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SUPPLEMENT TO “LOWER BOUNDS ON APPROXIMATION ERRORS TO
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ONLINE APPENDICES
(Econometrica, Vol. 85, No. 3, May 2017, 991-1012)

By KENNETH L. JUDD, LILIA MALIAR, AND SERGUEI MALIAR

IN APPENDICES A AND B, we describe additional details of the lower-bound error analysis
in the neoclassical stochastic growth model and in the new Keynesian model studied in
the main text.

APPENDIX A: NEOCLASSICAL STOCHASTIC GROWTH MODEL

In this section, we focus on the neoclassical stochastic growth model. In Appendix A.1,
we derive a lower error bound by using linearized model’s equations; in Appendix A.2,
we construct a more accurate lower error bound by using nonlinear model’s equations;
and in Appendix A.3, we discuss alternative implementations of the lower-bound error
analysis.

A.1. Constructing Lower Error Bound by Using Linearized Model’s Equations
Euler Equation

We first linearize the Euler equation. Let us assume a CRRA utility function u(c) =
%. For this utility function, Euler equation (26), expressed in terms of approximation

errors, is
¢ 7(148.)7 —BEfC 1+ 6.,
1= d + aexp(6,,1) Ak (1 + 8,,,) ']} = 0.

t+1

(A1)

One can view (A.1) as a function of &’s, that is, f(d,,d.,,,, 6,,,) = 0. Finding a first-
order Taylor expansion of f around &, — 0, &, — 0, ;,, — 0 (in particular, using
(1+ x)* =1+ ax) and omitting a second-order term &,,,, &,,, ~ 0, we have

G —v8.¢" — BEfG (1 - d + aexp(8i) Ak )

t+1
+BEAC ..., (1 - d +aexp(01) Ak;)
— BE{E (aexp(0,) AR (@ — Dy, } =0.

t+1 t+1
By discretizing the future exogenous states into J integration nodes, we replace the state-
contingent functions ¢,;, and &, by ¢ ; and & j=1,...,J, respectively, which
yields

Cr41 Cr+15J2

J
L—y8, —hi+yY ms.,, —(a—1)8,, h=0,

j=1
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where

hz—BZ{ ’*" aexp(etﬂ,)Ak::f)}

NY

= B, f}/ (1—d+ aexp(6,,1,) Ak},

t+1
t

with 0,1 ; = p6, + ¢;, and ¢;, w; denoting a jth integration node and weight. Combining
the terms yields a linear equation in §s,

J
at's., + a8, + Z a}’38q+1,j = b, (A2)

j=1
where

al=—vy, a?=—(a—1)h,, ajl.’z’symj, b'=h, —1.
Budget Constraint

We next linearize the budget constraint. We rewrite the budget constraint (25) as

¢ +68.,C+ k,H + 5k,+1 w1 — (1 —d)k, —exp(6,) Ak = 0. (A3)
Thus, we get
a*'s., + a8y, = b, (A4)
where
a*' =73, =k, b>'= (1 —d)k, +exp(0,) Ak — ¢, — K.

Minimization Problem
The minimization problem (28) in a point (period) ¢ is given by

J
min 82 52 52 s.t. (A2), (A.4). A5
crs0k,y 28y jli=1,., + ki + ; €L ( ) ( ) ( )

To solve (A.5) numerically, we use quadratic programming software (we use a “quadprog”
routine in MATLAB).

A.2. Constructing Lower Error Bound by Using Nonlinear Model’s Equations

We now construct the lower error bound using the original nonlinear equations. Budget
constraint (A.3) yields

(1- d)kt + eXP(ez)Akf _a(l + 5c;)
ki

Bk, = ~1 (A.6)



NUMERICAL SOLUTIONS OF DYNAMIC ECONOMIC MODELS 3

From budget constraint (A.3), we also get

[k (14 86,)]" = [(1 = d)k, + exp(6,) Ak — (1 +8,)]""

Substituting the latter equation into Euler equation (A.1), we have

o
(1+6.,)" BE[ t+1(1+5c,+])y(1—d)]

) [(1 — d)k, + exp(0,) Ak® —&,(1 + %)T‘l
kt+1

o
X BEt|: as ~(1+8.,,)" “/aexp(OtH)Akm]

l

By discretizing the future exogenous states into J integration nodes, we replace the state-
contingent functions ¢,;; and 8., by ¢, . and § j=1,...,J, respectively, which
yields

Cr+1 t+1 J Crit1s)2

{BZ [ (1 +8e,,5)” va—d)}

. [(1 — d)k, + exp(8,) Ak® — (1 + &,)]”’1

Ko (A7)
—1/y
X ﬁZ [ ol 8¢, 1) T exp(6,41, J)Akz+l ]} -1
=0.
Therefore, the least-squares problem (28) becomes
J
min 32 +8, Y. 8., st(AT),(A6). (A.8)

Beps Ok, 184 =t

The resulting minimization problem contains just J 4+ 1 unknowns, given by &, and
{0c,,1,j}j=1....s that are constructed using a numerical solver. Note that 8., appears both
in the left and right side of (A.7) and we need to compute it numerically. To solve prob-
lem (A.8), we use MATLAB’s nonlinear optimization routine “fminsearch.”

A.3. Alternative Implementations of Lower-Bound Error Analysis

There are many possible ways of defining approximation errors. First, we could con-
sider approximation errors in in model’s different variables, for example, the errors in the
investment or output functions instead of those in capital or consumption functions. This
will affect the size of the resulting error bounds. Second, there are different ways of mod-
eling approximation errors in conditional expectations; in particular, we can represent
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TABLE SI

APPROXIMATION ERRORS IN THE CURRENT VARIABLES AND THE EXPECTATION FUNCTIONS IN THE
NEOCLASSICAL STOCHASTIC GROWTH MODEL*?

y=15 y=1 y=10

Norm 5,;t 5kl‘+| BEl‘ Sgt 5kt+l aEt 5Ct 6k,+1 5Et
PERI1

L, —-5.41 —4.12 —4.60 —4.77 —4.12 —4.65 —4.10 —3.75 —5.14

L —4.26 —3.03 —3.55 —3.96 -3.04 -3.75 —3.52 —2.62 —4.00
PER2

L, —6.61 —5.80 —6.28 —6.35 —5.69 —6.18 -5.31 —4.75 —6.18

L —5.44 —4.42 -5.19 =5.11 —4.43 —4.97 —4.06 —3.65 —4.21

4Notes: PER1 and PER2 denote the first- and second-order perturbation solutions; ¢, , Skt and 5Et are t-period absolute value

+1’
of approximation errors in consumption, capital, and conditional expectation function, respectively; L1 and L are, respectively, the
average and maximum of absolute values of the corresponding approximation errors across optimality condition and test points (in

log10 units) on a stochastic simulation of 10,000 observations; and v is the coefficient of risk aversion.

errors in Euler equation (22) as

W (@E(1+8,)) = B(1+85)E,, (A9)
_,——/

=E¢[u/ (¢ 1) (1—d+exp(pOr+es1) Af (ki y1))]

where &, is an approximation error in conditional expectation function E,[-]. We can use
a new condition (A.9) as a restriction in the least-squares problem (28), instead of (26),
by changing the objective function to &2, + 3i,+ T

In Table SI, we show the error bounds obtained from the conditions (25), (A.9) on a
stochastic simulation following the same methodology as described in Section 3.3.

The advantage of this representation is that it does not require to approximate future
values of the variables and hence, it does not involve additional errors from numerical
integration in the construction of lower error bound. A potential shortcoming of this al-
ternative representation is that the error in E,[-] depends on the marginal utility function,
so that &7, b‘iM, 87, are not expressed in comparable units, and introducing a trade-off
between the model’s variables and marginal utility in the objective function may lead to
accuracy results that are more difficult to interpret. In contrast, our baseline representa-
tion (28) contains only approximation errors in the model’s variables and is not subject
to this shortcoming. To deal with this issue, Kubler and Schmedders (2005) measured the
error in the conditional expectation function &g, by the average adjustment of the future
consumption &, to satisfy the Euler equation exactly; this approach can be used in our
case as well.

Cr+1

APPENDIX B: NEw KEYNESIAN MODEL

In this section, we implement our error bound analysis for the new Keynesian model.
In Appendix B.1, we present the new Keynesian model considered; in Appendix B.2, we
derive the first-order conditions (FOCs) of the studied model; in Appendix B.3, we define
a lower error bound; in Appendix B.4, we derive a lower error bound by using linearized
model’s equations; in Appendix B.5, we define residuals in the model’s equations; finally,
in Appendix B.6, we describe the details of our numerical analysis and report the con-
structed lower error bounds.
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B.1. The Model

The economy is populated by labor packers, households, final-good firms, intermediate-
good firms, monetary authority, and government; see Gali (2008, Chapter 6) for a detailed
description of a new Keynesian model with sticky wages and prices.

Labor Packers

Labor inputs of heterogeneous households are packed by labor packers to be sold to
firms. A labor packer buys N, (/) units of labor of a household / € [0, 1] at price W;(/)
and sells N, (/) units of labor at price W, in a perfectly competitive market. The profit-
maximization problem is

1
max W,N, — / W, ()N, (1) dl (B.1)

Ni()

Ew

w—1
st. N, = ( f Nt(l)“é’ufdz> , (B.2)

where (B.2) is a Dixit-Stiglitz aggregator function with &, > 1. Problem (B.1), (B.2) im-
plies the demand for labor of type /:

(B.3)

N :N,(Wt(l)>w.

