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APPENDIX A: PLANNER’S PROBLEM

PROOF OF PROPOSITION 1: THE PLANNER’S PROBLEM IS TO CHOOSE a nonnegative se-
quence

oo

{tha yees (Xies hit)ie{B,C,P}}l:O

that maximizes

> pluter—om+ X [t - ml.
=0 i{B,C,P}
S.t. Yor < ypi and Z (-xit — hit) = E(YPI — }’Cz)-

ie{B,C,P}
The first-order necessary and sufficient conditions for optimization are u'(yc,) = x and

v'(x;) = 1, so the planner’s solution is yc, = y*, yp, = y*, and x;, = h;, = x* for all i €
{B, C, P} and all ¢. QO.E.D.

APPENDIX B: NONMONETARY ECONOMY

The following remark will be useful in the characterization of equilibrium.

REMARK 1: For i € {B, C, P}, the second-subperiod value functions can be written as

m

. a _
Wi af) = %t a4 7, )
Pt
1i ’Ttm * * i m a?j—l
W)= "l +v(x") —x" + max | BV, (ar},) — ) (40)
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2 R.LAGOS AND S. ZHANG

For what follows, it is useful to introduce the following notation. For any z € R, define
the correspondences »: R =R and ¢ : R = [0, 1] by*®

=00 if z<0, =1 if0 <z,
7z €[0,00] ifz=0, and {;q1€[0,1] ifz=0,
=0 if 0 < z, =0 if z<0.

Let ¢ denote the relative price of good 1 in terms of the bond in the first subperiod
of period ¢. The following lemma characterizes the first-subperiod outcomes in a non-
monetary economy taking the price path {7}, as given. The unique price path and con-
sumption/production allocation of good 1 consistent with equilibrium are characterized
in Proposition 2. Given this price path and allocation, the rest of the equilibrium is given
by Lemma 1.

LEMMA 1: Consider the first subperiod of period t of an economy with no money. (i) The
solution to the banker’s portfolio problem (i.e., (5)) is a%, = 0. (ii) A consumer’s trade (i.e.,
the solution to (6)) is yc, = D(¢") and a%., = —¢"D(¢"). (iil) The post-production trade of
a producer who carries inventory y, and does not contact a banker (i.e., (7)) is yp,(y,) = 0.
The post-production trade of a producer who carries inventory y, and contacts a banker (i.e.,
the solution to (8)) is yp(y:) = Lep-0 > Ap(¥:) = @1 Fre(¥), and kp.(y:) = (1 — 0) (e} —
K)Yp(y:). (iv) A producer’s pretrade production is yp, = »—gn (1)), Where

R'(¢}) =k + ab(@] — k) {ers)- (41)

PROOF OF LEMMA 1: Consider a nonmonetary economy, that is, M, = 0 for all ¢. With
slight abuse, we keep the notation for the value functions of the monetary economy, but
simply omit an agent’s money holding as an argument in the relevant functions. For ex-
ample, (39) becomes

Wi(af) = af + W/, (42)
where W = v(x*) — x* + BV, . (i) Problem (5) becomes

WP (af) =maxWp(af +20) st @’ <0,

a;eR
With (42), we have a, = argmax . a; = 0. (ii) With (42), problem (6) becomes

max [u(y)+al+ W] st @'y +al <0,

Gr.af)eRy xR

and the solution is jc, = D(¢?) and a2, = —¢'D(¢"). So the gain from trade to the con-
sumer is

fCt =u(yc,) + Ellét = u(D((P?)) - gDZ’D((‘D?)'

Below, we use the variants ¢ (zy and Z(Z) to denote correspondences with 7 ) = ¢ (z) = {(z) for all z #0, but
possibly £, o # Z(o) # {()- Similarly, the variants (it Hiew,c.py and %{Z), denote correspondences with iy =
#{, =@ forall z#0and all i € {B, C, P} and ¢ € T, but possibly sy, # 5 # >, # ) for some t € T
and i, j € {B, C, P} with i # j.
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(iii) (a) With (42), condition (7) implies jp(y,) = argmaxj,co, W/ [(y — J)k] =
argmaxg, co,y,; (v: — y.)k = 0. (b) With (42), problem (6) becomes

~b =\071-0
max (at —k, —ﬁy,) k™%
(1.k1,a2)eR2 xR

s.t. ab <oy,
Y <y,
Oféf_k[_ﬁ)_}[.

The solution is a5,(y;) = ¢"yp(y,) and kp,(y,) = (1 — 6) (¢ — K)yr:(31), With

0 if o} <k,
yei(y) 1 €10, 3] if @] =k,
e if k < ¢].

So the gain from trade to the producer is
[p = ap (y)) = kpi () — &9pi (1)
= 0(¢] — &) p(1)-
(iv) After substituting the bargaining outcomes, (11) becomes

VzP = max[R”(go’:)yt — Ky + VV,P(O)],

yieR4

where R"(¢7) as defined in (41). Hence, an individual producer produces
yre = arg max[R"(¢}) — ]y,
units of good 1 at the beginning of the first subperiod. Q.E.D.
PROOF OF PROPOSITION 2: Part (iv) of Lemma 1 implies
yre = argmax[R"(]) — ]y = Y(¢)),
so R"(¢) — k <0, or equivalently,

1—ab
af

(k- K) (43)

¢ <¢"=k+

is a necessary condition for equilibrium. Hence the solution to the producer’s beginning-
of-period production decision is

=0 if o <",

) e[0,00) if " =", (44)

Y(o)

Lemma 1 also implies Yo =0, Yo, = D(¢), and Yy, = alen_nY(@)). Given (44), and
since k < @", we can write Yp, = aY(¢!). Thus, the market-clearing condition for the
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goods market can be written as X (¢”) =0, where
Xp(¢7) =D(e7) —av(er). (45)

For all ¢! € [0, ¢"), 0 < Xp(¢,), so equilibrium requires ¢" < ¢/, which together with the
necessary condition (43), implies ¢" = ¢’ = ¢" must hold in any equilibrium. From part
(ii) of Lemma 1, y¢, satisfies v’ (yc;) = ¢” (the solution is strictly positive since ¢" < u/(0)),
and from the market-clearing condition for good 1, yp, = y¢, /. O.E.D.

APPENDIX C: MONETARY ECONOMY

The following lemma characterizes the first-subperiod outcomes in a monetary econ-
omy.

