For other mixed outcomes,
this is a point at which some 6; € C’s belief eventually exits a neighborhood of A¢.
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By the linearity of the likelihood ratio process, this implies the same holds whenever
A, €int(B,(AL)) x (0, 00), and therefore, (AL, C) almost surely does not occur.

Step 1: Show that for any terminal node Ay € G(Ag, C; w), when (A,) 1s 1n int(B.(Ag,
Ay)), then with probability uniformly bounded away from zero, either (A,) — (A, Ay)
or 7 < oo. Given a terminal node Ay € G(A;,C; w), as stated above (AG, )tN) €
No,en Ai(@). If (A, Ay) € Ny cc Ai(w), then (Ag, Ay) is locally stable, so by Theorem 1,
when beliefs are in B, (A, Ay), then (A,) — (A, Ay) with probability uniformly bounded
away from zero. Otherwise, if ()L*C, A N) ¢ (y,cc Ai(w), then there exists a 6; € C such that
when (A,) is in int(B.(Ay, Ay)), (A;,) is bounded below by a process that almost surely
exits B.(A¢) (this also follows from the proof of Theorem 1). Therefore, 7 < co with prob-
ability uniformly bounded away from zero. Together this implies that, starting from the
e-neighborhood of any terminal node Ay, with probability uniformly bounded away from
zero either 7 < oo or (A,) converges to (Ag, Ay).

Step 2: Show that for any non-terminal node Ay € G(Ay, C; w), when (A,) is in
int(B.(Ag, Ay)), then with probability uniformly bounded away from zero, either (A,)
enters | J Xy cE(A) int(B.(A;, Ay)) or T < oo, where £(Ay) denotes the set of nodes that

Ay has edges to. Given a non-terminal node Ay € G(Ay, C; w), let U(Ay) C N denote
the set of types such that (A;, Ay) ¢ A;(w) for each 6; € U(Ay) and (Ag, Ay) € A;j(w) for
each 6, € N\ U(Ay). As stated above, (Ay, Ay) ¢ ﬂeieN A;(w) for non-terminal nodes, so
U(Ay) # 0.

Step 2a: We first define a space I(Ay) adjacent to B,(Ay) and show that when (A,)
is in int(B. (A, Ay)), then with probability uniformly bounded away from zero, either
(A;) enters 1nt(B (A7) x I(Ay)) or T < oo. Given a set of types u € P(U(Ay)), where
P(-) denotes the power set, let I, ;(Ay) = [&,1/¢] if 6; € u and I, ;(Ay) = B.((An):)
if 6; € N\ u. Define I,(Ay) =[]y .y Lui(Ay) for each u € P(U(Ay)) and I(Ay) =
Uverwanyw Lu(Ax). In other words, I(Ay) is the space in which the beliefs of sub-
sets of types in U(Ay) are in [, 1/¢] and the beliefs of the remaining non-convergent
types are in the e-neighborhood of Ay. By the proof of Theorem 1, when (A,) is in
int(B. (A, Ay)), then with probability uniformly bounded away from zero, (A;,) exits
B.((Af, Ay);) for some 6; € U(Ay) U C. Combined with & < e%, which ensures that (A;,)
does not enter B, ({0, oo} \ (Ay);) in the same period it exits B.((Ay);) for any 6, € N,
this implies that with probability uniformly bounded away from zero, either (A,) enters
int(B.(Ay) x I(Ay)) or T < oo.

Step 2b: We next show that when (A,) is in int(B.(A;) x I(Ay)), then with probabil-
ity uniformly bounded away from zero, either (A,) enters J ANEg(AN)mt(B (AL, Ay)) or

7 < oo. First consider u € P(U(Ay)) such that (Ay); = 0 for some 6; € u. Suppose (A,)
is in int(B.(Ay) x I,(Ay)). Note I, ;(Ay) =[&,1/¢] for 6, € u and 1,,;(Ax) = B.((An):)
for 6, € N \ u. Let Vo (Ay, u) C {0, co}™ denote the set of stationary beliefs for non-
convergent types in which 6; € u has belief oo, 6; € N \ u such that (Ay); = oo has belief
00, and 0; € N \ u such that (Ay); = 0 has belief zero or infinity. Then there exists a finite
sequence of actions a), such that, starting from any belief in int(B.(A;) x 1,(Ax)), (An,.)
enters Uy v,y INE(B: (Ay))4 If (Ac,) exits B,(A7) during this sequence, then T < oo;

