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APPENDIX A: PLANNER’S PROBLEM

PROOF OF PROPOSITION 1: THE PLANNER’S PROBLEM IS TO CHOOSE a nonnegative se-
quence {

yCt� yPt� (xit�hit)i∈{B�C�P}

}∞
t=0

that maximizes

∞∑
t=0

βt

{
u(yCt) − κyPt +

∑
i∈{B�C�P}

[
v(xit) − hit

]}
�

s.t. yCt ≤ yPt and
∑

i∈{B�C�P}

(xit − hit) = κ(yPt − yCt)�

The first-order necessary and sufficient conditions for optimization are u′(yCt) = κ and
v′(xit) = 1, so the planner’s solution is yCt = y�, y�

Pt = y�, and xit = hit = x� for all i ∈
{B�C�P} and all t. Q.E.D.

APPENDIX B: NONMONETARY ECONOMY

The following remark will be useful in the characterization of equilibrium.

REMARK 1: For i ∈{B�C�P}, the second-subperiod value functions can be written as

W i
t

(
am
t � a

g
t

) = am
t

p2t
+ a

g
t + W̄ i

t � (39)

W̄ i
t ≡ Tm

t

p2t
I{i=C} + v

(
x�

) − x� + max
amt+1∈R+

[
βV i

t+1

(
am
t+1

) − am
t+1

p2t

]
� (40)
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2 R. LAGOS AND S. ZHANG

For what follows, it is useful to introduce the following notation. For any z ∈ R, define
the correspondences κ :R⇒R and ζ :R⇒ [0�1] by28

κ(z)

⎧⎪⎨
⎪⎩

= ∞ if z < 0�
∈ [0�∞] if z = 0�
= 0 if 0 < z�

and ζ(z)

⎧⎪⎨
⎪⎩

= 1 if 0 < z�

∈ [0�1] if z = 0�
= 0 if z < 0�

Let ϕn
t denote the relative price of good 1 in terms of the bond in the first subperiod

of period t. The following lemma characterizes the first-subperiod outcomes in a non-
monetary economy taking the price path {ϕn

t}
∞
t=0 as given. The unique price path and con-

sumption/production allocation of good 1 consistent with equilibrium are characterized
in Proposition 2. Given this price path and allocation, the rest of the equilibrium is given
by Lemma 1.

LEMMA 1: Consider the first subperiod of period t of an economy with no money. (i) The
solution to the banker’s portfolio problem (i.e., (5)) is āb

Bt = 0. (ii) A consumer’s trade (i.e.,
the solution to (6)) is ȳCt = D(ϕn

t ) and āb
Ct = −ϕn

t D(ϕn
t ). (iii) The post-production trade of

a producer who carries inventory yt and does not contact a banker (i.e., (7)) is ỹPt (yt) = 0.
The post-production trade of a producer who carries inventory yt and contacts a banker (i.e.,
the solution to (8)) is ȳPt (yt) = ζ(ϕn

t −κ)yt , āb
Pt (yt) = ϕn

t ȳPt (yt), and kPt (yt) = (1 − θ)(ϕn
t −

κ)ȳPt (yt). (iv) A producer’s pretrade production is yPt = κ(κ−Rn(ϕn
t )) , where

Rn
(
ϕn

t

) ≡ κ+ αθ
(
ϕn

t − κ
)
ζ(ϕn

t −κ)� (41)

PROOF OF LEMMA 1: Consider a nonmonetary economy, that is, Mt = 0 for all t. With
slight abuse, we keep the notation for the value functions of the monetary economy, but
simply omit an agent’s money holding as an argument in the relevant functions. For ex-
ample, (39) becomes

W i
t

(
a
g
t

) = a
g
t + W̄ i

t � (42)

where W̄ i
t ≡ v(x�) − x� +βV i

t+1. (i) Problem (5) becomes

Ŵ B
t

(
a
g
t

) = max
ābt ∈R

W B
t

(
a
g
t + āb

t

)
s.t. āb

t ≤ 0�

With (42), we have āb
Bt = arg maxābt ∈R− ā

b
t = 0. (ii) With (42), problem (6) becomes

max
(ȳt �ābt )∈R+×R

[
u(ȳt) + āb

t + W̄ i
t

]
s.t. ϕn

t ȳt + āb
t ≤ 0�

and the solution is ȳCt = D(ϕn
t ) and āb

Ct = −ϕn
t D(ϕn

t ). So the gain from trade to the con-
sumer is

�̄Ct ≡ u(ȳCt) + āb
Ct = u

(
D
(
ϕn

t

)) −ϕn
t D

(
ϕn

t

)
�

28Below, we use the variants ζ̄(z) and ζ̃(z) to denote correspondences with ζ̄(z) = ζ̃(z) = ζ(z) for all z �= 0, but
possibly ζ̄(0) �= ζ̃(0) �= ζ(0) . Similarly, the variants {κm