LEMMA 2: Let ¢, = (1 + p,)¢!". Consider the first subperiod of period t of an economy
with money. In each case, focus on an agent who enters the period with money holding a?". (i)
The solution to the banker’s portfolio problem, (i.e., (5)), is gy, (a") = a* — @} (a”) and
ay(al") = s, (i) The trade of a consumer (i.e., the solution to (6)) is yc.(a}") = D(¢.),
ag,(a)') = 50y, q.al,(a™) = a™ —[aZ(a™") + puyc(a™)]. (iii) The post-production trade
of a producer who carries inventory y, and does not contact a banker (i.e., (7)) is yp.(y;, al") =
Z (em—i Y With ap, (i, a}') = a}' + p1.ye (i, a}'). The post-production trade of a producer who
carries inventory y, and contacts a banker (i.e., the solution to (8)) is yp.(yi» @) = {(or—s Vs
ap,(y, ay') = %}r:lt(p[)7 qt&lb”z(yta ay') = aj" + p1yp(yi> ay') — ap, (i, ay'), and

am
kpi(y,,al")=(1— 9){Ptp—t2 +[(@r = K)iepy — (@) — E)H{gw,m}]%}-
t

(iv) A producer’s pretrade production is yp,(a') = » where

P
(k=R™ (7", ¢1))°
R™ (‘P:n7 ‘Pt) =K+ ae(‘Pt - E)H{5<¢>z} + (1 —ab) (QD:’I - ﬁ)ﬂ(ﬁ«p’,"}- (46)

PROOF OF LEMMA 2: (i) With (39), (5) can be written as

. an _
B = B - -
Wp(al', af) = max (—’ +a’+ai+ W, ) st. a'+qal <a,

arcRy xR P

and the solution is g,a%,(a™) = a™ — a’y,(a™), with

=00 if p, <0,
ay(a"){€[0,00] ifp, =0,
=0 it 0 < p,.

(ii) With (39), (6) can be written as

- _oal . . -
W (a)= max |:u(y,) + p—’z +ab+ W;C] st. a4+ puy +qa <ar.
t

(G1,d)eR? xR
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The solution is y¢,(a") = D(¢,) and g,a2,(a") = a" — [aZ,(a™) + p1,D(¢,)], with

=00 if p, <0,
ag(al) {€[0,00] ifp, =0,
=0 if 0 < p,.

Hereafter specialize the analysis to p, > 0, since p, < 0 entails an arbitrage opportunity

inconsistent with equilibrium. The value of the consumer’s problem in the first subperiod
is

WE (") = u(D(¢,) — @D(¢,) + (1 + p,);—; LW
t

(iii) (a) With (39), (7) can be written as

~ - a ~
(pi (v a)'), ap, (v, a)')) =arg max ——+ (y, — )k

Gr.a"ery Pu

subject to —-(a;" — a;") = i <y, and, therefore, ay,(y,, ai") = a}" + p1/Jr.(y,, a"), with

=% if kK < ¢y,
(v al’) 1 €10, 5] if @) =k,
=0 if " < k.
(iii) (b) With (39), (8) can be written as
a" an 0
max —— +a -k, + =)k —— =y, — Ip(ys, a™ K]k”’
@,,ar,af,k,ku&xmipzt (ot O = o= D= gl e | Ky

subject to a” + q,a’ < a™ + py,¥, and j, < y,. The solution is

i 1 i )
b, (yi, ") = a[a;" + pudee(ye @) — @ (v )],

with
:yf lfﬁ< Dis
,)_/Pl(yt,a:n) S [O’ yl] lf th:E)
=0 lf ¢ <K,
o0 if p, <0,
El;’t(yt’ a:n) €[0,00] ifp, =0,
=0 if 0 < p;.

Specialize the analysis to p, > 0, since p, < 0 is inconsistent with equilibrium. The inter-
mediation fee is

kp(ye, ai' 1 i, _
7Pt(yl al ) = _a’;;l[(yt, a:n) + a[[gt(yty a:”) + [yf - yPl‘(yta a:n)]ﬁ
1_0 pzt
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1 ~m m nd m
- [—ap,<y,, )+ [ = Fm (s )]5]
P2

1 _ _ _ ~
= p_agt(yt’ a;n) + a;t(yh a;n) - yPt(yt’ a;n)ﬁ + yPt(yt’ a:n)ﬁ

2t

- Edgt(yh a:n)

1 . 3 1.
= q—ai” + (@ — K)Ipi (> @]") + V(1> @)k — p—a;’!,(yt, ay)
t

2t

1
- pzaa%(yn ay’)

1 ~ 1 ~m m
= q_a;n + (471 - E)H{5<wz}yt + yPt(yl’ aT)ﬁ - P aPt(yl’ a, )
t

2t
1
=pi—a + [(¢r = K)pecpy — (01" = &) Ly | V-
P

The gain from trade to the producer in this case is fp,(y,, ar) = ﬁkpt(yt, a’"). (iv) With
(39), and substituting the bargaining outcomes from part (iii) above, the value function
(11) can be written as

ye€R4

1 _
V7 () = max{—xy, ol [ e = e
2t

1
+ aﬁ{p,p—a't" + [(‘Pl - E)H{5<¢z} - (‘P:n - K)H{K«o;"}]yt}}’
2t
or equivalently,

1 _
Vi (al") = max[R" (¢}, ¢.) — ]y + (1 + aOPt)p—a:” +Wr, (47)
2t

yeeRy
with R” (¢, ¢,) as defined in (46). Hence, an individual producer produces
yei(a') = argmax[R" (¢}, ¢:) — ]y,
units of good 1 at the beginning of the first subperiod. QE.D.
The following result characterizes the beginning-of-period payoffs.

LEMMA 3: For an agent of type i € {B, C, P}, the beginning-of-period value function,
Vi(a™), can be written as follows: (i) For a producer,

1 _
VP (@) = max[R" (¢}, ¢.) — k]y: + (1 + aﬂp,)p—a;" +Wr.
2t

yeeR4

(ii) For a banker,

1 _
VE(ar) = (14 p)—al + I+ a / o (@) dHL ().
2t
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(iii) For a consumer,
1 _
Vtc(a’zn) = M(D(got)) —@D(¢) + (1 + p,)p—a;" + I/Vtc'
2t

PROOF OF LEMMA 3: (i) The value function V" (a") is given in (47). (ii) With (39), and
part (i) of Lemma 2, (9) can be written as

I P 1 ~m ~m
I/tB(a:n) = Eag[(a:”) + a%t(a:”) + I/I/tB + a/kpt(at )dHt(a[ )

1 = - -
—(1+p)o—al W) +a / kp (@) dH, (@),

(iii) The value function (10) can be written as V,C(a™) = WC(a™), where WC(a™) is de-
fined in part (ii) of Lemma 2. Q.E.D.

The following result characterizes the end-of-period portfolio choice for each type of
agent.

LEMMA 4: Consider the money-demand problem at the end-of-period t (i.e., the maxi-
mization on the right-hand side of (40)), and let a}}, | denote the individual money demand of
an agent of type i e {B, C, P}. Then {a}}, ,}ic(s,c,py must satisfy the following Euler equations:

1 ) 1
—— BV, —— <0, with“="if0<a",, forie{B,C,P}, (48)
D2 Do+l
where ., =1+ p,1 for i € {B, C},and !, =1+ abp,,.

PROOF OF LEMMA 4: Take the first-order conditions for the maximization in (40) using
the expressions for the value functions reported in Lemma 3. Q.E.D.

The following result summarizes the equilibrium conditions that define a monetary
equilibrium.