W,

Households

There is a continuum of monopolistically competitive households who supply differen-
tiated labor input to a labor packer and are indexed by / € [0, 1]. Markets are complete:
the households can trade state-contingent claims to insure themselves against aggregate
uncertainty. As a result, in equilibrium, the households will be identical in all their choices,
except of wages and hours worked (the household’s index / will be suppressed elsewhere
except of nominal wage W, (/) and labor N,(/)).

The household of type / maximizes expected discounted lifetime-time utility subject to
the capital accumulation equation, (B.5), and the period budget constraint, (B.6),

max E, iﬁ’ [ln(C bC, 1) l!lN,(l)“" _ 1] (B.4)
(Ct.Bry1:K 1,041 )i=0,...00 0 P ! - 14+7 ’
T( I 2
st. Kipn=2Z,|1—= -1 I,+(1-4d)XK,, (B.5)
2 It—l
B K
CH+1+ ;,H +T,+ CIz+1,tQt+1 + (Xl(ut -+ %(uz - 1)2)?
' ' (B.6)
W.(D)
= N +Ru,K, +(1+i._ 1) +Qt -
t P,
InZ,=p,.InZ,_1+¢,;, €., NN(O, O'Z), (B.7)

where E, is the expectation conditional on the information of period ¢, and (B.7) is a
process for investment shock Z, to the efficiency of transforming investment into capital.
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Here, C,, N,(l), I,, K1, B,;1, and Q,,; are consumption, labor, investment, capital
holdings, nominal-bond holdings, and a vector of state-contingent claims, respectively; P;,
W.(1), R,, i,_1, and q,,, , are, respectively, the commodity price, nominal wage, real return
on capital, (net) nominal interest rate, and a price vector of state-contingent claims (each
of its elements is a price of a claim that pays one unit of good in a particular aggregate
state of nature, x,, in the subsequent period ¢ 4 1); 7, is lump-sum taxes; D, is the profit
(dividends) of intermediate-good firms; 8 € (0, 1) is the discount factor; ¢ > 0 is the
utility-function parameter; x; > 0 and y, > 0 are the parameters in the cost-of-utilization
function which is quadratic in utilization relative to its normalized steady-state value, that
is equal to 1; 7 > 0 is the parameter that governs the size of the adjustment cost of capital;
p. and o, are the autocorrelation coefficient and the standard deviation of disturbances,
respectively.

Wages are subject to Calvo’s (1983) pricing frictions. Each period, a fraction 1 — ¢,, of
the households sets wages optimally, W;(/) for [ € [0, 1], and the fraction ¢, is not allowed
to change the price. When the household cannot reoptimize its posted nominal wage, it
will index to lagged inflation at ¢, € (0, 1). Let I1, ;s = P’%ﬁ* be a cumulative gross price
inflation rate between periods ¢t — 1 and ¢ + s — 1. A non-reoptimizing household sets a
t + s-period nominal wage rate at

Wi (D) =117

t,t4s—1

W),

and hence, real wage at
W5 (1) = w (DI} wal t+s—1> (B.8)

t,1+s

where w, (/) is real wage of the household of type / in period ¢ + s. Note that (B.3) and
(B.8) imply

<wt(l)Ht z+stw1 45— 1)871}

Wrys

Nt+s(l) = Nt+s (B.9)

where w,, is real wage of packed labor. A reoptimizing household / € [0, 1] maximizes
the current discounted lifetime utility over the time period when w, (/) remains effective,
subject to the demand for labor (B.9) and budget constraint (B.6),

N;+s(l)'+" -1
E, st T
wt(}}}lta())(oo Z'Bd) [ 1+
s.t. (B.6), (B.9).
Final-Good Firms

Perfectly competitive final-good firms produce final goods using intermediate goods.
A final-good firm buys Y, (i) of an intermediate good i € [0, 1] at price P,(i) and sells Y,
of the final good at price P; in a perfectly competitive market. The profit-maximization
problem is

1
maxP,Y, — fPt(i)K(i)di (B.10)
0

Y (D)

1 ep—1 %
st Y, = (/ Y, (i) 7 di) , (B.11)
0
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where (B.11) is a Dixit-Stiglitz aggregator function with &, > 1. The problem (B.10),
(B.11) implies the demand for an intermediate good of type i:

Y.(i) = (P‘(i))gp Y,. (B.12)

P,

Intermediate-Good Firms

Monopolistic intermediate-good firms produce intermediate goods using capital and
labor and are subject to sticky prices. A firm i produces the intermediate good i. To choose
capital and labor in each period ¢, the firm i minimizes the nominal total cost, TC, subject
to the constraint that its output is sufficient to meet demand:

min TC(Y,(i)) = W;N,(i) + R/K] (i) (B.13)
Ne(D,KE ()
P.(i)\~*"
st AK*(0)*N, (i)~ > Y,( ;E”) , (B.14)
t
InA,=p,InA, 1+ e,y €asn1 NN(O, 03), (B.15)

where (B.15) is a process for the productivity level, A,; N,(i) is the labor input; K (i) =
u,K, is capital; A, is the productivity level; R} is the nominal rental rate; p, is the auto-
correlation coefficient; and o, is the standard dev1at10n of the dlsturbance

The firm discounts profits s periods into the future by M, r+s$,, where M, s = B”g—j" isa
stochastic discount factor with A, being the marginal value of an extra unit of income (it is
equal to the Lagrange multiplier on the household’s budget constraint (B.6)). The firms
are subject to Calvo-type price setting, namely, a fraction 1 — ¢, of the firms sets prices
optimally, P,(i) for i € [0, 1], and the fraction ¢, is not allowed to change the price. A non-
reoptimizing firm indexes its price to lagged inflation at £, € [0, 1]. The price charged in
period ¢ + s if it is still not revised since period ¢ is

Pt+s(i) = Hfflyt_*_s_lpt(i)- (B16)

A reoptimizing firm i € [0, 1] maximizes the current expected value of profit over the
time period when P, (i) remains effective,

> Aeos [IT2 s PCD .
maXZBYd);Et{ & [Lyt+x(l) _mct+sYt+s(1):|} (B'17)
Pi(i) A= A P

11 P,
s.t. Yl+s(i) = (llt;;—l(l)) Yt+s5 (B18)
t+s

where (B.18) follows from (B.12) and (B.16); P, is the price of the final good; mc,,, is
the real marginal cost of output at time ¢ + s (which is identical across the firms), that is,
mc, P, = MC, .
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Government

Government finances a stochastic stream of public consumption by levying lump-sum
taxes and by issuing nominal debt. The government budget constraint is

B B
T+ —==ofY,+ (1 +i)—, (B.19)
Pt Pt

where ofY, = G, is government spending, and f is a government-spending shock,
wf =(1—pyw® +p0f |+, &5.~N(0, 0'5), (B.20)

where p, is the autocorrelation coefficient, and o, is the standard deviation of distur-
bance.

Monetary Authority

The monetary authority follows a Taylor rule:
Li=0-p)i+pi+0- Pi)[¢w(77t - 77*) +¢,(InY, —1In Yt—l)] + &, (B.21)

where i = 1/8 — 1 is the steady-state interest rate; ¢, > 0 and ¢, > 0 are the parameters;

™= PP -1 is net inflation; &;, is a monetary shock, &;, ~ N(0, 7).
=

B.2. Deriving FOCs

We derive the FOCs of the studied new Keynesian model below.

Labor Packers
The FOC of the labor packer’s problem (B.1), (B.2) with respect to N,(/) yields the
demand for the /th type of labor, given by (B.3),

Wt(l)>€"’
)

N.(l) = N,( (B.22)

A zero-profit condition of a labor packer implies W,N, = fol W.(I)N,(l) dl. Substituting
(B.22) into the latter equation gives

1

1 e
W, = (/ A E di) . (B.23)
0

Households

The FOC:s of the household’s problem (B.4)—(B.7) with respect to C,, B,,1, K;y1, 1, uy,
Q,.1, respectively, are

1

A=—
T C-bC,,

1
— BbE,| ——— |, B.24
g [Cm—bct} (529

P
A= .BEt|:/\z+1(1+lt) P‘

t+1

], (B.25)
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<X1(ut+1 -+ %(“H—l - 1)2))

w = BE, |:/\t+1 <R1+1ut+1 -

A (B.26)
+ M (1 — d)],
n=mzf1o (2 1) I \L
S AV VA
(B.27)
It+1 It+1 ?
+BE1M1+1Zt+17< 1, _1>< 1, ) >
1
R = —[xi+xalu = D], (B.28)
¢
)\tqH—l,t(x) = BAin Pr{xH—l =xlx, = x/}, (B'29)

where A, and u, are the Lagrange multipliers associated with (B.6) and (B.5); x, =
{Z,, A;, 0f, &;,} is the economy’s aggregate state; g, ,(x) is the price of a state-
contingent claim, bought in period ¢, that pays one unit of consumption in case aggregate
state x in period ¢ + 1.