it(z)}i∈{B�C�P} and κ
p

(z) , denote correspondences with κ
m
it(z) =

κ
p

(z) = κ(z) for all z �= 0 and all i ∈ {B�C�P} and t ∈ T, but possibly κ
m
it(0) �= κ

m
jt(0) �= κ

p

(0) �= κ(0) for some t ∈ T

and i� j ∈{B�C�P} with i �= j.
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(iii) (a) With (42), condition (7) implies ỹPt (yt) = arg maxỹt∈[0�yt ] W
P
t [(yt − ỹt)κ] =

arg maxỹt∈[0�yt ](yt − ỹt)κ = 0. (b) With (42), problem (6) becomes

max
(ȳt �kt �ābt )∈R2+×R

(
āb
t − kt − κȳt

)θ
k1−θ
t �

s.t. āb
t ≤ ϕn

t ȳt�

ȳt ≤ yt�

0 ≤ āb
t − kt − κȳt�

The solution is āb
Pt (yt) = ϕn

t ȳPt (yt) and kPt (yt) = (1 − θ)(ϕn
t − κ)ȳPt (yt), with

ȳPt (yt)

⎧⎪⎨
⎪⎩

0 if ϕn
t < κ�

∈ [0� yt] if ϕn
t = κ�

yt if κ < ϕn
t �

So the gain from trade to the producer is

�̄Pt ≡ āb
Pt (yt) − kPt (yt) − κȳPt (yt)

= θ
(
ϕn

t − κ
)
ȳPt (yt)�

(iv) After substituting the bargaining outcomes, (11) becomes

V P
t = max

yt∈R+

[
Rn

(
ϕn

t

)
yt − κyt +W P

t (0)
]
�

where Rn(ϕn
t ) as defined in (41). Hence, an individual producer produces

yPt = arg max
yt∈R+

[
Rn

(
ϕn

t

) − κ
]
yt

units of good 1 at the beginning of the first subperiod. Q.E.D.

PROOF OF PROPOSITION 2: Part (iv) of Lemma 1 implies

yPt = arg max
yt∈R+

[
Rn

(
ϕn

t

) − κ
]
yt ≡ Y

(
ϕn

t

)
�

so Rn(ϕn
t ) − κ≤ 0, or equivalently,

ϕn
t ≤ ϕ̄n ≡ κ+ 1 − αθ

αθ
(κ− κ) (43)

is a necessary condition for equilibrium. Hence the solution to the producer’s beginning-
of-period production decision is

Y
(
ϕn

t

){
= 0 if ϕn

t < ϕ̄n�

∈ [0�∞) if ϕn
t = ϕ̄n�

(44)

Lemma 1 also implies ỸPt = 0, ȲCt = D(ϕn
t ), and ȲPt = αζ(ϕn

t −κ)Y(ϕn
t ). Given (44), and

since κ < ϕ̄n, we can write ȲPt = αY(ϕn
t ). Thus, the market-clearing condition for the
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goods market can be written as XD(ϕn
t ) = 0, where

XD

(
ϕn

t

) ≡ D
(
ϕn

t

) − αY
(
ϕn

t

)
� (45)

For all ϕn
t ∈ [0� ϕ̄n), 0 <XD(ϕt), so equilibrium requires ϕ̄n ≤ ϕn

t , which together with the
necessary condition (43), implies ϕ̄n = ϕn

t ≡ ϕn must hold in any equilibrium. From part
(ii) of Lemma 1, ȳCt satisfies u′(ȳCt) = ϕn (the solution is strictly positive since ϕn < u′(0)),
and from the market-clearing condition for good 1, yPt = ȳCt/α. Q.E.D.

APPENDIX C: MONETARY ECONOMY

The following lemma characterizes the first-subperiod outcomes in a monetary econ-
omy.