LEMMA 5: A monetary equilibrium is a sequence

o0

{Zu, Zy, P:s Yei, Yo, Yoi, Yei, @py, [Eh‘z, wit+1]ie{B,C,P}}l=0

that satisfies the market-clearing conditions

0 = Z Wi — 1, (49)
ie{B,C,P}
0= YCt - (YPt + ?Pt), (50)

0= (sz - (I)Bt)th
+ (th - (DCI)th - YC:‘
+ (ath - (I)Pz)th + YPt (51)
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and the optimality conditions

0= (—Mzzz + Bﬁi+1ZZt+l)wit+l > —uZy + Bl_)i+1Z2t+l forie{B,C, P}, (52)

00 ifK—R’”(go:”,got)<O,
Yp = 1[0,00] if k= R"(¢]', 1) =0, (53)
0 if0<K—Rm(§D:n7 th)a
(I-@)Yn  f0<el—xk
YPZ = 9 [0, (1 — Q)th] lf qD;n — K= 0, (54)
0 lf (P;n — K < 03
aYp, f0<e -k,
Yo =110,aYp] ife,—x=0, (55)
0 lf ¢ — K< Oa
Ye, =D(¢)), (56)
Y,
d)pl:(l_a)th_Fi, (57)
le
oo if p; <0,
wi;=1[0,00] ifp,=0, forie{B,C,P}, (58)
0 if 0 < p,
where
Ly
m 22 59
=z, )
Q= (1 + p,)go;n, (60)

’Df;l = 1 + a@p,H,
'DiHEl_"pH»l forie{B7C}7
R™(e", @) = k + ab(p, — K)igegy + (1 — a0) (@) — K)oy

PROOF OF LEMMA 5: By using Definition 1, Lemma 2, and Lemma 4, we know a mon-
etary equilibrium is a sequence

o0

{plt: pltaqta YPt7 ?Pta ?Pt, YCZ: 121?[3 [A’Zlm /Zlb Am

it” it? il+1]ie{B,C,P}}t=0

that satisfies the market-clearing conditions

0= Z AZI+1 - Mt+17 (61)
ie{B,C,P}

0= YC[ - ()_]Pt + f/I’t), (62)

0= Y A, (63)

ie{B,C,P}
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and the optimality conditions

1 o1 1 o1 :
0= <__ + Bviﬂ_)Ag‘lﬂ zZ-——+ Bviﬂ forie{B, C, P}, (64)
Doyt P2 p

D2 2t+1

o0 ifK—Rm(gD;",gD,)<O,

YPt = [07 OO] if K — RM(¢:n’ th) = 07 (65)
0 if0 <k —R"(¢7, @),
(1-a)Yy if 0 < ¢} — k,

Ve =1[0,(1—a)Yp] ife!—k=0, (66)
0 if " —k <0,
aYp, if0 <@, —k,

?Pt = [03 aYPt] lf P — K= 07 (67)
0 if o, — k <0,

YC: = D(¢t), (68)

Ay = (1—a) A}, + pu e, (69)
00 if p, <0,

Al =1[0,00] ifp, =0, forie{B,C,P}, (70)
0 if 0 < p;,

i} 1 - _

A?’z = q—(aAr;t + puYp — Al;lt)’ (71)
t

b 1 m Am

ABt = (ABt - ABt)’ (72)

q:

_ 1 _ i}

Aléz = q—[A'g, - (Agt + PnYCz)], (73)
t

with
ﬁiﬁl =1 + aOptH,
v, =14p, forie{B,C},

R'”(sof'a ¢t) =k+ab(e, — E)H{5<¢z} +(1- ae)(‘P:n - ﬁ)ﬂ(5<¢>’,"}’

ptE&_la

o= 1+p)el

V_Vith w;, = A% /M,, (61) can be written as (49). By using (70)—~(73), w;, = A7/M,, &, =
A% /M,, and Z,, = M,/ p1,, (63) can be written as (51). With Z,, = M,/ p,, and M, /M, =
W, (64) can be written as (52). Condition (50) is the same as (62), and conditions (53)—(56)
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are the same as (65)—(68). With_ Dp = /Nlj.ﬁt/M,, wp, = A}, /M,, and Z;, = M,/ p1,, (69) can
be written as (57). With w;, = A7 /M,, (70) can be written as (58). Q.E.D.

COROLLARY 3: Given the real equilibrium variables described in Lemma 5, the nominal
equilibrium variables are obtained as follows:

M .
pjt: Z_t for] 6{1,2},

Jjt

P
7= 1+p, ’
AL = wopM,,

A" = o,M, forie{B,C,P},
Al = wiaMy, foried{B,C, P},

it+1

_ 1 _ _
A?’t = q_(aAgt + puYp — A?t)’

t

b 1 m Am

ABt = _t(ABz - ABz)’

_ 1 _ i}
Al = E[A'gt — (A2, + puYe)]

C.1. Stationary Monetary Equilibrium

PROOF OF PROPOSITION 3: From Lemma 5, a stationary monetary equilibrium is a vec-
tor

(Zla ZZ’ P, YP? ?Pa YP’ ?Ca (I)Pa [wia (I)i]ie{B,C,P})

with Z; > 0 for j € {1, 2} that satisfies the market-clearing conditions

ie{B,C,P}
0=Y:— (Yp+7Yp), (75)

0 = ((L)B — (I)B)Z]
+(we — ©c)Z — Ye

+ (awp — @p)Zy + Yp (76)
and the optimality conditions
0=(—p+Bt)w; forie{B,C,P},with0< fiw, (77)
o0 ifK—Rm((pm,(p)<0,
Yp=1[0,00] if k—R"(¢™, ¢)=0, (78)

0 if0<K—R'"(qu,<p),
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1-a)Y, if 0 < ¢" — Kk,
Yp=1[0.(A-a)Ys] ife"—k=0, (79
0 if " — k <0,
aYp if 0 < ¢ — k,
Yp=1[0,aY,] ifo—k=0, (80)
0 ifo—k<0,
Ye=D(¢), (81)
Y
op=(1—a)op+ —, (82)
Z,
o0 if p <0,
w;=14[0,00] ifp=0, forie{B,C,P}, (83)
0 if 0 < p,
where
Zy
"= 84
o= (84)
e=(1+p)e”, (85)
" =14 abp, (86)
v'=1+p forie{B,C}, (87)
Rm(gom, gD) =K + O[H(QD - E)H{5<<p} =+ (1 — a0)(g0m — 5)H{5<¢m}. (88)

First, we know that ¢™ < ¢, since 0 < p must hold in any equilibrium. Second, in any
equilibrium in which good 1 is produced, we must have: (a) k = R™(¢", ¢) (this follows
from (78)), or equivalently,

K=K+ OZO(QD - ﬁ)ﬂ(z«p} + (1 - 010) (¢m - E)H{5<‘P'"}' (89)

(b) k < ¢, that is, banked producers never store output. To see why, notice that if ¢ < k,
then we know that ¢” < ¢ < k and, therefore, R”(¢", ¢) = k < k, which implies good 1
is never produced. (¢) If " = ¢, then (89) implies ¢™ = ¢ = k > k. Third, v* < ¥ =9
(with “<” unless a6 =1 or p = 0), so the Euler equations (77) imply that if either a6 =1
or p =0, then any triple wp, wc, wp € [0, 1] with wp + wc + wp = 1 is consistent with
equilibrium; otherwise, wp = 0 and any pair wp, wc € [0, 1] with w4+ wc =1 is consistent
with a monetary equilibrium. In the remainder of the proof, we assume a6 < 1, but will
consider the limiting case af# — 1 in Corollary 2. From the previous observations, we
know k < ¢,0 < p, and ¢ — ¢ has the same sign as p. Hence, there are only three possible
equilibrium configurations in which good 1 is produced: (1) 0 < p and ¢” <k, (2) 0 < p
and k < ¢, and (3) p =0 and k < ¢ = ¢ = k. Next, we consider each configuration in
turn.