As for wage setting, the FOC with respect to real wage, chosen by a reoptimizing house-
hold, is

o]
—ew(14+m)—1 1+ Lwew(1+m) 1+ 1+
epw, (1)~ I+m-1E, ZBsﬁbZ}Z’Hm( W)Htflj+s—1 e +m N 1+m

t,t+s t+s t+s
s=0

oo
—éw J ) cw—1 w(l—ew) Sw _
+ (1= 2w () Y B AT T e N, = 0.

s=0

Note that the household-specific index / enters just w,(/), so that all reoptimizers choose
the same wage, that is, w, (/) = w?, given by

oS
S 4 ew(14m) 77éwew(14m) . e, (14m) AT1+7
EtZB o PIITY oy sywiyy ™™ N

tt+s t+s t+s

(w#)1+6w11 _ Ey 5s=0
t - 1 00
— &
w S¢S )\ Hé‘wflngw(lfgw) Ew N
B w st s l—l,t+s—1wt+s t+s
s=0

We can rewrite it recursively as

(w#)1+8w77 _ Ew Fl,t
= 5
! 1 — &y F27,

(B.30)

where
Fio=gw " ONT 4 oy (1+ ) 0o BE (14 )], (B31)
Fz,t = Atwwat + ¢w(1 + Wt)glll(lisll})BEt[(l + 7Tt+1)81"71F2,t+1], (B~32)

where 1 + @, =11, 4.
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A power 1 + g, 7 in equation (B.30) could take very large values for empirically plau-
sible parameterizations of the model (e.g., we calibrate n = 1 and ¢,, = 10), which may

lead to numerical problems. To deal with this issue, first, we divide both sides of (B.30) by
(wf)sw(]+71),

# 1—&y Ew fl,),‘
= — B.33
(wt ) 1 — & F2,t 4 ( )
where f, = (w#)ﬂiﬂﬁlm Then, equation (B.31) becomes
w, ew(1+m)
fiio= 90(?) NP7+ oy (14 )~ foewttm
' (B.34)

w# ew(1+m)
X BEt|:(1 + 7Tt+1)6w<]+n)f1,t+1( u:“) i|

t

Second, we multiply both sides of (B.33) by (w#)®»,

# Ew fl,t
= — B.35
wl 1 — &y fZ,t ’ ( )
where f,, = (w};f;’e —. Then, equation (B.32) becomes

w Ew
f2,t = At(,u)_;) N[ + ¢w(1 + 77-[){111(1—810)

t

w# Ew
X BEt 1+ 7Tt+l)£w_1f2,t+l tr .
w

t

(B.36)

Final-Good Producers

The FOC of the final-good producer’s problem (B.10), (B.11) with respect to Y,(i)
yields the demand for the ith intermediate good

P(i)\ "

P, '

Yi(i) = n( (B37)

A zero-profit condition of a final-good producer implies P,Y, = fol P,(1)Y,(i) di. Substi-
tuting (B.22) into the latter equation yields

1 =
Pt=</ Pt(i)”‘Pdi> " (B.38)
0
Intermediate-Good Producers

The FOCs of the cost-minimization problem (B.13)—(B.15) with respect to N,(i) and
K?*(i) are

R = 0,())aAK?(i)* 'N,(i)', (B.39)
W, =0,i)(1 — ) AK] ()N, (i)™, (B.40)
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where O,(i) is the Lagrange multiplier associated with (B.14). Combining (B.39) and
(B.40) yields

W, 1—aK/()

R'™ a N(G)’
This condition implies that all the firms will rent capital and hire labor in the same pro-
portion. In real terms, the latter condition becomes

w,_l—a Kf
R, « N, )’

where R, = I;T’f. The derivative of the total cost in (B.13) is the nominal marginal cost,
MCt(l)’

MC, (i) = dTC(Y.(h) =0,(i B.41
t(l):Tt(l.)— (D). (B.41)

The real marginal cost is the same for all firms,
mc, (i) = @})(l) =mc,. (B.42)

This is because all the firms face the same factor prices, and they rent capital and hire
labor in the same proportion. Conditions (B.39) and (B.40), together with (B.42), can be
rewritten, respectively, as

K# a—1
R, = mctaAt(V’) , (B.43)

t

#\ @
w, =mc, (1 — a)At(I](V_t) . (B44)

t

The period-¢ real-flow profit of the ith firm is
D.(i) _ Pi(i)
PP
_PG)
=p

Yi(i) — me, (1 — a) ALK (DN, (i)'~ — me,a A, K] ()N, (i)'~

Y. (i) —mc, Y (D).

This result was used to derive (B.17). Substituting constraint (B.18) into the objective
function yields

{P ; —& {p .
Ay (I i i P\ 7 Pi()
Pt(l) ZB ¢ E, { < Pt+s— Yiis —Pt+s —MCis | (-

This problem can be rewritten as

{p(l—ep) W\ 1— ep—1 {pep —— &p
{H[ 1,t4s5— 1Pt(l) ethJrs YI+S H; 1,t4s— 1Pt(l) emeZ+SP[+s),t+s}-
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The FOC of the reoptimizing intermediate-good firm with respect to P,(i) is

(1= e,)P() P E, Y B & A Iy T PEL Y

s=0

N (B.45)
+ e, P E Y B A IT Y me, PILY =0
ptt t P st 1,451 t+s+ t4s 4 t+s .
s=0
Expressing P, (i), we get
E Y B Al T me . P Y,
P(i) = l—— . (B.46)
- € s 1S 1—¢ ep—1
TUED BN T PTY

s=0

Since nothing on the right side depends on the firm-specific index i, we have that all
reoptimizing firms set the same price at ¢, that is, P,(i) = P¥,

X
pr=_"Sr i (B.A7)
1-— Ep th
where
X, =E S* A 01007 P, B.48
1w =Ly B (l)p ARY L PENIFSIER] L L UERY Ry SER ( . )
s=0
Xy =E Y B oA TP Y (B.49)
s=0
For X;, a recursive formula is
X = /\tmct+st£th + Bd’p(l + Wt)igpngtXltH, (BSO)
while for X,,, the corresponding recursive formula is
Xo = MPTY, + B, (1+ )PP E Xy . (B.51)

Let us divide (B.50) and (B.51) by P;” and P;”"', respectively, so that they become

X1, = AMmC,, Y, + B¢p(1 + Wt)ingPEt[(l + 7Tt+1)8px1t+1]7 (B.52)
Xy =AY, + Bd)p(l + Wt)gp(lisp)Et[(l + 7Tt+l)€p71x2t+l]’ (B'53)
where x, = 1% and x,, = przﬁ] . In terms of the new variables x;, and x,,, condition (B.47)
becomes I
# Sp X1t
1+a7 = 1+ 7)—, (B.54)
1-— &p Xor

with 7# = P#/P,_, — 1.
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Aggregate Price Relationship

The condition (B.31) can be rewritten as

P = (/ P,(i)'~er di)
0

1
T—¢,
:[/ P,(i)”l’di-i—/ Pt(i)lgpdi] "
reopt. non-reopt.

where “reopt.” and “non-reopt.” denote, respectively, the firms that reoptimize and do
not reoptimize their prices at ¢.

Note that _[non_reopt. P.(i)'~erdi= fol(l + Wt—l)gp(ligp)P(j)lispwz—l,t(j) dj, where w,_y,(j)
is the measure of non-reoptimizers at ¢ that had the price P(j) at ¢ — 1. Furthermore,
w1,(j) =¢,w,1(j), where w,_(j) is the measure of firms with the price P(j) in t —1,
which implies

(B.55)

1
[ P di= / ¢p(L+ )PP P) P w0, () df
non-reopt. 0 (B56)

= ¢, (1+m_ )P "

Substituting (B.56) into (B.55) and using the fact that all reoptimizers set P¥, we get

P = (1= (PF) " + (14 mmy)rior P (B.57)
We divide both sides of (B.57) by P,
A4m) = (1= )1+ 7F) " + ¢, (1 +m)rt=r, (B.58)

Aggregate Wage Relationship

Similarly to equation (B.57), aggregate wage index can be written as

I/I/tlfsw — (1 _ d)w)(I/I/l#)l_Ew + d)w(l + Wt—l){ll)(17€1‘})‘W[17_]£w’

where the second term on the right side corresponds to aggregate wage, set by non-
reoptimizing households. Dividing both sides by P, ", we get

w = = (1= ¢,)(WF) ™™ + bu (1 + )@ (1 )™ w7, (B.59)

Aggregate Output
Since all the firms rent capital and hire labor in the same proportion, we get
#

Y.(i) = AK] () N.(i) ™ = Az(%) N.(D).
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Let us define aggregate output
. 1 1
Y, = / Y,(i)di= f AK? ()N, () di
0 0
K# a 1
= A,(—’) / N,(i)di= A KN
N/ Jo
We substitute demand for Y, (i) from (B.12) into (B.60) to get

= [ o (PO\ e [
Y,:/ Y,< ‘(l)) di:Y,P,"/ P,(i)"°" di.
0 Pl‘ 0

Let us introduce a new variable P,,

1
Pyer= [ pay e
0
Substituting (B.60) and (B.62) into (B.61) gives us

Y,—VI(EYP A(K?)'N

P, AP

where A} is a measure of price dispersion across firms, defined by

AP = <E>€p.
P,

(B.60)

(B.61)

(B.62)

(B.63)

(B.64)

Note that if P,(i) = P,(i') for all i and ¢’ € [0, 1], then A? = 1, that is, there is no price

dispersion across firms.

Law of Motion for Price Dispersion AY

By analogy with (B.57), the variable P,, defined in (B.62), satisfies

P =(1—¢,)(P}) "+ d,(1+m_) =P

By using (B.65) in (B.64), we get

#

Pt o —{pe FI_ o
Af’=(1—¢p><7z) gyt ) (71) .

t

This implies

PINT (P o (P
ar=a-op(F) (5) Hasrrmen(S)

Simplifying the latter expression, we obtain the law of motion for A?,

(B.65)

A =L+ m) - [(1 — )1 +7]) " + b, (1 +my) e (%)_ pAf_l] (B.66)

t
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Aggregate Resource Constraint

Summing up the household’s budget constraint (B.6) across all agents eliminates the
state-contingent claims as they are in a zero net supply. Combining the resulting house-
hold’s budget constraint (B.6) with the government budget constraint (B.19), we have the
aggregate resource constraint

W.N,

t

K D
+ Ru,K, — (Xl(uz -+ &(u, — 1)2)7’ + Ft’
t t

C+I,+ oY, = 5

(B.67)

where W,;N, = fol W.(I)N,(])dl. Note that the ith intermediate-good firm’s profit at ¢ is
D, (i) = P,(i)Y,(i) — W,N,(i) — R'K?. Consequently,

1 1 1 1
D, =/ D,(i)di =/ P,()Y,(i)di— W,/ N,(i)di+Rf/ K7 (i) di
0 0 0 0
=PY,—WN, - Rfo,
where P,Y, = fol P,(i)Y,(i) di follows by a zero-profit condition of the final-good firms.