LEMMA 2: Let ϕt ≡ (1 + ρt)ϕm
t . Consider the first subperiod of period t of an economy

with money. In each case, focus on an agent who enters the period with money holding am
t . (i)

The solution to the banker’s portfolio problem, (i.e., (5)), is qta
b
Bt (a

m
t ) = am

t − am
Bt (a

m
t ) and

am
Bt (a

m
t ) = κ

m
Bt(ρt ) . (ii) The trade of a consumer (i.e., the solution to (6)) is ȳCt (am

t ) = D(ϕt),
ām
Ct (a

m
t ) = κ

m
Ct(ρt ) , qtā

b
Ct (a

m
t ) = am

t − [ām
Ct (a

m
t ) +p1t ȳCt (am

t )]. (iii) The post-production trade
of a producer who carries inventory yt and does not contact a banker (i.e., (7)) is ỹPt (yt� am

t ) =
ζ̃(ϕm

t −κ)yt with ãm
Pt (yt� a

m
t ) = am

t +p1t ỹPt (yt� am
t ). The post-production trade of a producer who

carries inventory yt and contacts a banker (i.e., the solution to (8)) is ȳPt (yt� am
t ) = ζ̄(ϕt−κ)yt ,

ām
Pt (yt� a

m
t ) = κ

m
Pt(ρt ) , qtā

b
Pt (yt� a

m
t ) = am

t +p1t ȳPt (yt� am
t ) − ām

Pt (yt� a
m
t ), and

kPt

(
yt� a

m
t

) = (1 − θ)
{
ρt

am
t

p2t
+ [

(ϕt − κ)I{κ<ϕt} − (
ϕm

t − κ
)
I{κ<ϕm

t }

]
yt

}
�

(iv) A producer’s pretrade production is yPt (am
t ) = κ

p

(κ−Rm(ϕm
t �ϕt )) , where

Rm
(
ϕm

t �ϕt

) ≡ κ+ αθ(ϕt − κ)I{κ<ϕt} + (1 − αθ)
(
ϕm

t − κ
)
I{κ<ϕm

t }� (46)

PROOF OF LEMMA 2: (i) With (39), (5) can be written as

Ŵ B
t

(
am
t � a

g
t

) = max
āt∈R+×R

(
ām
t

p2t
+ āb

t + a
g
t + W̄ B

t

)
s.t. ām

t + qtā
b
t ≤ am

t �

and the solution is qtā
b
Bt (a

m
t ) = am

t − ām
Bt (a

m
t ), with

ām
Bt

(
am
t

)
⎧⎪⎨
⎪⎩

= ∞ if ρt < 0�
∈ [0�∞] if ρt = 0�
= 0 if 0 < ρt�

(ii) With (39), (6) can be written as

Ŵ C
t

(
am
t

) ≡ max
(ȳt �āt )∈R2+×R

[
u(ȳt) + ām

t

p2t
+ āb

t + W̄ C
t

]
s.t. ām

t +p1t ȳt + qtā
b
t ≤ am

t �
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The solution is ȳCt (am
t ) = D(ϕt) and qtā

b
Ct (a

m
t ) = am

t − [ām
Ct (a

m
t ) +p1tD(ϕt)], with

ām
Ct

(
am
t

)
⎧⎪⎨
⎪⎩

= ∞ if ρt < 0�
∈ [0�∞] if ρt = 0�
= 0 if 0 < ρt�

Hereafter specialize the analysis to ρt ≥ 0, since ρt < 0 entails an arbitrage opportunity
inconsistent with equilibrium. The value of the consumer’s problem in the first subperiod
is

Ŵ C
t

(
am
t

) = u
(

D(ϕt)
) −ϕtD(ϕt) + (1 + ρt)