CONFIGURATION 1: 0 < p and ¢” < k. Under this conjecture, the equilibrium condi-
tions (74)—(83) imply Z, =0, so this configuration is inconsistent with monetary equilib-
rium.
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CONFIGURATION 2: 0 < p and k < ¢™. Under this conjecture, the equilibrium condi-
tions (74)—(83) together with the definitions (84)—(88) imply the equilibrium is

p=1,
m K
T it ao

_ 1+
gD_l—l—oz(%K’
Z,=(1-a)D(e),
ZZZ¢mZI7
YP:YC:D(¢)7
Y, = (1—a)D(e),
)_/pzaD(go),
op=1,

w;=0 forie{B,C,P},
wp = Oa
wpg, Wc € [0, 1] with wB+wC=1.
For this to be an equilibrium, it only remains to check that k < ¢ and that D(¢) > 0. The

former is equivalent to ¢ < t, with t as defined in (16). The fact that the latter holds for all
¢ € [0, ] is implied by the assumption ¢" < u/(0).

CONFIGURATION 3: p =0 and k < ¢ = ¢ = k. Under this conjecture, the equilibrium
conditions (74)—(83) together with the definitions (84)—(88) imply the equilibrium is

p=1=0,
" =9¢=x,
_ Y, Y,
YP=YC: P =—P=D(K),
l—-« o
Zi=— ' (1-ap)
l_ép—(l—a)wp « )
2, =kZ,,

w; € [0,00] forie{B,C, P}, with wp+ wc+ wp=1,
@p, @; € [0,00] forie{B,C,P}, with(l1-a)wp<ap=1- > &

ie{B,C,P}

Since k < ¢", D(k) > 0 is implied by the assumption ¢”" < u/(0). This concludes the proof.
Q.E.D.
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C.2. Dynamic Monetary Equilibrium

In this section, we characterize deterministic dynamic monetary equilibria for an econ-
omy with production of good 1. The following result offers a characterization of the set of
deterministic dynamic monetary equilibria with production of good 1.

PROPOSITION 6: Assume ¢" < u/(0). Define z;, = ﬁZi, for i € {1,2}, and for any z €
[kD(¢"), kD(K)], let f(z) denote the unique value ¢ € [k, ¢"] that satisfies
Kk —abp
= D
—ap P®

A dynamic monetary equilibrium is a bounded sequence {zi;, zo,, @', p:, Y/'}2o, Where
{z2}32,, satisfies

1 .
1—_'_L221+1 if kD(K) < z3141,
1 (1—-ab)f(z241) .
= D(¢p" D 90
2N Tk abf ) 20 TP <2 w0l ()
1+1 , )
1—_H22z+1 if Zy1 < kD(9").
Given the equilibrium path {z,,}32,
K if kKD(k) < zy,
—af
¢l = %];(922[) ifﬁD(go”) < z3; < kD(k),
k if 2, < k D(¢"),
0 if kKD(K) < zy,
pr = M ifKD((p”) < 2y < KD(k),
K — abf(z) -
z ifZZISED(QDn)7

1 )
;Zzl lfKD(K) < Zy,

zu=3y"  ifkD(¢") < zx < kD(k),

1 .
~2 ifzs «D(¢"),
and y" =D[(1 + p,)¢}"] is the consumption of good 1. Nominal prices are p,, = @V p, =

M; __ _Pu . oy
(s and q, = {2, and velocity is V, =

Proposition 6 reduces the task of finding dynamic monetary equilibria to finding a
bounded solution {z,}{, to the difference equation (90).

COROLLARY 4: In any dynamic monetary equilibrium, D(¢") < D[(1 + p,)¢!"] for all t,
with “=" only if z,, < kD(¢") or af = 1.
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Corollary 4 of Proposition 6 establishes that in any dynamic monetary equilibrium, con-
sumers face an effective relative price of good 1 (in terms of good 2), that is, (1 + p,) ¢!,
that is lower than the relative price they would face in the equilibrium of the same econ-
omy without money, that is, ¢". Thus, consumption of good 1 (and therefore welfare) is
higher in the economy with money than in the nonmonetary economy—strictly higher if
the equilibrium path has z,, > kD(¢") for at least one ¢.

C.2.1. Cashless Limit
The following corollary of Proposition 6 describes the cashless limit (as & — 1) of the
dynamical system that characterizes any dynamic monetary equilibrium path.

COROLLARY 5: Assume ¢" < u/'(0). For any z € [kD(¢"), kD(k)], let g(z) denote the
unique value ¢ € [k, ¢"*] that satisfies

) (91)

Z =

Let {zy;, zo, @', s, YI'}2, be a dynamic monetary equilibrium. Then:
(1) As a — 1a {tha 2215 ¢:n, P> y,m}fio - {Zikta Z;;a ¢;n*’ Pfa ytm* ;)i(]’ where {th}?io satisﬁes

T3 2 " if kD(K) < 23,
1 (A-0)g(z,
z;, = z; if kD(¢"™) < z5,., < kD(k),
2t 14+1 k— 98(23t+1) i K (QD ) 20+1 (k)
1+ Y o
T+ 241 if 25, < ED(QD )

Given the equilibrium path {z;,}°,,

K if kD(K) < z5,,
o= B o) < 2, < e
K if z3, < kD(¢™),
0 if k D(k) <z,
P = % if kD(¢") < 23, < kD(k),
v if z;, < kD(¢™),

1

_Z;t if KD(K) = Z;t’

K

2zt =4y ifkD(¢™) < 25, < kD(k),

;Z;t‘ if z3, < ED(Q"”*),

and y™ =D[(1 + p}) /™| is the consumption of good 1.
(ii)) D(¢™) <D[(1 + p}) @] for all t, with “=" only if z;, < kD(¢"*) or § =1.
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Part (i) of Corollary 5 describes the set of conditions that characterize the “cashless
limiting path” to which the path corresponding to any given dynamic monetary equilib-
rium converges (pointwise, for each ¢) as a — 1. Part (ii) establishes a key result that
generalizes the main result in Corollary 2: As long as bankers have market power against
producers, that is, § < 1, in the cashless limit of any dynamic monetary equilibrium, con-
sumers face an effective relative price of good 1 (in terms of good 2) that is lower than
the relative price they would face in the equilibrium of the same economy without money.
Thus, consumption of good 1 and, therefore, welfare, is higher in the pure-credit cashless
limit of a dynamic monetary equilibrium of the economy with money than in the pure-
credit limit of the economy without money. Welfare is strictly higher in the former than
the latter if 6 < 1 and the equilibrium path has z;, > kD(¢™) for some ¢. The equilibrium
conditions in Corollary 5 are stated in terms of real balances normalized by the number
of producers who have no access to bankers, that is, z}, = lim,_,; z;;, where z;, = i—’; for
i € {1, 2}. Hence, in the cashless limit of a dynamic monetary equilibrium characterized in
the corollary, we have

1 1
hm—_hm—_hmZt_hm(l a)z;, =0 forie{l,?2}.

a—1 Dit a—1 a—1

C.2.2. Proofs

PROOF OF PROPOSITION 6: The proof builds on Lemma 5. We seek to characterize de-
terministic monetary equilibria in which good 1 is produced in every period. An equilib-
rium is monetary if Z;, > 0 for i € {1, 2} and all ¢.