*To see this, note that when (A,) is in int(B.(A}) x I, (Ay)), then (A;,) is in [, 1/¢] for 6; € u. Therefore,
we can construct a finite sequence of a,, actions such that following this sequence, (A;,) is in int(B.(c0)) for
each 0; € u. For ; € N \ usuch that (Ay); = 00, I, ;(An) = B.(00), and therefore, (A;,) remains in int(B.(c0))
following this sequence. For 6; € N \ u such that (Ay); =0, I,,;(Ay) = B.(0). If (A;,) remains in int(B,(0))
or enters int(B,(o0)) following this sequence for each such 6; € N \ u, then we are done. Otherwise, continue
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otherwise, (A,) is in Uy vz ay. INU(B:(A¢, Ay)). Each belief Ay € Vio(Ay, u) is agree-
ment adjacent to Ay, as a subset of types in N have belief 0 at Ay and oo at A}, and all
other types in N have the same belief at Ay and A),. By definition of V. (A, u), for each
Ay €Vo(Ay, u), (Ay); # (Ay); for 6; € u such that (Ay); = 0. Further, (A7, Ay) ¢ Ay(w)
for each 6; € u. Therefore, each A}, € V. (Ay, u) is mixed accessible from Ay, which im-
plies Vo (An, u) C £(Ay). This establishes that, given u € P(U(Ay)) such that (Ay), =0
for some 6; € u, when (A,) is in int(B.(Ay) x I,(Ay)), then with probability uniformly
bounded away from zero, either (A,) enters [ J NyeE(hn) int(B.(Ag, Ay)) or 7 < oco. Next
consider u € P(U(Ay)) such that (Ay); = oo for some 6; € u. Let Vy(Ay, u) denote the
set of stationary beliefs for non-convergent types in which 6, € u has belief zero, 6; ¢ N\ u
such that (Ay); = 0 has belief zero, and 6; € N \ u such that (Ay); = oo has belief zero
or infinity. Then substituting a, for a,, and Vo(Ay, u) for V,(Ay, 1), by similar reasoning,
when (A,) is in int(B. (A7) x I,(Ay)), then with probability uniformly bounded away from
zero, either (A,) enters | Xyee(an) int(B. (A, Ay)) or 7 < oo. Given that one of these two
cases applies to each u € P(U(Ay)) and I(Ax) = U,cpwyye lu(An), this establishes
that when (A,) is in int(B.(A;) x I(Ay)), then with probability uniformly bounded away
from zero, either (A,) enters UAQVGS(AN) int(B.(Ag, Ay)) or T < oo.

Step 3: Show that for any non-terminal node Ay € G(Ay, C; w), when (A,) is in
int(B.(Ag, Ay)), then with probability uniformly bounded away from zero, either (A,) en-
ters | )‘,NETint(Ba()t’g, Ay)) or T < oo, where 7T denotes the set of terminal nodes. Given
Ay (w) isempty, (Ag, C) isreducible and therefore, G(A;, C; w) has no cycles. Therefore,
starting from any non-terminal node Ay € G(A¢, C; w) and iterating Step 2 a finite num-
ber of times ensures that when (A,) is in int(B. (A, Ay)), then with probability uniformly
bounded away from zero, either (A,) enters | Nyer int(B.(Ag, Ay)) or 7 < oo.

Step 4: Finally, we show that when (A,) is in int(B,(A}) x I), where I = (0, 00)M'\
Uayew.0ai Be(Ax), then almost surely, either (A,) enters int(B, (A¢) X U, c0,00n Bs(An))
or 7 < co. Consider u C N. Similarly to above, let I,,; =[¢,1/¢] if 6, € u, I,,; = B.(0) U
B.(00) if 0; € N\ u, and I, =[], _y I.;- Then by similar reasoning to Footnote 4, there
exists a finite sequence of a; actions such that, starting from any belief in int(B,(Ay) x 1,,),
(An,) enters [, .o Int(B.(Ay)) following this sequence. If (A¢,) exits B.(A;) dur-
ing this sequence, then 7 < co; otherwise, (A,) is in int(B.(Ag) X U, .00 Be(AN))-
Given that this sequence is finite and occurs with probability uniformly bounded away
from zero across B.(A[) x I,, and such a sequence exists for each u C N, when (A,) is in
int(B.(A¢) x I), then almost surely (A,) enters int(B.(A¢)) X U, cq0.00m INE(B:(Ay)) o1
T < 00.