am
t

p2t
+ W̄ C

t �

(iii) (a) With (39), (7) can be written as

(
ỹPt

(
yt� a

m
t

)
� ãm

Pt

(
yt� a

m
t

)) = arg max
(ỹt �ãmt )∈R2+

ãm
t

p2t
+ (yt − ỹt)κ

subject to 1
p1t

(ãm
t − am

t ) = ỹt ≤ yt and, therefore, ãm
Pt (yt� a

m
t ) = am

t +p1t ỹPt (yt� am
t ), with

ỹPt
(
yt� a

m
t

)
⎧⎪⎨
⎪⎩

= yt if κ < ϕm
t �

∈ [0� yt] if ϕm
t = κ�

= 0 if ϕm
t < κ�

(iii) (b) With (39), (8) can be written as

max
(ȳt �āmt �ābt �kt )∈R2+×R×R+

[
ām
t

p2t
+ āb

t − kt + (yt − ȳt)κ− ãm
t

p2t
− [

yt − ỹPt
(
yt� a

m
t

)]
κ

]θ

k1−θ
t

subject to ām
t + qtā

b
t ≤ am

t +p1t ȳt and ȳt ≤ yt . The solution is

āb
Pt

(
yt� a

m
t

) = 1
qt

[
am
t +p1t ȳPt

(
yt� a

m
t

) − ām
Pt

(
yt� a

m
t

)]
�

with

ȳPt
(
yt� a

m
t

)
⎧⎪⎨
⎪⎩

= yt if κ < ϕt�

∈ [0� yt] if ϕt = κ�

= 0 if ϕt < κ�

ām
Pt

(
yt� a

m
t

)
⎧⎪⎨
⎪⎩

∞ if ρt < 0�
∈ [0�∞] if ρt = 0�
= 0 if 0 < ρt�

Specialize the analysis to ρt ≥ 0, since ρt < 0 is inconsistent with equilibrium. The inter-
mediation fee is

kPt

(
yt� a

m
t

)
1 − θ

= 1
p2t

ām
Pt

(
yt� a

m
t

) + āb
Pt

(
yt� a

m
t

) + [
yt − ȳPt

(
yt� a

m
t

)]
κ
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−
[

1
p2t

ãm
Pt

(
yt� a

m
t

) + [
yt − ỹPt

(
yt� a

m
t

)]
κ

]

= 1
p2t

ām
Pt

(
yt� a

m
t

) + āb
Pt

(
yt� a

m
t

) − ȳPt
(
yt� a

m
t

)
κ+ ỹPt

(
yt� a

m
t

)
κ

− 1
p2t

ãm
Pt

(
yt� a

m
t

)

= 1
qt

am
t + (ϕt − κ)ȳPt

(
yt� a

m
t

) + ỹPt
(
yt� a

m
t

)
κ− 1

p2t
ãm
Pt

(
yt� a

m
t

)

− ρt

1
p2t

ām
Pt

(
yt� a

m
t

)

= 1
qt

am
t + (ϕt − κ)I{κ<ϕt}yt + ỹPt

(
yt� a

m
t

)
κ− 1

p2t
ãm
Pt

(
yt� a

m
t

)

= ρt

1
p2t

am
t + [

(ϕt − κ)I{κ<ϕt} − (
ϕm

t − κ
)
I{κ<ϕm

t }

]
yt�

The gain from trade to the producer in this case is �̄Pt (yt� am
t ) ≡ θ

1−θ
kPt (yt� am

t ). (iv) With
(39), and substituting the bargaining outcomes from part (iii) above, the value function
(11) can be written as

V P
t

(
am
t

) = max
yt∈R+

{
−κyt + 1

p2t
am
t + [

κ+ (
ϕm

t − κ
)
I{κ<ϕm

t }

]
yt + W̄ P

t

+ αθ

{
ρt

1
p2t

am
t + [

(ϕt − κ)I{κ<ϕt} − (
ϕm

t − κ
)
I{κ<ϕm

t }

]
yt

}}
�

or equivalently,

V P
t

(
am
t

) = max
yt∈R+

[
Rm

(
ϕm

t �ϕt

) − κ
]
yt + (1 + αθρt)

1
p2t

am
t + W̄ P

t � (47)

with Rm(ϕm
t �ϕt) as defined in (46). Hence, an individual producer produces

yPt
(
am
t

) = arg max
yt∈R+

[
Rm

(
ϕm

t �ϕt

) − κ
]
yt

units of good 1 at the beginning of the first subperiod. Q.E.D.

The following result characterizes the beginning-of-period payoffs.