We first establish that a monetary equilibrium has production of good 1 in every period
only if k < ¢? for all ¢. To this end, suppose there is a monetary equilibrium (i.e., Z;; > 0
for i € {1, 2} and all ¢) with ¢" < k for some ¢. There are two possibilities: either p, =0,
or 0 < p,. If p, =0, (60) implies ¢, = ¢" < k, but then (53) implies Yp, =0 (good 1 is
not produced). If 0 < p,, (49) and (52) imply wp, = 0 and wp, + wc, = 1, and (58) implies
w;, =0 for i € {B, C, P}. Hence, the bond-market clearing condition (51) becomes Y, —
Zy, = Yp,, which together with (50) (the market-clearing condition for good 1), implies
Zy = Yp, But since this conjectured monetary equilibrium has ¢! < k, (54) implies Ypl
0 and, therefore, Z;, = 0, a contradiction. Next, we characterize the set of deterministic
monetary equilibria in which good 1 is produced in every period by considering three
possible equilibrium configurations from some arbitrary period ¢ onwards: (i) p;;1 = 0;
(i) 0 < p,y1 and k < @75 (iii) 0 < p,yq and @7} = k.

(i) Suppose p,1 = 0. Then (60) implies ¢,.; = ¢7},, and (53) implies that in an equilib-
rium with production of good 1,

Pri1 = Py = K. (92)

Then (53), (54), and (55) imply Y41 € [0, 00], Ypi1 = (1 — @) Ypii1, and Yoy = a¥ppan.
Since Ypi1 + Ypii1 = Ypiir, (50), (56), and (92) imply

Yrie1 = Yert = D(K) (93)
and, therefore,

Ypir = (1 = @)D(x), (94)

Ypii1 = aD(k). (95)
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Together with (59), the fact that ¢/, = k implies

z
Zipor = z“ . (96)

Condition (52) implies
1

ZZt = 1——{—LZ2[+1 (97)

and w; € [0, oo] for i € {B, C, P}, which together with (49) implies (w;1)icis,c.py 1S Only
restricted to satisfy

w1 €[0,1], with > @ =1. (98)
ie{B,C,P}
Condition (58) implies
;41 €[0,1] forie{B,C,P}. (99)

Together with Yp,,; = (1 — @)D(k), (57) implies

(A —)p(K) (100)

Wpi41 = (1 - 01)th+1 +
th+1

Together with Ye,.; = 221 = D(k), (51) yields

(1 - @)D(x)

W1+ Werr1 + @Wp ] — W1 — Wyl — Wpry

th+1 =

The only restriction that this condition implies on Z;,,; for it to be part of a monetary
equilibrium is that (1 — a)D(k) < Zy,,1, or equivalently, since kZ,,,; = Z,,,4, this inequal-
ity is equivalent to

KD(K) < za111, (101)

where

yA
Zjw = T forje{l, 2},

To summarize, given a value z,, € R, under the conjecture that p,,; = 0, and provided
condition (101) holds, the rest of equilibrium allocation at ¢ + 1 is obtained as follows:
Ypii and' Ycii1 are given by (93), Yp., g is given by (94), Yp,1 by (95), 21,41 by (96), 2211
by (97) Wlth (101), and ([a)i,H, (DiH»l; ]ie{B,C,P}; (I)pt+1) by (98)—(100)

(if) Suppose 0 < p,;1 and k < ¢7},. Then (49) and (52) imply

Zyy=—L1 20 (102)

and

@py1 =0, (103)

Wpii1, Wery1 € Ry, with wp + 0 =1, (104)
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Since 0 < p,;1, conditions (58) imply
Wy =0 forie{B,C,P}. (105)

Given (60), the assumptions 0 < p,;; and k < @7}, imply k < @7}| < @11, 50 (54) and (55)
imply ?PH,I =(1—-a)Yp, and YP,H = aYp;y1, and (53) implies Yy, € [0, oo] and

alp i+ (1 —ab)e), =k

This last condition is equivalent to

. K —albp,
=Ty (106)
and together with (60), it implies
Pry = P T K (107)
K—abp,,
Condition (107) is equivalent to
Pro1 = 1+ pig
t+1 1+ a6p1+1 5
which together with (106) yields
mo K
P = 1+abpy

From this last condition, it is easy to see that
k< QD’:.?_1 & p <t (108)

Together with (50) and (56), i}PH—l = (1 — CK) YP!+1 and ?Pt+l = aYp,+1 lmply

Yo = Yo = fii; = % =D(@41)- (109)
Conditions (103)—(105) together with (51) imply
Ziyi = (1 —a)D(¢111), (110)
which together with (59) can be written as
Zyn =1 —a)ef, D(¢:11). (111)

Conditions (106) and (111) imply z5,11 = h(¢.+1), Where

K—abp

h(§0t+1)E 1—ab

D(¢t+1)-

Notice that 4’ < 0, and
h(¢") = kD(¢") < h(k) = kD(k),
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so for every z,,; € [kD(¢"), kD(k)], there exists a unique ¢, € [k, ¢"] given by ¢, =
f(z241), where f(zy41) = h™'(2241)- By substituting (107) and ¢,,; = f(z2,41) into (102),
we obtain

1 (1—ab)f(zo11)

= . 112
2 1+ ¢ k—abf(za41) a1 (112)

Conditions (57), (103), (110), and (109) imply
@p1 = 1. (113)

The two conditions for case (ii) are 0 < p,4; and k < ¢7.,, which with (107), (108), and
@11 = f(z241), can be written as

f(22:+1) — K <1
K — a6f (z241)

Since fis a strictly decreasing function, with f(kD(k)) = k and f(kD(¢")) = ¢", (114) is
equivalent to

0< (114)

KD(¢") < 22111 < KD(K). (115)
To summarize, given a value z,, € R, ., under the conjecture that 0 < p,,; and k < ¢},
and provided conditions (115) hold, the rest of equilibrium allocation at 7 + 1 is ob-

tained as follows: (Yp,, YP,, Y., YC,) is given by (109), ([@ir+1, @irt1, lies.c.py> @pev1) DY

(103) (104) (105) and (113) Z2¢+1 by (112) (GFes] by Q1 = f(ZZH—l) Z1t+1 by (110)
pist = L2 by (107), and @77, = =221 from (106).

k—abf (22141)

(iii) Suppose 0 < p,,; and
P = K. (116)
Then Z2t+1 satisfies (102), {wit+1}ie{B,C,P} satisfies (103) and (104), and {d)it+1}ie{B,C,P} satis-
fies (105). The assumptions 0 < p,;; and @)%, = k imply k = ¢, < @41, 50 (54) and (55)
imply
?phq € [O, (1 - a)th+1] (117)
and

YPH—l =aYp,, (118)
and (53) implies Yp,,; € [0, oo] and

P =0". (119)
Hence, (60) implies
Pt = (120)
and condition (56) implies
T =D("). (121)