Hence, (B.67) can be rewritten as

K
Ci+1,+G, + (Xl(ut—l)+%(u,—l)2)7’=Y,. (B.68)
t

Full Set of Optimality Conditions

Below, we summarize the full set of the equilibrium conditions in the studied new Key-
nesian model (B.1)-(B.21):

1 1
MN=——>——BbE,—— B.69
‘T C,—-bC, k "Cy1 — bC,’ (B.69)
1
R, = ?[Xl +X2(”z_1)]a (B.70)
t
A= BEI/\I+1(1 + it)(l + 7T,+1)71, (B.71)
T( I, 2 1, 1,
AN=uZ,|1—= —-1) -7 — -1
T [ 2(1,_1 ) T(L_l )1,_1}
5 (B.72)
1 1
+ BE 1 ZiaT A 1 o ,
1, 1,
1
= BE, |:)\t+1<Rt+1uz+1 - Z—|:X1(U1+1 -1+ %(ut-%—l - 1)2j|>
1
o (B.73)
+ M’H»l(]- - d)}a
wf = 2o (B.74)

t -~
Ew — 1 f2,t
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ew(1+m)
= w; 1+
— L n
fl,t - l,b( #) Nt
w

t

(B.75)
‘ ‘ wfil ew(l+n)
+ ¢,B(1+ Wt)gwéw(Hn)Et[(l + 7Tt+1)éw“+") (7) fl,t+1])
t
—~ w, \ %
f2,t = )\t<w_;> Nz

t

(B.76)

w# Ew A
+ d)wB(l + 7Tt)§W(1_EW)Et|:(1 + 7Tt+1)8w_1< u;;l) f2,t+1],

t
w =1 =) W) "+ A+ m )R A+ ) g, (BT)
A,(KF)'N/™
[ Ta
A=A+ m)r[A= )1 +77)" + A+ m )97 A0L],  (BT9)

(B.78)

A+ = A=) 1+ ) " + (147 )0, (B.80)
1+7Tz#: % (14‘77':)&, (B.81)
Ep — 1 Xt

X1t = )\thth + (vbp:B(l + Wf)*(p&pEt[(l + 7Tt+1)81’x1’t+1], (B82)
X0 =Y+ ¢, B+ m) T E [+ 70) 7 X ] (B.83)

wt 1 — K.t#
— = C— B.84
R, o N, ( )

K#\“
w, =mc,(1 — a)A,(—t> , (B.85)
N,
== p)i+pii
(B.86)
+ - Pi)[d’w(ﬂ'z - 77*) +¢,(InY, —In Yt—l)] + &iss
K
Yt:Ct+It+G[+(X](ut_1)+X2(ut_1)2)7t7 (B-87)
t
T( I 2
K. =27Z]1- 2\ 7 —-1) | +A-d)K,, (B.88)
t—1

where K = u,K,, G, = fY,, and exogenous shocks A,, Z,, and f follow (B.15), (B.7),
(B.20), respectively; and f, ,, f>, and x; ,, x, ,are supplementary variables introduced for
writing the problem in a recursive form; and A? is a measure of price dispersion across
firms. In total, there are 25 equations in 25 variables:

. ¥ =~ =~
{)\h Cttha Zta Uy 1y Wtalta My wt s fl,t’ f2,ta Wy, }71‘9

p # # 4
Al"Nty At s Ty xl,t7 x2,t, mctth’K[ ) th w; }
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B.3. Defining a Lower Error Bound
Defining Approximation Errors in Variables

The approximation errors in the model’s variables are defined by the following twenty
equations that correspond to the optimality conditions (B.69)—(B.88), respectively:

1
C.(148¢,) —bC,_,
e )
Cii(1+40¢,,) —bCi(1+d¢,)

A(1+38,)=
(B.89)

1
R (14+08r) =+ [X1+X2(u (1+4+6,,) — )] (B.90)

(B.91)

A (146, (1 +7(1 + 60)}

A(1+46,,)=BE =
o r) =B z|: [+ 7145, )

(A48, =a(1+8,)

2
xZ|1-1 L +a,) -1
2\ I,

- T(Z(Hsm ~ 1) 17<1+5h>]
I I

(B.92)

La(1+38,,) 1)

E|\w. i (1+6 V4
+B Z[MI+1( + ;L,Jr]) t+17'< LA+ 6,

5 (111<1+5,m>>2]
I,(1+64,) ’
Mt(l + 6;1.1) = BE, |: (14 SAM) X {ﬁwl(l + 6R,+]) 'ﬁt+1(1 + 6u,+1)

X1 (ﬁt+1(1 + 8u,+1) - 1)
Zl‘+1

(B.93)
+ ’;2 (@ (1 +8,,.,) — )2“

+ (148, )01 —d)}
ew  fri(148;)
w1 (148,)

w,(1+8,,)
Wy (1+8,7)

+¢wB(1+/ﬁt(1+87t))_§w8w(1+7]> (B.95)

Wi (1+8,4) = (B.94)

e ew(14+m) R 1n
fl,z(1+5f1,)=¢< ) [N.(1+6y,)]
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~ ew(14+m)
X Et|:[1 + a1+ 87Tt+1)] !

(@il(l + 6wﬁ_l)>‘9w(1+n)f a4s )j|
X T # 1 o~ < b
@f(l + 8wf) L+1 fiee1

N ( @t(l + Sw;)

Fru(148,)=2A N.(1+6
fz,z( fgt) t @, (1+8wf)> t( Nx)

+¢wB(1+%[(1+8Wt)){W(17£W)

(B.96)
X Et|:(1 + 7 (1 + 87Tt+1))8w_1
®t+l(1+8w+1)>eh }
— I+4 ,
(w,+1(1 +8,2 ) foun fust)
By o (1 8,)' % = (1= $u) (@) (148,90 (B.97)
B.97

+ A+ a0 (1 4+ 7,1+ 8,)) ™ w2,
V(L +8y,) = A(KF) (1 + 84N (1+ 8y) ' [A7] (1 +8,0)7",  (BIS)
A A+6,) =1 +7(1+8,))"
x[A=du)(1+7A+8,4) " (B.99)
+ A+ o) g ,Ar ],

L+7(1+6,)) " == )1 +TFA+6,0) 7 +¢,(1+m )", (B.100)
L+ 7 (14 8,0) = Er S FA+ 6,”));#(1 +8,)(1+8,)7", (B.101)
P 2,t

T (14 8,,) = A (1 4 8,)MC (1 + 8e,) V(1 + 8y,)
+¢,B(1+7(1+8,)) "7 (B.102)
x EJ(1+ T (1+ 8,,)) "R (14 84,,,)],

T (14 8,,) = N (148,) Y, + ¢,B(1+ 7, (1+8,))"" "
} EJ(14 7 (14 8,,))" o (14 8,,.)], (B.103)

w[(l—i_éwr) _ 1_
R(1468;) «a

Wi(1+ 8,,,) = M, (1 + e, (1 — @) A, (KF)"(1 4 8)*N;*(1+ 8y,) ™%, (B.105)

2.Rra + 8 )N (1487, (B.104)

(1 +8,) = (1= pi+ piira

+ (1= p)[da(T(1+8,) — ) (B.106)
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+¢,(InY, +1In(1+8y) —InY, )] + &0,
Y.(148y,)=Ci(1+8¢)+1,(1+8;,)

+G,(1+66) + (i (@ (14 8,) —1) (B.107)
_ K
+ x2(u,(1+8,,) — 1)2)7’,
t
I,(1+6 P
K (14 8k,,,) = Z,[l —~ %(% —~ 1) }I,(l +8,)+ (1 —d)K,,  (B.108)
t—1

where hats on the variables denote their approximated values; fi,, f>, and x;,, x,, are
supplementary variables; A is a measure of price dispersion across firms.

Setting up a Minimization Problem

To construct the lower bound on approximation errors, we minimize the least-squares
criterion for each ¢:

: 2 2 2 2 2 2 2 2 2 2 2

rrgn’éM + 8¢, + 8, + 8, +90, +8, +8, +8, +8;, +8;, +9

wy

+ 55}?

2 2
X1 X mey + 6Kt+1 + 6Gt

+6§,t+8§t+8f<f+6jf+83¢+82 +8 +82
J
2 2 2 2 2 2 2
+ Z[S/\H—l’j + 8Ct+1,j + 8.“t+14,j + 87Tx+1,j + 81t+1,/ +9 T 8f1z+1,j (B.109)

Rij1,j
j=1

+68,  +8, +6& 48 46 ]

far41,j L X1r41,j X241, Uptl

s.t. (B.89)~(B.108),

where x, = {8,,,0,,,,,,.--} is a list of all approximation errors to the corresponding
model’s variables {A;, A1, ...} that appear in the objective function (B.109). Similarly
to the optimal growth model, approximation errors in the current period variables are
defined in a given point of the state space, while approximation errors in future variables
are defined in J integration nodes. Restrictions (B.89)—(B.108) are the optimality condi-
tions (B.69)—(B.88) written in terms of an approximation solution and the corresponding
approximation errors; they are provided in Appendix B.2. Again, using linearized opti-
mality conditions in place of nonlinear optimality conditions leads to a linear-quadratic
programming problem that is more simple to solve numerically and that produces a good
initial guess for the problem with the nonlinear restrictions. A linearization of the opti-
mality conditions (B.69)—(B.88) is shown in Appendix B.4.