LEMMA 3: For an agent of type i ∈ {B�C�P}, the beginning-of-period value function,
V i
t (am

t ), can be written as follows: (i) For a producer,

V P
t

(
am
t

) = max
yt∈R+

[
Rm

(
ϕm

t �ϕt

) − κ
]
yt + (1 + αθρt)

1
p2t

am
t + W̄ P

t �

(ii) For a banker,

V B
t

(
am
t

) = (1 + ρt)
1
p2t

am
t + W̄ B

t + α

∫
kPt

(
ãm
t

)
dHt

(
ãm
t

)
�
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(iii) For a consumer,

V C
t

(
am
t

) = u
(

D(ϕt)
) −ϕtD(ϕt) + (1 + ρt)

1
p2t

am
t + W̄ C

t �

PROOF OF LEMMA 3: (i) The value function V P
t (am

t ) is given in (47). (ii) With (39), and
part (i) of Lemma 2, (9) can be written as

V B
t

(
am
t

) = 1
p2t

ām
Bt

(
am
t

) + āb
Bt

(
am
t

) + W̄ B
t + α

∫
kPt

(
ãm
t

)
dHt

(
ãm
t

)

= (1 + ρt)
1
p2t

am
t + W̄ B

t + α

∫
kPt

(
ãm
t

)
dHt

(
ãm
t

)
�

(iii) The value function (10) can be written as V C
t (am

t ) = Ŵ C
t (am

t ), where Ŵ C
t (am

t ) is de-
fined in part (ii) of Lemma 2. Q.E.D.

The following result characterizes the end-of-period portfolio choice for each type of
agent.

LEMMA 4: Consider the money-demand problem at the end-of-period t (i.e., the maxi-
mization on the right-hand side of (40)), and let am

it+1 denote the individual money demand of
an agent of type i ∈{B�C�P}. Then {am

it+1}i∈{B�C�P} must satisfy the following Euler equations:

− 1
p2t

+βv̄it+1

1
p2t+1

≤ 0� with “ = ” if 0 < am
it+1 for i ∈{B�C�P}� (48)

where v̄it+1 ≡ 1 + ρt+1 for i ∈{B�C}, and v̄Pt+1 ≡ 1 + αθρt+1.

PROOF OF LEMMA 4: Take the first-order conditions for the maximization in (40) using
the expressions for the value functions reported in Lemma 3. Q.E.D.

The following result summarizes the equilibrium conditions that define a monetary
equilibrium.

LEMMA 5: A monetary equilibrium is a sequence{
Z1t �Z2t � ρt�YPt� ỸPt� ȲPt� ȲCt� ω̃Pt� [ω̄it�ωit+1]i∈{B�C�P}

}∞
t=0

that satisfies the market-clearing conditions

0 =
∑

i∈{B�C�P}

ωit+1 − 1� (49)

0 = ȲCt − (ȲPt + ỸPt)� (50)

0 = (ωBt − ω̄Bt)Z1t

+ (ωCt − ω̄Ct)Z1t − ȲCt

+ (αωPt − ω̄Pt)Z1t + ȲPt (51)
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and the optimality conditions

0 = (−μZ2t +βv̄it+1Z2t+1

)
ωit+1 ≥ −μZ2t +βv̄it+1Z2t+1 for i ∈{B�C�P}� (52)

YPt =

⎧⎪⎨
⎪⎩

∞ if κ−Rm
(
ϕm

t �ϕt

)
< 0�

[0�∞] if κ−Rm
(
ϕm

t �ϕt

) = 0�
0 if 0 < κ−Rm

(
ϕm

t �ϕt

)
�

(53)

ỸPt =

⎧⎪⎨
⎪⎩

(1 − α)YPt if 0 <ϕm
t − κ�[

0� (1 − α)YPt

]
if ϕm

t − κ = 0�
0 if ϕm

t − κ < 0�
(54)

ȲPt =

⎧⎪⎨
⎪⎩
αYPt if 0 <ϕt − κ�

[0�αYPt] if ϕt − κ = 0�
0 if ϕt − κ < 0�

(55)

ȲCt = D(ϕt)� (56)

ω̃Pt = (1 − α)ωPt + ỸPt

Z1t
� (57)

ω̄it =

⎧⎪⎨
⎪⎩

∞ if ρt < 0�
[0�∞] if ρt = 0�
0 if 0 < ρt

for i ∈{B�C�P}� (58)

where

ϕm
t ≡ Z2t

Z1t
� (59)