Thus, (102) becomes
1+t
2y = 1——{—(,22t+1. (122)
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Given zy,,1, (59) and (116) can be used to obtain

1—
Zio1 = %‘ (123)
K
Condition (51), together with (56), (103)-(105), (119), and Yp,,; = aYp,,1, implies
D(¢")—Z
Yot = M (124)
o
Then (50) implies
Yo = D(‘P") —Ypin
- th+1. (125)
Thus, the optimality condition (117) requires
0<Zim<(1—-a)Ypi,
which using (124) is equivalent to
D(¢")— Z
0<Zu=<(1- a)w.
With (123), these inequalities become
0 < zp,1 < kD(¢"). (126)

To summarize, given a value z,, € R, ., under the conjecture that 0 < p,,; and ¢7,, =k,
and provided conditions (126) hold, the rest of equilibrium allocation at 7 4 1 is obtained
as follows: z.,; is given by (122), zy,, by (123), p,y1 by (120), ¢,1 by (119), Yp,4 by
(124), YPZ+1 by (125), th+] by (118), YC[+] by (121), {wit+1}ie{B’C,p} by (103) and (104),
{E)it+1}i€{B,C,P} by (105), and 6)P1+1 =1 (by (103) and (125))

From the previous analysis of cases (i)—(iii), it follows that a dynamic deterministic
monetary equilibrium with production of good 1 consists of a sequence of real balances,
interest rates, relative prices, and consumption, production, and sales of good 1,

~ = > e
{th, 22, Pis P> €1 You, Yoo, Yo, YCt}z:o’

with z;, > 0 for i € {1, 2} and all ¢, that satisfies the following conditions:

1 .
—L22[+1 if KD(K) < 221415
1 (1—-ab)f(z241) .
=) f kD(¢" D(k),
o 1+¢ k—abf(zas1) zurt I KD(¢") < 22 < kD(K)
1+t ) .
1—_|_L22z+1 if 2,1 < ﬁD(qo ),
K if kK D(K) < zy,
¢i=1f(zu) if kD(¢") < 2o < kD(k), (127)
o" if z,, < ﬁD(go”),
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1 .
—2zy,  if kD(k) < 2y,
K
2, = {D(¢,) if kD(@") < 2o < kD(k),

— 2 if zp, < ED((Pn)a
K

m_ K~ afo,
b= 1—af ’
N
P = K —abp,’
Yo = D(¢),
7o (1—a)D(¢,) ifk D(QD") < Zy,
Pt — : n
(1—a)z,  ifz, <kD(e"),
7. — aD(¢,) if ED(QDn) < 2245
P = n : n
! D(QD )—(1—(1)21, leZISED((P )’
D(¢,) if ED(QDH) < Zy,
Ype=1D(¢") — (1 —a)z,

if z5, < kD(¢"),

o

where for any z € [kD(¢"), kD(k)], f(z) denotes the unique value ¢ € [«, ¢"] that satisfies

The equilibrium nominal prices are

Pz,
P = p_,lria
t
D
=7 o
This concludes the proof. Q.E.D.

PROOF OF COROLLARY 4: From the definition of f in the statement of Proposition 6,
it follows that f(zy,) < ¢" for all z,, > kD(¢"), with “=" only if z,, = kD(¢"). Then (127)
implies ¢, = (14 p,) @ < ¢", with “=" only if z,, < kD(¢"). Since D'(+) < 0, it follows that
D(¢") <D[(1+ p,)¢!] for all ¢, with “=" only for ¢ € T such that z,, < kD(¢"). Q.E.D.

C.3. Sunspot Equilibria

In this section, we construct equilibria where prices and allocations are time-invariant
functions of a sunspot, that is, a random variable on which agents may coordinate actions
but that does not directly affect any primitives, including endowments, preferences, and
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production or trading possibilities. We focus on equilibria where only consumers hold
money between periods, which is without loss for our purposes. In Section C.3.2 (Corol-
lary 7), we provide the equilibrium conditions for a set of sunspot states S ={sy, ..., Sy},
where the time path of the sunspot state, s, € S, follows a Markov chain with n; =
Pr(s..1 = s;s, = s;). In this context, we describe equilibrium with time-invariant functions
of the sunspot state, that is, for any s, € S we use ¢”(s,), p(s,), {Zi(s:), pi(s: M})}icqr,2
V(s,), and y™(s,), to denote the prices ¢!, p,, and {Z;, pi}icp,2, velocity, V,, and con-
sumption of good 1, y* = D[(1 + p,)¢!"], respectively.

The following result characterizes a family of sunspot equilibria that contains the non-
monetary equilibrium of Proposition 2 and the monetary equilibrium of Proposition 3.

PROPOSITION 7: Assume ¢" < u/'(0), and S ={sy, $,}, with n;; =n € [0, 1] and n, = 1.
For any arbitrary m € (0, 1], provided 1 <1+ v < n(1 4 t), there exists a sunspot equilibrium
given by ¢"(s2) = Zi(s52) = Z(s52) =0, y"(s2) = D(¢"),

pls) ==,

"(51) = ! k
@ 14 abi—(1—n)(1—ab)
Zi(s)) _ Za(s) m
T—a -0y’ (1) =D[(1+ p(s1)) " (s1)],
V(s) = ﬁ,

and p;(s,M,) = zjtl(ls) forie{l,2}and s €S.

For 1 = 0, the equilibrium described in Proposition 7 reduces to the nonmonetary equi-
librium of Proposition 2. Conversely, for n =1, it reduces to the monetary equilibrium of
Proposition 3. By varying n from 0 to 1, we can generate a continuum of proper sunspot
equilibria that “convexify” the equilibrium set spanned by the monetary and the nonmon-
etary equilibrium.

C.3.1. Cashless Limit

For every « € [0, 1], the set of equilibria indexed by the sunspot probability n described
in Proposition 7, defines an equilibrium correspondence that is continuous. The following
corollary of Proposition 7 characterizes the limit of this equilibrium correspondence as
a— 1.

COROLLARY 6: Consider the set of monetary equilibria indexed by m € (0, 1] characterized
in Proposition 7. Assume ¢™* < u'(0) and 1 <14« < n(1+4t*). For any arbitrary n € (0, 1],

lim y"(s2) = D(¢"),

1—
lim p(s1) = u’
a—1 n

. n

1 " =

lim " (s1) 1+0—(1—m1—0)"
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z z 1
lim 22680 i 2280y p l k),
a>l l—a el (I—a)e™(s;) ol 1+6c—(1—7m)(1-0)

1 1
lim =lim =0 forie{l,2}.
a—1 pi(S, Mt) a—1 V(Sl) f

Corollary 6 contains two insights. First, it generalizes the result (e.g., in Corollary 2)
that the allocation implemented by the pure-credit cashless limit of a monetary equilib-
rium is generically different from the allocation implemented by the pure-credit limit of
a nonmonetary economy. This is clear from the fact that, provided 1 <1+ ¢ < n(1+t*),
lim,_,; y"(s1) > D(¢™) for all n € (0, 1] and all 6 € [0, 1). Second, Corollary 6 formalizes
the idea that since the equilibrium correspondence for the set of sunspot equilibria is con-
tinuous, by adopting a particular equilibrium selection scheme, it is possible to construct
a sunspot monetary equilibrium whose pure-credit cashless limit converges to the pure-
credit limit of the nonmonetary economy. The selection involves decreasing the probabil-
ity m toward zero as « approaches 1, that is, intuitively, agents’ expectations that money
will lose its value forever (purely due to self-fulfilling beliefs) must converge to 1 along
with a. More formally, the equilibrium selection scheme is to focus on the particular joint
limit on credit and beliefs, a(1 — ) — 1, and in this case, even if # < 1, one would indeed
find lim,(1_y)-1 @(s1) = ¢ and, therefore, lim,_., y"(s1) = D(¢"). It is our view that this
kind of approximation result based on an arbitrary equilibrium selection from a large set
of equilibria is too frail to offer a compelling basis for a moneyless approach to monetary
economics.