B.4. Constructing Approximation Errors Using Linearized Model’s Equations

We construct approximation errors satisfying linearized model’s equations (B.89)-
(B.108).
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Condition (B.89)

Finding a first-order Taylor expansion of equation (B.89) and omitting second-order
terms, we have

0=—8,, - A — 8¢, - {(C, = bC,_1)*C, + bC, - BPE,(Cyy1 — bC)) 2}
] - - -
+ Bb Z wj[(Ct+1,j - th)_ZCtH,j’(SC,HJ] + )\tfR«}-
j=1

For convenience, we introduce the following compact notation:
h'= BbEz(aH—l - bét)iz-

Introducing compact notation, we get

J
1,1 1,3 § : 1,4 1
a”’ '6,\,+6l’ '6C[+ a)jaj 'SC,H’}-_"b =0,

j=1
where
at =,
a"?=—(C,—bC,.))2C, - bC, - I,
a}’4 = Bb(aﬂ,/’ - bat)726’+1’f’
b'=AR!,
with R} being the residual of this FOC, given by (B.110).

Condition (B.90)

By finding a first-order Taylor expansion in errors of condition (B.90), we obtain

P
—8R[ + ng + ]/-2\ 7 XZutau, =0.

11

Introducing compact notation, we get
a*’ - &g, +a** .8, +b* =0,

where

2,7 2.8 _ -~ 2_ P2
a”’=-1, a~® = =—xolU;, b"=R:,

where R? is the residual in equation (B.111).

Condition (B.91)
A first-order Taylor expansion of (B.91) yields

-~

i
8)" :111(1 —{—R?) +Et5)‘t+1 + 1—[{\61} —E,

+ Ly 1 +%H»1

Tl

o

Tr41®
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The latter condition can be rewritten as

J J
3,1 3,2 3,11 3,15 3 _
a '5)‘t+a . E wj5)‘[+1,j+ E wja]- '67t+1,l.+a -Sit—i—b =

j=1 j=1

where

a?a,l = _1’ a3,2 = 1, a3,15 = _

J
311 7Tt+lj 3 3
=— E b>’=In(1+R?}),
= w]1—|-77,+1] ( ’)

with R? being a residual, defined in (B.112).

Condition (B.92)
A first-order Taylor expansion of (B.92) yields

~ 3 Iy 1,
0=—-\+wZ + _EﬁtZﬂ-(Ttl) + Zﬁtzﬂ'i + 3

— A8y,

R I, 3 (1, 1
Z)|21— — = — 116
b [TIH 2 (1, 1) ot ] .
A L\’ 1
+BEt|:</~Lt+IZt+1T( ZIH) 8u,+1Mr+1Zt+1T< t1+1> )'BM,H]
t t

_ 1, LN 0 e
+ W Z| 21— =371 +2hi, —3h;, |6y,
It—l Iz—l

_ I\ I\
+ BE, |:3Ith+1Zt+1T< t;l) _2Mt+1Zt+1T( [IH) 61¢+1j|a

t t

where the following compact notation is used:
~ LY
hi = Bl Zz+17< }H) >

4 -~ It+1 ?
hy =B Ziat .

Introducing compact notation, we have

L8y, +a*- 3,M+Zwa“’ Sy, +a1? 811+Zw,a4” 81, +b* =0,

j=1 j=1

where

4,1

1.
~Z7+ h,

4
- h2z

21
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I, 3 (1 \ 1
W =mZ 21— - = d —r+1
a M t[ TIt_l 2T<It_1 +27+ H

I,

t—1

T 2
a‘hlzsﬁ,z,[z”’ —3T< )]—3h;‘+2hg,
t—1
4_&,13

a;

a4 4
=3m1,]. —2m2,].,

- 3 L\ . I 1._
bt = Ml — ST [ +2I~LtZt7'_t + _,U«tZtT‘i‘h(ll_héz‘:
2 Iy Iy 2

IA1+1,/ )2

+ /) and mz’j = B/.LH_L]'ZH_LI"T( 1,

. 4 o
with my ;= B, j L, j7( T

Condition (B.93)
A first-order Taylor expansion of (B.93) implies

0=RS

. 1
— Z (,()jmil-//\\t_'.l’j [<_ Z
Jj=1

>X2(ut+l,j -1) - Rt+1,jut+1,ji| : 8)w+1,j

t+1,j

-0

e

J
+ Z wj[ﬁt+1(1 —d)- 8:“f+1]

j=1
J
s ~ ~
+ E O)jml,,-/\t+1,th+1,j”t+1,j : SRMJ
j=1
d 1
5 T ~ ~ ~
- E wjml,j/\tﬂ,j((_z >[X1(2ut+1 -1+ Xz”t+1,j(”t+1,j - 1)]
j=1 t+1,j

fn —_~
- Rt+1,jut+1,j> : 8u,+1,ja

where R’ is a residual defined in (B.114), and

SV 1 ~ _ N B
mi]- = |:)\t+1,j<Rt+1,juz+1,j - 7 .|:X1(ut+1,j -1+ %(uﬂrl,j - 1)2]) + Mt+1,j(1 - d)j| .

t+15
Introducing further more compact notation, we have

J J

J J
5,2 5,5 5,6 5,14 5,33 5
§ :aj ’ 8/\x+1»f +a- 8#: + E :aj : 6Mr+1,j + z :aj ’ 8Rt+1,j + § :aj ’ 6“z+1,;‘ +0’ =0,

j=1 j=1 j=1 j=1
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where

—~ 1 ~
5,2 _ 5 o~ o~
a; = —wjml,j/\z+1,j|:<_z X2(Upy1j — 1) - Rz+1,jut+l,j ,
+1,j

a?é = w1,/ (1 —d),

5,14 5N 2y ~

a; =m1’jAt+1,ij+1,jut+1,j,
—~ 1 —~

533 5 ~ ~ ~ ~

a; = _wjml,j/\wrl,j((_ [X1(2ut+l -1+ XU, j(Upy1,j — 1)] - Rt+1,jut+l,j 5
L
5 __ 5
b =R

Condition (B.94)
A first-order Taylor expansion of (B.94) leads us to
8,2 =R+ 8, — b8p,.
Introducing compact notation, we get
a1 5, +a1. 5, +a%. Bup + bS =0,

where

Condition (B.95)
A first-order Taylor expansion of (B.95) implies

0= ﬁtRZ
+hi, 8,
+ Gy B(L+ ) g, (14 1)

~H# ew(1+m)
w o~
~ tem—1{ Win ~
-E[[[l + T 700 <—ﬁ7# ) Sl s T - 87,+1i|

t

— f1.18y,

@# ew(1+m)
= \—{wew(l e w (1 t+1 -
+ ¢,B(1+ ) e +n)Ez|:[1 +74]° ( _H])(F) fl,t+1 : 6f1:+1]

t

ew

T __7d+m
+¢[$%th| (1+n)8w§wt
w[

oY o~ (I+m)

t

+ Sw(l + n)¢wﬁ(1 + ’ﬁl)_§1u€w(1+‘rl)

23
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« E,[[l + %[+]]sw(1+77)(@:il)ew(lJrﬂ)(@f)78w(1+71)ﬁ,t+1 . 5"4,;1]

~ew

T . (14m)
+¢/|:$%th| (1+n)6N,9
w[

where R denotes a residual (B.116) , and where
b, = =Lwew(1+ M7, - o B+ 7)) wenrm=t. Et[[l + ’TEH]“”(H”)(

7
h2t

—eu(1+m) ¢, B(1 + 7)o E, [[1 + A ] (%&1

t

Using compact notation, we get

@# ) ew(14+m) R

—~F
wt

J J
7,10 7,11 7,16 7,17 7,20
a : 87’” + Z aj ' 877t+1sf +a : 5f1t + z :(l]- : 6f1t+1 +a ’ 811):

j=1 j=1

4a"P .8y, + b =0,
sJ

t+1

J
7,21 7,22
+a -5w;¢+2 a; -3w#
j=1

where
617’10 _gwgw(l + 7’)/77\-! - ¢w(1 + %t)7§w8W(1+n)7l

~# ew(1+m)
s marro (Te) )
t t+1 o 1,0+1 |»

t

7,11

T = B+ ) g, (14 )

@# L ew(1+m) ~
-~ ew(l+m)—1 t+1,j ~
: wj|:[1 + 7Tt+1,j] Y (—1’1)\# fl,t+1,j CTirl,j | s

t

a7,16 _f],t,

@# L ew(1+m)
7 _ ~\- 1 -~ 1 t+1,j -
ml’j = wj¢w(1 +77) Lwew( +n)ﬂ|:[1 + 7Tt+l,j]gw( +n)(F) f1,1+1,j

t

ew

(14+n)
w ~
717 _ 7 7 _ t 7,20 __ 1,7
a; =my, hlztp[@#ngt} 1+n), a" = h;
t

* Ey,

~# €w(1+7]>
w ~
7 =\ Sweu 1 o W 1 +1
h] = ¢, (14 7,) bwen +*“BE,[[l + A [T (—A# ) fl,t+1:|,

t

7,22

a?'=—hl-g,—hl-e,(1+1), a;

= wjmf’j -e,(1+7m

723 _ 1,7 7 _ F 65
a =h1, b :thRt .