Taken together, Steps 2—4 establish that when (A,) is in int(B,(A})) x (0, 00)VI, then
with probability uniformly bounded away from zero, either (A,) enters |, . int(B:(A¢,
Ay)) or 7 < oo. It follows from Theorem 1 that when (A,) enters int(B.(A, Ay)) for
any Ay ¢ 7, it almost surely exits B.(Ay, Ay), and from Step 4 that when (A,) enters
int(B.(Ay) x I), it almost surely exits B.(A) x I. Therefore, when A, € int(B.(Ay)) x

repeating a,, until all §; € N \ u with (Ay); = 0 have beliefs in int(B.(0) U B.(c0)). Given that there are a finite
number of such types and, for any such type, a finite number of a,, actions will move its beliefs from [e, 1/¢]
to int(B,(00)), this will hold following a finite number of additional a,, actions. Following these additional a,,
actions, (A;,) remains in int(B.(00)) for 6; € u, as does (A;,) for 6, € N \ u such that (Ay); = co. Therefore,
following this sequence, (Ay ) is in int(B.(A)y)) for some Ay, € Voo (Ay, ).
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(0, oo)'N I,

Pr<7 <ooorA € | ) B.(AL Ay) i.o.> =1.

ANET

If (A,) isin AneT B.(Ag, Ay) infinitely often, then almost surely either (A,) converges to
(A7, Ay) for some Ay € T or 7 < oo. This establishes the claim. Q.E.D.

D.3. Learning Characterization

To establish almost sure convergence, we define an analogous graph to Definition 14
for the case in which all social types are non-convergent types.

DEFINITION 15—Accessible Graph (k > 2): Define the accessible graph G(w) with
nodes A € {0, co}* as follows: there is a directed edge from A to A’ if and only if A’ is
mixed accessible from A in state w.

It follows from the definition of mixed accessibility that A is a terminal node if and
only if A € A(w). Given the definitions of Ay (w) and maximal accessibility for k& > 2, the
statement of Lemma 7' mirrors Lemma 7.

LEMMA 7'—Belief Convergence (k > 2): Consider a learning environment that is iden-
tified at certainty and satisfies Assumptions 1 to 4. If A(w) contains an agreement outcome
or maximally accessible disagreement outcome, Ay (w) =@, and G(w) has no cycles, then
for any initial belief A, € (0, 00)*, there exists a random variable A, with supp(A,) = A(w)
such that A, — A, almost surely in state .’

PROOF: Fix state w. Suppose Ay (w) = and G(w) has no cycles. Let € € (0, e7%),
where E is defined in Eq. (11). It follows from the definition of mixed accessibility that
A € G(w) is a terminal node if and only if A € A(w). Given a terminal node A € A(w),
by Theorem 1, when (A,) is in B,(A), then (A,) — A with probability uniformly bounded
away from zero. By analogous reasoning to Step 2 in the proof of Lemma 4, for any
non-terminal node A € G(w), when (A,) is in int(B.(A)), then with probability uniformly
bounded away from zero, (A,) enters (J, .z, int(B:(A")), where £(A) denotes the set
of nodes that A has edges to. Given G(w) has no cycles, starting from any non-terminal
node A € G(w), when (A,) is in int(B.(A)), then with probability uniformly bounded away
from zero, (A,) enters /., int(B:(A")). When (A,) is in I = (0, 00)* \ U, (0,00t Bs(A)s
then by similar reasoning to Step 4 in the proof of Lemma 4’, almost surely (A,) enters
Uact.09 int(B:(A)). Taken together, this establishes that when (A,) is in (0, o0)*, then
with probability uniformly bounded away from zero, (A,) enters [, ,, int(B.(A)). Fur-

ther, it follows from Theorem 1 that when (A,) enters int(B.(A)) for any A € {0, co}* \
A(w), it almost surely exits B.(A). Given that (A,) also almost surely exits /, it follows
that starting from any A; € (0, o0)*, Pr(A, € U,. Aw) B.(A) i.0.) = 1. Therefore, almost
surely (A,) converges to some A € A(w). Q.E.D.

>An alternative condition to G(w) has no cycles is there exists a 6; € ©s such that sup, g -1 7i(Ai =
0,A_;) <0 orinfy o1 vi(Ai =00, A_;) > 0. This follows from the observation in Lemma 4’ that either
beliefs converge or visit each mixed outcome with |C| =1 infinitely often. If the latter occurs with positive
probability, then almost surely (A; ;) — A C {0, oo}, which contradicts Ay (w) = 9.
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The statement of the learning characterization for k& > 2 is analogous to Theorem 4,
using the generalized definitions of maximal accessibility (Definition 7) and Ay (w) (Eq.