C.3.2. Proofs

The following corollary of Lemma 5 summarizes the conditions that characterize a re-
cursive monetary sunspot equilibrium. Without relevant loss of generality, we focus on
equilibria where only consumers hold money between periods, and only unbanked pro-
ducers hold money between the first and second subperiod of a given period.

COROLLARY 7: A recursive monetary sunspot equilibrium is a collection of functions of
seS,

(Zl (S)’ ZZ(S)a p(S), YP(S)’ ?P(s)’ YF(S)> Y/C(s))’
that for all s € S, satisfies the market-clearing conditions
0= Yc(s) — Y(s) — Yi(s),
0= Z(s) — Ye(s) + Yp(s)

and the optimality conditions
1 N
Zy(s;) = i ]X:]: ni[1+ p(s;)] Z2(s;) foralls; €5,
o) if k —R"™(s) <0,

Yp(s) =1[0,00] ifk—R"(s)=0,
0 if0<k—R"(s),
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) (L-a)Ypls)  if0<g¢"(s) -k,
Yp(s) = 1[0, A= a)Ye(s)] if ¢"(s) — k=0,
0 if ¢"(s) —k <0,
] aYp(s)  if0<g(s) - K,
Ye(s) = 1[0, aYp(9)] if ¢(s) — k=0,
0 if o(s) —k <0,

Ye(s) = D(¢(S))7
where

¢"(s) = ?8 ;

¢(s) =[1+p(s)]¢"(5),
Rm(s) =K+ aH[gD(S) - E]H{E«P(»Y)} + (1 - a@)[(p'"(s) - E]H{E«P’”(S)}'

PROOF OF PROPOSITION 7: Conjecture the following sunspot equilibrium:

o) ==,

"(s) = 0 K

O T T a0 — (-1 —ah)

Zis) = 285 _ (1~ ayp(p(s1)),  with g(s) = [1 + p(s1)]e" (51,
®"(s1)

Ypisl) — }IIP_(S;) =D(¢(s1)),

0" (82) = Z1(52) = Zy(s52) = )}P(SZ) =0,
?C(Sz) = ?p(Sz) = aYp(Sz) = D(gDn),

Yr(s) = ffc(sl) =

M
pi(s, M,) = T(;) forie{l,2}and s €S.

It is easy to verify that the conjectured allocations and prices satisfy the equilibrium con-

ditions in Corollary 7. Q.E.D.

APPENDIX D: WELFARE

LEMMA 6: Consider an economy with v(x) = x.
(i) Along the stationary monetary equilibrium, welfare is

(1-B)W" =u(D(¢)) — kD(¢),

with ¢ = (14 )™, and ¢™ as given in part (i) of Proposition 3.
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(ii) Along the nonmonetary equilibrium, welfare is

(1= W =u(ole") - [k + (= p(e?).

with ¢" as given in Proposition 2.

PROOF OF LEMMA 6: (i) From Lemma 3,
B( m 1 m 1 ~m ~m m 1B
Vt (at ) = (1 +pf)_at + a(l - 0)pt —4a dHl(at ) + b, D(QDI) + VVt >
Do D2
1 _
Vtc(a:n) =1+ pt)p_aT + u(D(QDt)) —¢D(¢,) + I’Vtca
2t
P(, m 1 m 1P
Vii(al) = (1+0‘9Pt)p—af + W,
2t

where ¢, = (1+ p,)¢/, and

. 1 .

Wi =v(x") —x"+ ]I{i:C}p—z (T — Myr) + BV (LimeyMi11)
t

for i e {B, C, P}. (The expression for W,f follows from (40) and the fact that only con-
sumers carry cash across periods; the expression for V?(a") uses the fee that a banker
charges a producer reported in part (iii) of Lemma 2; and the expression for V;”(a!") uses
part (iv) of Lemma 2.)

Along the equilibrium path only consumers hold money at the beginning of the period,
so the relevant beginning-of-period payoffs are

VE(0) = a(1 - 0)p,@)'D(e:) + W7,
C 1 17C
v, (Mz) = (1 + pt)p_Ml + M(D(QDI)) - QDID(%) + W,
2t
V) =W,
Also, along a stationary monetary equilibrium, we have th =2, "' =9¢", p, = p,

pr=¢p=(1+p)¢", and L= p%r(MtJrl - Mt) =(pn— 1)Z2> SO

!

WP =v(x") —x* + VP =W?, (128)
W =v(x")—x"—Z,+ BV (Z) = WC, (129)
WP =v(x)—x*+ V' =W", (130)
and the beginning-of-period payoffs are
V(0) = a(1 - )pe"D(¢) + W = V7, (131)
VEM) = (1+p)Z: +u(D(¢)) — ¢D(@) + W =V(Z), (132)

VEO)y=wr=v", (133)
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By substituting (128)—(130) into (131)—(133), the beginning-of-period values become

VP =a(l-60)pe” D(¢) +v(x*) —x* + BV”, (134)
VAZy) = pZy+ u(D()) — ¢D(¢) + v(x*) — x* + BV (Z), (135)
VP =[R"(¢", ¢) — k]D(¢) + v(x*) — x* + BV, (136)

where R"(¢”, ¢) —k = ¢"+ab0(¢ — ¢™) — k = 0. Consider the (equally weighted) welfare
function, W™ =V2 + V¢(Z,) + V'*. With (134)—(136), we have

W™ =pZy+u(D(¢)) — [+ (1 —a)pe” |D(¢) + 3[v(x*) — x*] + V™.

After substituting the equilibrium condition Z, = (1 — a)¢™D(¢) ((19) in Proposition 3),
we get

(1—BYW" =u(D(¢)) — kD(¢) + 3[v(x*) — x*], (137)

where ¢ = (1 + t)¢™ = =tk (from (17) and (18) in Proposition 3). To conclude, set

14+afe
v(x) = x in (137) to obtain (29).
(ii) In the nonmonetary equilibrium, from Lemma 3 and Lemma 1, the value functions
are

+v(x*) —x* + BV,
VE=u(D(¢")) - ¢"D(¢") +v(x") —x" + BV,

where
R”(qo") —K=5+a0(go”—5) —k=0.

for i € {B, C, P}. The (equally weighted) welfare function, W"=V5 4+ 1V + V7" is

(=B =ulole) - [k + 1t -0 () 30 -2 ) 39

with ¢" = k + £=2%(k — k). To conclude, set v(x) = x in (138) to obtain (28). Q.E.D.