)

~# ew(1+m)
Wiy ) a

]

frm

I
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Condition (B.96)
A first-order Taylor expansion of (B.96) is

0= Etnf

—~ @Ew ~
+ )\t Nz : 6)\,

t
~#e
wt w

~# Ew
- - —& — - Ew— w -~
+ (1 — &) - by, B(L + 77w o) 1~Et[[1+m] 1(@—#1) fz”“]a’”
t

~#

PR e R o w swA R
+ ¢uB(1+ 77:){“)(1 v (e, —1) 'E’|:[1 + Tl 2<ﬁ;—;) f2,t+l C T4 5m+1i|

t

— [2.18p,
,I’D# fw
+ ¢u,B(1+ %t)&“(ls"])Et[[l + /77\'t+1]£1”1( ﬂ\;;l) Joist 6f21+1:|
t

—~ W ~
t
+ At ~#e Ntsw : 6wt
w; v

~ ~#* £w
~ W ~ w -~
—~ w 1— w —~ w_l 1
- |:8wAZ w#}iaw Nl + 8wd’wB(1 + 7Tz)£ (=e )Et<[1 + 7Tt+l]8 ( L/Dt; ) f2,t+1)j| : 811)?
t

t

+ eubuB+F) W E L4+ Fo 1™ (@F,) " (@F) " ot - Sug ]

ew

~ W ~
t
+At,\#8 Nt'an
wt v

where R? denotes a residual (B.117). Introducing new notation, we can rewrite the last
equations as

J J
8,1 8,10 2 : 8,11 8,18 2 : 8,19 8,20
a: - 6/\1 +a : 8771 + aj : 87Tt+lsf +a : 8f2t + aj ’ 6f2t+1,j +a : awt

j=1 j=1

J
8,21 8,22 8,23 8 _
+a 8, + E a; 6“’f+1,,-+a oy, +b°=0,

j=1

where
8§ _ 7y " 8,1 8 8,18 r 8,20 8
— t gd_ A8 20
hi = A’@#ewN” a>' = hi, a*®=—f,, a** =h}-e,,
t

Q
1

H# Ew
~ ~ —ey)— ~ et W =~
810 = gw(l - 811))771 : d)w(l + '77-t)£w(1 vt BEI[[l + 7Tt+1] ’ l( l/lé;l) f2,t+1i| ’

t

~ w
w —~
8,11 __ -~ y(1—g -~ cw—2 +1 -~
a; = wj(l')w(l + 7Tt)§"( ). (g, — 1) ,BE;|:[1 + 7Tt+1,j]gw ( 1’1\3# ) f2,1+1,j : 7Tt+1,j:|,

t
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w# Ew
8 w(l—ey w—1 [ L Iy
m; = ¢, (1+ 7)) s’)B[[l—}—mH/]g ( oF ) f2,t+1,jj|’

t

821 _ 18 8
a>" =—hj,-e,—h;-&,,

~# Ew
—~ e ~ a1 W -~
hg =¢,(1+ Wz)gw(l ). BE;([l + Tl 1( a;f) f2,t+1)7

t

8,22 8 823 _ 18 8 _ 7 38
a;” = om; - ey, a = = hj, b°=£.R;.

Condition (B.97)
A first-order Taylor expansion of (B.97) leads to

DR 4 (1= ) - 8, = (1= ) (1 — &) (@F) "8,
+ (1+7T 1){11/(1 Sw)(;b wl 311/(81” 1)%t(1 _,’_%t)ew—z . 8.“-”

where R is a residual of this equation, defined in (B.118). After introducing more com-
pact notation, we obtain

910 5 _|_a920 8 _|_a921 S # +b9

U}
where

a9,20 — _(1 _ 8w)w1 Sw,

a9,20 — _(1 _ 8w)w1 ew,

M= (1= $u)(1—en) (@),
IOE(1+7T ){w(l aw)(bw 1- gw(é‘w—l)ﬁ,(l—f—ﬂ)gw_z
b= @R
Condition (B.98)
A first-order Taylor expansion of (B.98) is
(1 —a)dy, — 8y, +adys — 6,0 + R} =0,
where the residual of this equation, R}°, is defined in (B.119). We rewrite it as
a8y, + a8y, +a'"> - Ox# + a'™. dar + b =0,
where
a%* =1, a"% =q, a®P=1-aq, a'%%* =1, b = ln(l +R})°).

Condition (B.99)
A Taylor expansion of equation (B.99) is

1 ~ & _te -1
Sl,mﬂ 6 SAP_[(1_¢W ( 7T ) p+(1+77t—1) & p(;prtp_l]

xe,(1— ) (1+77) "7 6,4 + R =
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where R!! is the residual (B.120) of this equation. In terms of new notation, this becomes
a5, +a't. SAf 4+ g7, Sﬂt# +p1 =0,

where

1
b0 = ¢ _7, al® = _1,

R )
alth? = _[(1 . d)w)(l n %t#)—ep L1+ Wt_l)*lpSp(;pr{il]_lgp(l — ¢w)(1 + ’ﬁ-t#)—Sp—l%:#,
bll — Rll
=R,
Condition (B.100)
An expansion of (B.100) is
~A =) A+ T) T 80 + A+ T) " RE+ A=) (L) (1+7) "7 -8, =0,
with R!? being a residual (B.121). We rewrite this equation as follows:
a12,10 . 6,,-1 + a12,27 . 8,”;# + b12 — 0’
where
a0 =—(1-e,)(L+7) "7,
a7 =(1-¢,)1—e)(1+7) "7},
b =1 +m) "R
Condition (B.101)
A first-order Taylor expansion of (B.101) implies

™ o

_ t
1+7 " 147

8'17';‘@’é + let - 8x2t + RZH = 07

with R being this equation’s residual that is defined in (B.122); this yields

al3,10 . 8,,,, + al3,27 . 671,’# + a13,28 . ax” + a13,29 . 6)(2, + b13 =O,
where
@ ay
t
1310 = _, a3 = _ tA# ’ ¥ =1,
1+, 14+,

a>? =1, b = ln(l + R}S)

Condition (B.102)
A Taylor expansion of (B.102) is

R8s, = R3'R1, + AMC, Y,[8), + Spme, + Sy,
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- gpgpd’pﬁ(l + %t)_gpSp_l%tEt[(l + %z+1)gp5€\1,z+1] -8,
+ ¢p,8(1 + /ﬁt)igpgpspEt[(l + %t+1)6p7]%t+1/x\l,t+l : 877,+1]
+¢,B(1+ %t)fgps”Ez[(l + )P X g Sx““],

with R being a residual (B.123). In compact notation, it becomes

J
14,1 14,10 14,11 14,24 14,28
a™ -8, +a 8.+ E a -SWHM—l—a -8y, +a -8

X1t

j=1
7
14,30 14,34 14 _
+ § :aj : 8)61&14 +a : 8mCt +b" =
j=1
where
h'* = A,me,Y,, a*l=h,
14,10 _ ~ - 1~ ~ -~
a = _gpspd)p(l + ) trep Wt,BEz[(l + 7Tt+1)£px1,t+1:|7
14,11 _ o~ ~ i~ o~
a; = wj¢p(1 + ) {pSpng[(l + T j)ap 7Tl+1,jx],t+1,j]7
g+ = h14, g4 h14 a4 _xl .

a* = wjd,(1+ Wr)_{”s”ﬁ[(l + Ti,))° pxl,t+1,j],
b Rl4x1t

Condition (B.103)
A first-order Taylor expansion of (B.103) implies

F0i8yy, = REFs, + A, Y,8,, + A, Y, 8y,
+ (=8¢, BA+ 7)) P FE[(14+F1) R 1] - 8,
+ ¢,BA+ 7)) (e, = DE[(1 4+ Tr) " 7 Fi1Xa, 41+ 8y |
+ ¢,BA+ 7)) P E[(1+ Ti1)™ ' Tag1 - Oxyyy )

where R} is the residual introduced in (B.124). Rearranging the terms and using new
notation, we have

T
15,1 15,10 15,11 15,29 15,31 15
a™ o), +a '5”f+§:aj '67":+1/+a 8X2r+§ :a ) x2z+1,+b
j=1 Jj=1

where
a*' =Y,
a®>P=,(1-¢e)¢,A+7)r P FBE[(1+ Tr) a1 ],

ajls e ]d)p(l 47 ){,,(1 gll)(s - I)B[(l + 7Tt+1 ]) P 7Tt+] ]xz +1, ;]
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1524 _ YV 1529 =~
a>"=\Y, a>” ==Xy,
15,31 __ ~ - ~ RPN
a, = wjd)p(l + ﬂ.t){,,( gp)ﬁ[(l + 7Tt+1,j)£p x2,z+1,j],
15 _ 5=
b = Rt xz,,.

Condition (B.104)
A first-order Taylor expansion of (B.104) leads to

t

8R - 8wt - 81\][ + 8K[# +Rtl6 :0,
where R1° is the residual of the equation; see (B.125). In terms of coefficients, we get
al®7 . Sk, + q!6:20 . S0, + al62 . Sn, + ql625 . 51([# + b =0,

where

16,23 _ _1, a16,25 — 1, b16 — R}6

Condition (B.105)
A first-order Taylor expansion of (B.105) is

17,20 17,23 17,25 17,34 17
a"" -8, +a""og +a” -SKf%—a P Be, + b =0,

where R7 is the residual in (B.126), and

1720 _ 1 17,23 _ 17,25 _
=-1, = =

a a —a, a a, a"M =1, b =In(1+R}).