(20)).

THEOREM 4'—Learning Characterization (k > 2): Consider a learning environment that
is identified at certainty and satisfies Assumptions 1 to 4. When the state is L:
(i) Correct learning occurs with positive probability if and only if 0 € A(L).
(ii) Incorrect learning occurs with positive probability if and only if cof € A(L).

(iii) Entrenched Disagreement occurs with positive probability if A(L) contains a maxi-
mally accessible disagreement outcome and almost surely does not occur if A(L) con-
tains no disagreement outcome. Each maximally accessible disagreement outcome in
A (L) occurs with positive probability.

(iv) Cyclical Learning occurs almost surely for all social types if A(L) =9 and Ay (L) =
@, occurs almost surely for at least one social type if A(L) = @, and almost surely does
not occur if A(L) contains an agreement outcome or maximally accessible disagree-
ment outcome, Ay (L) =0, and G(L) has no cycles.

An analogous result holds in state R.

The proof mirrors the case of two social types: it directly follows from Lemma 3, The-
orems 1 and 2, Theorem 3, and Lemmas 4’ and 7'.

APPENDIX E: BELIEF-DEPENDENT MODELS OF INFERENCE

In this section, we extend our framework to allow a type’s model of inference to vary
with its belief about the state. We show that with this extension, our framework nests
Rabin and Schrag (1999) and Epstein, Noor, and Sandroni (2010).

E.1. Framework

Modify a type’s model of inference as follows. Given likelihood ratio A € [0, oo]¥, type
0; has subjective private signal distribution ﬁf’ (s; A) in state o and subjective type distri-
bution 7;(6; A). An agent uses likelihood ratio A, to interpret signal §; or action a, at time
t. Maintain the assumption from Section 2 that F-(-, A) and FX(-, A) are mutually abso-
lutely continuous with full support on S for each A € [0, oo]*. Further, social and autarkic
types believe that the signal is uniformly informative. When signals are aligned, this can
be written as follows: for all s € [0, 1], either F-(s; A) = FX(s; A) = 0 for all A € [0, o],
FL(s; A) = FR(s; A) =1 for all A € [0, 0o]¥, or inf, (o ot FL(s; A) — FR(s; A) > 0, with the
final case holding for some s € [0, 1].

As in Section 2, we focus on settings in which social types believe that actions are infor-
mative. We need to modify Assumption 3 so that this holds uniformly across [0, co]¥.

ASSUMPTION 3'—Informative Actions: For actions a € {a,, ay}, there exists an autarkic
type 6; € © 4 with w(0,) > 0 that plays a with probability uniformly bounded away from zero
across [0, 00]¥, and each social type 0; € Oy believes that such an autarkic type exists with
probability uniformly bounded away from zero, inf) (g x 7;(0;; A) > 0.

For technical reasons, we also make the following continuity assumption.
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ASSUMPTION 5—Continuity: For each 6; € O, the mapping A — (F~, ER, &) is contin-
uous under the total variation norm except at at most a finite number of interior likelihood
ratios A € (0, 00)%, and A — 1/(1 + dFF/dFR(s; X)) is continuous at A € {0, co}*.

Substituting Assumption 3’ for Assumption 3 and adding Assumption 5, the modified
version of Eq. (1) is

Dilanlo, ) =Y 7(0; A)(FL (Sim(A A A) = F2(Sma (A A1 A)),  (21)

j=1

where 5;,,(A;; A) denotes the signal cutoff for 6; when it has belief A; and social types
have belief A. Note 5, ,, depends on (F - F ), and hence, when these distributions depend

on A, so does 5;,,. The proof of Lemma 2 continues to hold for Eq. (21) with minor
modifications.® Theorems 1 to 6 follow.