PROOF OF PROPOSITION 4: (i) From Proposition 3, we know that (1+¢)¢” =k if 1t =0,
so (27) and (29) imply W™ =W if « = 0. Also, given a < 1, d[(1 + ¢)¢"]/dv > 0 (which
implies dD((1+¢)¢™)/dv < 0), and k < u'(D((1+ ¢)¢™)) for ¢ > 0, so it follows from (29)
that 9W" /dv < 0 and, therefore, W™ < W* for all ¢ € (0, t].

Notice that YW" and YW can be written as

(1= BW" = u(p(e")) — ¢"D(¢") + =2

(k — ¥)D(¢"),

(1—ab)

D
1+ abe «D(¢),

(1-BW" =u(D(¢)) — D(¢) +
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SO
(1=B)(W™ =W") =u(p(¢)) — ¢ D(¢) — [u(D(¢")) — ¢"D(¢")]
%KD(@ ! ; o(K — k)D(¢")
=u(D(¢)) — ¢ D(¢) — [u(D(¢")) — ¢D(¢") | + (¢" — ¢)D(¢")
1—abk—k—af(t— 1)K 1-—
b : K ae(?(— L)ﬁ)_KD((P) "o (= 0(¢").

where ¢ = (1 4+ ¢)¢™. From Proposition 3, we know that ¢ = ¢" if « = t. Hence,

1

(1= By W = W) = a_ea(K—ﬁ)D((pn) ifL=1.

From this, we learn that W' < W™ if « =t (provided a < 1). Then dWW™"/dv < 0 implies
W > W forall v € [0, ©).
(ii) Notice that W* is independent of «, while (28) and (29) imply
(1= B limW" = u(p(¢™)) - kD(e™),
1-p8) £E)I}Wm =u(D((1+ v)e™)) — kD((1 + t)e™),

with ¢"* and ¢™* as defined in Corollary 1 and Corollary 2, respectively. From (26), it is
clear that lim, ., (W™ — W") > 0, with “=" only if either  =1lim,_,; ¢ or # = 1. Finally,
from (24), it is clear that k < (1 + ¢)¢"™* (and therefore lim,_,, W < W"*), with “=" only
ift=00rf=1. O.E.D.

PROOF OF PROPOSITION 5: With a slight abuse of notation, let ¢(¢) = (1 + ¢)¢™, with

@™ as defined in part (i) of Proposition 3, that is, ¢(¢) = ; };;L K, SO
14+
| =1 In k. 139
ne(t) n1+a6’L+nK (139)

From (29), 7(+) is defined by
u(D(¢(0))) — kD(¢(0)) = u( D(@ (1)) (1 + 7(1))) — kD(¢(v) (1 + (1)),

SO
D(¢(0))
1+7() = s
) D(e(1))
and for ¢ ~ 0,
7(¢) ~InD(¢(0)) — InD(¢(1)). (140)

Also, for ¢ 20, In 324 ~ (1 — )¢, so (139) implies In ¢(¢) & (1 — @) +In k and, there-
fore,
dlng(t)

1 - aé. 141
YR af (141)
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Hence, (140) and (141) imply

dr(t) ~ dinD(e(+))  dInD(e(v)) dine()
dv de  dlne(t) dv

—e(1 — ab).
In the cashless limit, « — 1, and we obtain the expression in the statement. O.E.D.

APPENDIX E: MONEY-IN-THE-UTILITY FORMULATION

LEMMA 7: A stationary monetary equilibrium of the reduced-form model with money in
the utility function (described by (30)-(34)) is a vector ((c;, hj, y;, Z;)jep.2> ¢, ) that satis-
fies

= B, (142)
e—1

¢ =h; =y =D(¢), (143)

G=h=n=x", (144)

1

™ =—¢D(¢), (145)

L= %K’(Zl), (146)

Z, = ¢ Z. (147)

PROOF OF LEMMA 7: The Lagrangian for (31) with the preference specification (34) is

c= 3o futcn e+ ao(

t=0

) — Bhy, — hy,

1t
R /\t[wlzhlt + Porhy +my + 1L, + T, — (Pycyy + Pycy + mt+1)]}7

where s, is the multiplier on the constraint 0 < m,,;, and A, is the multiplier on the budget
constraint. The first-order conditions for this problem are

u'(ci;) = APy, (148)

V'(cy) = AP, (149)

B = Ay, (150)

1= AP, (151)

A > B[A z(ﬂ) n /\,H}, with “ =7 if 0 < m,,,. (152)
Plt+1 P1t+1

Conditions (148)—(151) imply

P P
v (cy) = u/(cl,)P—jt = Bw—j’ =1. (153)
t t
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From (153), it is immediate that c,, = x*, which together with the market-clearing con-
dition for good 2, that is, ¢y, = y», and the production technology for good 2, that is,
Yar = hy,, gives (144). In an equilibrium where money is held (i.e., m,,; = M, > 0), we
can use (151) to write the Euler equation (152) as

ZZz

A B
& = U(Z141). 154
3 " (Z1141) (154)
In a stationary monetary equilibrium (154) reduces to (146). Condition (147) is immedi-
ate from the definitions Z;, = /’ and ¢, = 2;

The first-order condition for the problem of the firm that produces the final good 1 (i.e.,
problem (32)) implies that the firm’s demand for the intermediate good of type i € [0, 1]

is
yi(i) = ( NG )>syn, (155)

where yy, is the total output of good 1 given by (30). This condition in turn implies that
the nominal price of the final good 1 satisfies

P /Olpt(i)l-adi)*. (156)

The problem of the firm that produces intermediate good i € [0, 1] (i.e., problem (32))
is equivalent to

I1,(i) = Ig%‘[Pt(i) - wl,]Y, (p,(i)), (157)
with (i) = Y,(p:(i)). (158)

The first-order condition for this problem is

(D) + [ ] ) (159)
From (155), we know that
NN
Y/(p:(i) = (pt (i)> Yirs (160)
SO
v, (p.(i)) o1 .
o) —&(p(D)) ~ (Pu)*yur. (161)

Substitute (160) and (161) into (159) to get

pi(i) = Llw“ for all i € [0, 1]. (162)
-
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Together, conditions (156) and (162) imply

Pi=pi(i)=—2 -wy, foralli e [0, 1]. (163)
P
Then (160) and (163) imply
Y,(p.(i)) =y, forallie][0,1]. (164)
With (164), (158) implies
h,(iy=y,=hy, forallie]0,1]. (165)

To obtain the profit of the firm that produces intermediate good i € [0, 1], substitute (162)
and (164) into the intermediate producer firm’s objective function (157) to get

1 1
Ht(l) = 1U)1[y1t = ;Phylt = Hlt forallie [0, 1] (166)

& —

The last equality in (166) implies (145).
Condition (163) together with the last two equalities in (153) imply

Plt_ &
P2t_8—1

u'(ey) = (167)

Conditions (142) and (143) in the statement of the lemma follow from (167) (the fact that
¢y, = hy, follows from the last equality in (165) and the market-clearing condition for good
1, Ciy = y][). QED
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