Condition (B.106)
A Taylor expansion of (B.106) is

08i, = (1= p) oy 8+ (1= p) by - By, + R},
where R® is the residual in (B.127). In compact notation, we get
a5 4S8, 4 aSM. s, 4 =0
where

a18,10 = (1 - pi)(;bﬂ'%t:

18,15 &
= _lt,

a
a* = (1= p)dy,

b = RIS,

29
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Condition (B.107)
A first-order Taylor expansion of (B.107) leads to

K,
+2x2(U; — 1) Z: Us - Suy»

~ ~ =~ -~ ~ K,
Yt8Y, = R§6Yt + Ct8C; + It‘slt + GtSG, + Xluzﬁuz Z,

Introducing compact notation, we get
al%3. Sc, + al98. S, + ql%12. S, + al%2 . Sy, + 6119’3656t + b =0,
where

a19,3 — Cla

K
a = x i, = +2x, (1, — =1,
X1 tZz+ X2 (U )Zz t

a19,12 — It’ a19,24 — _Yt’ a19,36 — Gt’ b19 — R}9}7[’

with R} being the residual defined in (B.128).

Condition (B.108)
An expansion of (B.108) is

5K,+1 +1 — R Kz+l

+Z T1A1+17Tf1275
W\~ )1 2\1, oo

where R? is the residual (B.129); introducing compact notation, we get

20,12 20,35 20
a -51t—|—a '8K[+1+b =0,

1, 1 1~ (1 7.
012 71— d |1 1—— 1) |1
“ {[ T(I,_l 7 i A VA a5

2035 17 20 _ 2077
a =—K.1, b = Rt K.

where

B.5. Defining Residuals in Equations

The unit-free residuals are defined by the following twenty equations that correspond

to the optimality conditions (B.69)—(B.88), respectively:

1 1 1
ALC —bC,y Ciy1 —bC,
1 ~
R = = [xi +x2(, — 1) —1] -1, (B.111)
4t

1 -~ ~
R?:;\TﬁEt[’)\\tﬂ (I+i) - (1 +75) 1] -1, (B.112)
t
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1 I, 2 I 1,
RjzA_{ﬁ,Z{l—Z<A—’—1> —T<—’—1> }
)\[ 2 1[—1 It 1 I[ 1

- - (B.113)
+ BE; |:/Jvt+lzz+l7'(il - 1)( t+1) ]} -1,
1, 1,
1 ~ —~
Rf = z ﬁE |:/\t+l (Rt+1 Uiy — 7 [Xl(”zﬂ -1)+ %(utﬂ — 1)2]>
t +1
(B.114)
+ ﬁ1+1(1 - d)} - 17
1 —~
Ro= L _fu Ju_y (B.115)
wt Ew — 1 fz,t
A\ ew(l+n)
rRi-=o(5) m
hual A (B.116)
R R w# éw(lJFTI)A )
+ d)wﬁ(l _|_ W[)*{w«’i‘wﬂ*’ﬂ)Et [[1 + 7T[+1]-‘3w(1+77) (wt_‘;l) fl,H—l} } —_
t
1 W\~
Ri=2 {/\ (A_#) N
2,t z
o (B.117)
. . w U7A
+ ¢,B(1+ 7Tt)§w<18w)Et|:(1 + 77't+1)8w71 <A:1> f2,t+1:| } -1,
t+1
1 .. 1—ey
R) = W{(l — ) (W])
’ (B.118)
+ (1 + T 1)(117(1 “'w)(l + 7T )Ew 1¢w 1- Ew} _ 1’
RY = 17A( A NIe[Ar] T -, (B.119)

t

1 — P
R} = (1+7)7[A =) (1+7) 7+ A+ m)r7¢,47,] =1, (B120)
t

1 e
R’ = W[ (1= )(1+7) 7+, +m )"0 =P] =1, (B.121)
1 xlt
RE — L+ 7) 2 -1, B.122
! 1 + 7T ( &y X2t ( )
1~ = ~ U
R}4 = }\_{)\thzYz +¢,B(1+ Wt)igpsﬂEt[(l + 7Tt+1)€px1,t+1]} -1, (B.123)
1,¢
1~ _ - ~
R = = (A V4 6,80+ F)* P E[(1 4 B Fo]} - 1, (B.124)
2,t
Rl-—a -~,~
Re= L% R*N-' -1, (B.125)
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1 TSH\
RY = e, (1 — ) A,(K¥)" Ny — 1, (B.126)
W

1 ) :
R =7.—{(1 — p)i+ piliy
t

R (B.127)
+(1- Pi)[ﬁbw(%z - 77*) +¢,(InY, —In Yz—l)] + 8:‘,1} -1,
1T ~ =~ N N K

’R}g = ?[Ct +1,+G, + (Xl(ut -1+ xo(u, — 1)2)7{| -1, (B.128)
t t
1 /1 2

0~ dzl1-(—L-1) |[L+0-dK,} -1. B.12
R: K{ [ z(a_l )] (- d) } (B.129)

B.6. Details of Numerical Analysis

We describe the calibration and solution procedures, and we outline the numerical re-
sults.

B.6.1. Calibration and Solution Procedures
We split the parameters of the model into two sets: we calibrate the parameters
{ew, gp, 08, T, a, X2, ¥, B, d}
to the standard values in the literature, and we fix the remaining parameters
{Pis Pas P2 Pg> Ty Teis Oy Togs by oy by L £ M5 Ty by )

in line with the estimates obtained in Sims (2014) for the U.S. economy. Finally, param-
eter y; is calculated as 1/8 — (1 — &) (which is obtained under a normalization of u, to
unity in the steady state). Table SII summarizes our benchmark parameter choice.

TABLE SII
BENCHMARK PARAMETERIZATION OF THE NEW KEYNESIAN MODEL

Parameters in the Processes for Shocks Estimated From the U.S. Economy Data

pa pi pz pg aq a; oz og 8

Values 0.99 0.79 0.90 0.96 0.0074 0.0013 0.0091 0.0038 0.2

Other Parameters Estimated From the U.S. Economy Data

b d’y dw ¢p {w {p n b T

Values 1.35 0.32 0.43 0.71 0.38 0.03 1.23 0.72 1.87

Parameters Calibrated to the U.S. Economy Data

Ew €p ™ a X1 X2 [ B d

Values 10 10 0 1/3 0.0351 0.01 2 0.99 0.025
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We evaluate the accuracy of perturbation solutions on a stochastic simulation of 10,200
observations (the first 200 observations were discarded to eliminate the effect of the ini-
tial conditions). The Dynare’s representation of the state space includes the current en-
dogenous state variables {m, 1, w, 1, C,_1, 1,1, N,_1, Y1, AP |, i, 1, K/}, the past exoge-
nous state variables {4, 1, Z, i, ®% |}, and the current disturbances {&,,, &/, €., Eg.1)-
We use a Dynare’s option of pruning for simulating a second-order perturbation solution.
To compute conditional expectations, we use a monomial integration rule with J = 2N
nodes, where N = 4 is the number of exogenous shocks. This rule delivers very accurate
approximation to expectation functions (up to six accuracy digits) in the context of real
business-cycle models (see Judd, Maliar, and Maliar (2011), for a detailed description of
this rule).

B.6.2. Numerical Results on the Lower Error Bound

We report the size of approximation errors in Table SIII. For a future variable x,,; ; €
{Oh11.» Oc, g .}, statistics reported in columns L; and L., are the mean and maximum
of ¢-period absolute values of approximation errors in that variable across J = 8 integra-
tion nodes, that is, } Z;:l Oy, o and max;e; 0, e respectively. We consider three alterna-
tive parameterizations. The first parameterization corresponds to the benchmark values
of the parameters in Table SII. The second parameterization considers the benchmark
values for all the parameters, except of 7*, which is set to 0.02. In the final parameteri-
zation, we decrease the values of ¢, and ¢, relative to the benchmark parameterization;
namely, &, and ¢, are set to 5.

Under Parameterization 1, we got a lower bound on approximation errors of order
10%" &~ 129%, which corresponds to an approximation error in 7,. Parameterization 2
produces a similar size of approximation errors (but the biggest approximation error is
obtained in variable 7). Under Parameterization 3, the lower error bound for PER2
reaches 107" ~ 37%, which corresponds to an approximation error in N,. Overall, as it
follows from Table SII, for the studied new Keynesian model, such variables are inflation
variables 7, and 77, investment variables I,, i,, and u,, as well as price dispersion A? and
labor variable N,.

B.6.3. Analysis of Residuals in the New Keynesian Model

In Appendix B.3, we listed twenty equations (B.110)—(B.129) that define unit-free resid-
uals R}, ..., R¥ corresponding to the twenty FOCs (B.69)—(B.88) of the new Keynesian
model. We evaluate the accuracy of perturbation solutions on the same set of simulated
points as the one used for constructing the approximation errors.

We report the residuals in Table SIV. If we exclude from consideration residuals R,
R, RE, and R!® in equations (B.79)—(B.81) and (B.86), the remaining residuals are
quite low; for example, under Parameterization 1, the maximum residuals would be
10745 ~ 0.0028% for a PER2 solution. However, the residuals are enormous if we take
into account these four residuals R!', R!?, R, and R!¥, namely, the maximum residual
is 107%% ~ 54%.

The analysis of residuals also provides us with some insight into which variables are
approximated inaccurately. For example, equation (B.80) contains only current and past
inflation measures and definition (B.120) of residual R}? indicates that the inflation vari-
ables 77, and 77 are approximated poorly (either one or the other or both):

1-¢p

RP— — L _[(1—g¢,)(147)

0T 1+ ’ﬁl)l_sr) + ({bp(l + 77't—l)g‘”(ligp)] - 1. (B.130)
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TABLE SIII
APPROXIMATION ERRORS IN THE CURRENT AND FUTURE VARIABLES IN THE NEW KEYNESIAN MODEL*?