E.2. Nesting Under- and Overreaction in Epstein, Noor, and Sandroni (2010)

Epstein, Noor, and Sandroni (2010) considered an individual learning model where an
agent under- or overreacts to signals. They parameterized this bias with the following
updating rule: an agent with prior p € [0, 1] who observes signal realization s € S updates
her posterior to

Pr(w = Rls, p) = (1 — P ) +ap (22)

)<ps+<1 ~ s

correct posterior

for some o < 1. Underreaction corresponds to « > 0, overreaction corresponds to a < 0,
and the correctly specified model corresponds to @ = 0. This parametric form of under-
and overreaction can be represented in the individual learning version of our extended
framework as follows. Equation (22) uniquely maps to a type in our framework that forms

®Aside from minor changes to notation and a straightforward application of the continuity assumed in
Assumption 5, there are two main changes. To establish the uniform bound for a € {a;, ay} and bounded
informativeness for a € A, it is necessary to account for the subjective type and signal distributions’ depen-
dence on A. Let 6; € ©® 4 be an autarkic type that 6; € Oy believes satisfies Assumption 3’ for action a; and
§j1 =infycp oop 51(72-: A). Then the analogue of Eq. (6) is

(@5 U@ 4\ {6}; A)
(@5 UO 4\ {6} A)
)
)

J/,-(al|R,)t) W,(HJ,A)F (/l’A)
l/Di(a1|L,A) 7(0; MEE(57,:A) +

. . NNER (5" . "n
(ynf #0(05: X))ER S0 A) + 1= inf (03 V)

< sup - - ; - <1,
Ae[0,00]k (,\'E}Rfm]k (05 A ) (}1;/\) +1_,\/el[gf i (65 A)

where the last line follows from Assumption 3, which ensures that inf, o 7;(6;; A) > 0, and the uniform
informativeness of the subjective signal distributions, which ensures that inf, (g, oo (F, L (55:4) — F R (57154)) >

0. Similar logic establishes that 121,-(a|w, A) is uniformly bounded away from 0 for all A € [0, 00]¥, a € A, and
o € {L, R}, and therefore, a is boundedly informative.
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following signal realization s € S when it has belief A € (0, 0c0). Equation (22) does not
map into a unique §(s, A) at A € {0, oo}, since the prior and the posterior are the same
regardless of the signal realization. Since our learning characterization utilizes the limit
of §(s, A) as A — {0, oo}, we need to specify how the signal is interpreted at certainty

to close the model. At A =0, we use Eq. (23) evaluated at A = 0. Equation (23) is not
well-defined at A = oo, so we define

subjective posterior

§(s, \) = (23)

s
1-a)1-=s5)+(1+a)s

5(s, 00) = Alim S(s, A) =

This is the unique subjective posterior that satisfies the continuity property required by
Lemma 2.7 This set-up satisfies the properties in Lemma 2, so our learning characteriza-
tion applies.

E.3. Nesting Confirmation Bias in Rabin and Schrag (1999)

Rabin and Schrag (1999) considered an individual learning model where an agent
exhibits confirmation bias. The agent observes a signal that takes one of two possible
values, s; or sg, where s, is more likely in state « than state w’. Confirmation bias
takes the following form: if the agent observes s, when she believes w’ is more likely,
then with probability g € (0, 1) she misinterprets the signal realization as s,. To rep-
resent this model in the individual learning version of our extended framework, we
make one additional change to allow multiple signal realizations to induce the same
posterior belief. This allows § to map two signal realizations that induce the same
true posterior to different subjective posteriors. Given this minor extension, this form
of confirmation bias can be represented as follows. Suppose & ={/y, , r{, r,}. Assume
Pr(/; or L|lw = L) = Pr(ry or ;] = R) = s > 1/2, conditional on observing /; or [, [, is
realized with probability g, and similarly for r,. Signal realizations /; and /, induce the
same true posterior, as do r; and ,. When A > 1, the agent interprets the signal as if
(é(lllL’ A) = SZ l/l(lllR’ /\) = I—s, lp(lZlL’ A) = l/’(rllL’ A) = l/j("ZlL’ A) = (1 - S)/3, and
Y(LIR, A) = (r|R, A) = ¢(r2|R, A) = s/3. Similarly, if A <1, the agent interprets the
signal as if (r1|R, ) =s, §r(ri|L, \) =1 =5, §(L|L, A) = §(LIL, X) = §(r|L, A) = 5/3,
and §(1|R, A) = J(L|R, A) = §(r2|R, A) = (1 — 5)/3. This set-up satisfies the properties
in Lemma 2, so our learning characterization applies.

"In an individual learning setting, any pair of subjective signal distributions that induce the same § must

. J(s|R,A (s, A A~ . . . .
satisty m = 1i(§(x’)n, so § determines the properties required by Lemma 2. A consequence of this is that
any misspecified distribution that rationalizes § will lead to the same behavior. In Bohren and Hauser (2021)
we showed that there exist subjective distributions F* and F® that rationalize this § and satisfy Assumption 1,

Assumption 3', and Assumption 5.
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