Parameterization 1 Parameterization 2 Parameterization 3
PER1 PER2 PER1 PER2 PER1 PER2
Ly Lo Ly Loo Ly Lo Ly Lo Ly Loo Ly Lo
Oy, -3.00 -3.00 -3.00 -3.00 -3.00 -3.00 -3.00 -3.00 -3.00 -3.00 -3.00 -3.00
O, —3.15 =279 -319 -281 -231 -2.09 -231 -2.09 -321 =279 -325 -281
dc, -225 -199 -225 -198 -332 -2.63 -325 -258 -213 -1.84 -2.13 -1.83
dc,,; —18 -—156 -1.84 -156 -295 -2.24 -2.89 -220 -1.78 -—1.47 1.78 —1.47

-1.47 -141 -147 -141 -150 -147 -149 -146 -138 -131 -137 -131
-138 -132 -138 —-132 -144 -141 -144 -140 -135 -128 -135 -1.28

i1,

SRII -133 -1.09 -133 -1.09 -2.16 -1.69 -2.12 -1.67 -140 -1.13 -140 -1.13
Oy, -0.79 -0.55 -0.78 -0.54 -1.62 -114 -157 -112 -085 -059 -0.85 -0.58
O 0.07 0.30 —-0.05 011 -187 -187 -1.86 -1.86 -0.04 -0.03 -0.04 -0.04
Onpy —5.07 —404 -512 —-404 -333 -3.05 -340 -3.10 -541 —-437 -540 -4.38
oy, -034 -033 -034 -033 -033 -033 -033 -033 -0.34 -034 -034 -0.34
o,,; —145 -135 -145 -135 -154 -147 -154 -147 -147 -136 -1.47 -1.36
Ry, —3.66 =359 -3.66 -3.59 -375 -371 -376 -372 -3.69 -3.62 -3.69 -3.62
5, -0.78 -0.59 -0.78 -0.59 -0.70 -0.51 -0.69 -0.50 -0.80 -0.59 -0.80 —0.59
df, -1.58 -150 -1.58 -149 -136 -131 -136 -132 -132 -123 -132 -1.23
B, —291 —278 291 -278 -2.44 -232 -245 -232 -277 265 -277 -2.65
O, —-2.04 -195 -2.03 -194 -151 -147 -153 -148 -1.75 -1.65 —-1.75 -—1.65
fuenj —2.51 =240 -251 -240 -213 -2.05 -2.14 -2.05 -2.28 -2.18 -2.28 -2.18
O, -297 -2.88 -296 -2.87 -3.05 -3.01 -3.04 -3.00 -237 -228 -236 -—-2.28
Oy -1.77 -1.69 -1.77 -1.69 -1.88 -1.83 —-1.87 -1.82 -152 -143 -152 -143
Swﬁl . —-242 =220 -242 -220 -217 -1.77 =217 -1.75 =215 -2.03 -2.15 -2.03
On, —-0.48 -0.40 -0.48 -0.40 -0.59 -0.54 -0.59 -054 -052 -043 -052 —-0.43
Oy, -159 -1.05 -159 -1.05 -1.04 -093 -1.04 -093 -1.61 -1.06 -1.61 -1.06
Sy —-0.54 -049 -0.54 -049 -0.60 -0.57 -0.60 -0.57 -0.57 -0.52 -0.57 -0.52
Oap —-0.47 -047 -047 -047 -046 -046 -046 -046 -050 -050 -0.50 —-0.50
8.4 —-0.66 -021 -0.31 -0.14 0.10 0.10 0.10 010 -033 -0.32 -0.32 -0.31
Oy, -229 -1.60 -233 -1.61 -1.82 -1.72 -191 -1.78 -233 —-1.62 -234 -—-1.62
Oy, -3.02 -3.01 -3.57 -355 -273 -272 -384 -379 -338 -337 -3.63 -3.61
Oyy; —3.34 -2.63 -338 -2.65 -2.88 -273 -296 -279 -339 -2.66 -3.40 -2.67
Oxpp, —412 —4.09 —-4.67 —4.63 -3.80 -376 —491 -—-4.82 -—-453 —-451 -478 -—475
Ou41,j —5.64 =527 563 517 -5.62 -536 —-550 513 -5.69 -532 568 523
Ome, -1.79 -156 -1.79 -1.55 -254 -212 -250 -211 -1.79 -155 -1.79 -1.55
Ok, —1.94 -193 -194 -193 -1.94 -193 -194 -193 -195 -194 -195 -1.94
8¢, -099 -0.72 -098 -0.71 -2.12 -143 -2.07 -139 -1.00 -0.70 —-1.00 —-0.70

4Notes: Parameterization 1 corresponds to our benchmark parameter choice summarized in Table SII. Parameterization 2 changes
the inflation target parameter 7* to 0.02. Parameterization 3 assumes that &y, ) are equal to 5. PER1 and PER2 denote the first- and
second-order perturbation solutions. L1 and Lo are, respectively, the average and maximum of absolute values of the corresponding
approximation errors across test points (in log10 units) on a stochastic simulation of 10,000 observations. For a future variable x; 1 ;,
statistics reported in columns L1 and Lo are the mean and maximum of ¢-period absolute values of approximation errors in that

. Y . 1T . .
variable across J =8 integration nodes, that is, 7 Zj:l SXHLJ' and max;cy 5"t+1,j’ respectively.

However, in general, the model’s equations are complex and it is difficult to see which
variables are approximated poorly by looking at the size of residuals. In this respect, our
lower-bound error analysis has more sharp implications.

Finally, our analysis of residuals shows that for more nonlinear models, like our new
Keynesian model, a specific way of constructing the residuals might be critical for the
results. For example, consider the residual R}* given in (B.130); the mean of R}* for
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TABLE SIV
RESIDUALS IN THE EQUILIBRIUM CONDITIONS OF THE NEW KEYNESIAN MODEL?

Parameterization 1 Parameterization 2 Parameterization 3

PER1 PER2 PER1 PER2 PER1 PER2

Ly Loo Ly Loo Ly Loo Ly Loo Ly Loo Ly Loo

R' -386 -3.86 -558 -543 -3.88 -388 —449 -445 -388 -3.88 -575 -558
R* -753 —-637 -6.11 -596 -7.61 -641 -510 -5.05 -7.56 —6.44 —6.20 —6.06
R® —453 —453 -712 -687 -454 454 -530 -526 -—4.54 —-454 -734 -7.07
R* 329 -329 -626 -559 -349 -349 -516 -5.01 -335 -335 -643 -576
RS —4.60 -460 -6.67 -658 —4.64 —4.64 -502 —-497 -459 -459 -6.77 —6.65
R® -16.04 —15.35 —15.98 —1535 —-15.97 —1535 -1590 —15.18 —15.88 —15.35 —15.90 —15.18
R -290 -290 -4.67 -455 -233 -233 —403 -398 -3.18 -3.18 -537 -5.18
R® 365 -3.65 -536 -528 -3.17 -3.17 -427 -423 -394 -394 -6.03 -581
R -757 -637 -637 -576 -736 -6.12 —4.68 -450 -824 -7.03 -6.27 -596
R -15.76 —15.05 —15.78 —15.05 —15.54 —15.05 —15.70 —15.05 —15.86 —15.18 —15.79 —15.05
RY -054 -054 -0.54 -054 -053 -0.53 -053 -0.53 -0.55 -055 -0.55 -0.55
R? -054 -054 -054 -054 -0.81 -0.81 -0.80 -0.80 -0.66 -0.66 -0.66 —0.66
R® -030 -030 -0.30 -030 -032 -032 -032 -0.32 -032 -032 -0.32 -032
R% -301 -3.01 -5.63 -520 -259 -259 -511 -4.65 -338 -338 -5.86 —5.55
R® 313 -3.13 -578 -534 -274 -273 -560 -495 -3.60 -3.60 -5.98 -5.70
RY% —15.61 —14.95 —15.41 —14.78 —15.64 —15.00 —15.42 —14.75 —15.59 —14.91 —15.46 —14.81
RY7 -1586 —15.18 —15.80 —15.05 —15.67 —15.05 —15.78 —15.05 —15.85 —15.18 —15.05 —15.05
R® -100 -028 -0.99 -027 -148 -0.75 -147 -0.75 -148 -0.75 -0.75 -0.75
RY -683 —-6.12 -630 -596 -7.34 -645 -575 -550 -5.66 -556 -5.51 -551
R*® -804 -688 -818 -7.51 -831 -7.12 -862 -792 -8.06 -691 -7.38 -7.38

aNotes: Parameterization 1 corresponds to our benchmark parameter choice summarized in Table SII. Parameterization 2 changes
the inflation target parameter 7* to 0.02. Parameterization 3 assumes that sy, &p are equal to 5. PER1 and PER2 denote the first-
and second-order perturbation solutions; L1 and L are, respectively, the average and maximum of absolute values of residuals in
the model’s equations across optimality condition and test points (in log10 units) on a stochastic simulation of 10,000 observations.

the PER1 method is equal to —0.5385; see Table SIV. Consider another expression for a
unit-free residual in the same equation (B.80):

_ 1) 1+7) "7 + ¢, (1 +m,_)»0=0]" ™0 1
R:z _ [(1—9¢,)(1+7]) ¢p(1+ 1) ] —1. (B.131)

ey

The mean residual ﬁ:z of PER1 is now equal to 4.145, which is huge (and the maximum
residual is even larger)! It is easy to see why our benchmark representation R}? leads to

much smaller residuals than the alternative representation ﬁ:zz in the former case, the
residual is evaluated relative to the denominator (1 4 7,)!~*» &~ 1, while in the latter case,
it is evaluated relative to 7, ~ 0. We find that the residuals R!' and R}® in equations
(B.79) and (B.81), respectively, also significantly depend on a specific way in which they
are represented. Hence, to make meaningful qualitative inferences about accuracy from
the analysis of residuals, it is important to take into account the size of variables with
respect to which residuals are evaluated. In turn, our lower error bounds are not subject
to this shortcoming: they are independent of the way in which the model’s equations are
written.
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