ϕt ≡ (1 + ρt)ϕm
t � (60)

v̄Pt+1 ≡ 1 + αθρt+1�

v̄it+1 ≡ 1 + ρt+1 for i ∈{B�C}�

Rm
(
ϕm

t �ϕt

) ≡ κ+ αθ(ϕt − κ)I{κ<ϕt} + (1 − αθ)
(
ϕm

t − κ
)
I{κ<ϕm

t }�

PROOF OF LEMMA 5: By using Definition 1, Lemma 2, and Lemma 4, we know a mon-
etary equilibrium is a sequence{

p1t �p2t � qt�YPt� ỸPt� ȲPt� ȲCt� Ã
m
Pt�

[
Ām

it � Ā
b
it�A

m
it+1

]
i∈{B�C�P}

}∞
t=0

that satisfies the market-clearing conditions

0 =
∑

i∈{B�C�P}

Am
it+1 −Mt+1� (61)

0 = ȲCt − (ȲPt + ỸPt)� (62)

0 =
∑

i∈{B�C�P}

Āb
it (63)



THE LIMITS OF ONETARY ECONOMICS 9

and the optimality conditions

0 =
(

− 1
p2t

+βv̄it+1

1
p2t+1

)
Am

it+1 ≥ − 1
p2t

+βv̄it+1

1
p2t+1

for i ∈{B�C�P}� (64)

YPt =

⎧⎪⎨
⎪⎩

∞ if κ−Rm
(
ϕm

t �ϕt

)
< 0�

[0�∞] if κ−Rm
(
ϕm

t �ϕt

) = 0�
0 if 0 < κ−Rm

(
ϕm

t �ϕt

)
�

(65)

ỸPt =

⎧⎪⎨
⎪⎩

(1 − α)YPt if 0 <ϕm
t − κ�[

0� (1 − α)YPt

]
if ϕm

t − κ = 0�
0 if ϕm

t − κ < 0�
(66)

ȲPt =

⎧⎪⎨
⎪⎩
αYPt if 0 <ϕt − κ�

[0�αYPt] if ϕt − κ = 0�
0 if ϕt − κ < 0�

(67)

ȲCt = D(ϕt)� (68)

Ãm
Pt = (1 − α)Am

Pt +p1t ỸPt� (69)

Ām
it =

⎧⎪⎨
⎪⎩

∞ if ρt < 0�
[0�∞] if ρt = 0�
0 if 0 < ρt�

for i ∈{B�C�P}� (70)

Āb
Pt = 1

qt

(
αAm

Pt +p1t ȲPt − Ām
Pt

)
� (71)

Āb
Bt = 1

qt

(
Am

Bt − Ām
Bt

)
� (72)

Āb
Ct = 1

qt

[
Am

Ct −
(
Ām

Ct +p1t ȲCt

)]
� (73)

with

v̄Pt+1 ≡ 1 + αθρt+1�

v̄it+1 ≡ 1 + ρt+1 for i ∈{B�C}�

Rm
(
ϕm

t �ϕt

) ≡ κ+ αθ(ϕt − κ)I{κ<ϕt} + (1 − αθ)
(
ϕm

t − κ
)
I{κ<ϕm

t }�

ρt ≡ p2t

qt

− 1�

ϕm
t ≡ p1t

p2t
�

ϕt ≡ (1 + ρt)ϕm
t �

With ωit ≡ Am
it /Mt , (61) can be written as (49). By using (70)–(73), ωit ≡ Am

it /Mt , ω̄it ≡
Ām

it /Mt , and Z1t ≡ Mt/p1t , (63) can be written as (51). With Z2t ≡Mt/p2t and Mt+1/Mt =
μ, (64) can be written as (52). Condition (50) is the same as (62), and conditions (53)–(56)
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are the same as (65)–(68). With ω̃Pt ≡ Ãm
Pt/Mt , ωPt ≡Am

Pt/Mt , and Z1t ≡ Mt/p1t , (69) can
be written as (57). With ω̄it ≡ Ām

it /Mt , (70) can be written as (58). Q.E.D.

COROLLARY 3: Given the real equilibrium variables described in Lemma 5, the nominal
equilibrium variables are obtained as follows:

pjt = Mt

Zjt

for j ∈{1�2}�

qt = p2t

1 + ρt

�

Ãm
Pt = ω̃PtMt�

Ām
it = ω̄itMt for i ∈{B�C�P}�

Am
it+1 = ωit+1Mt+1 for i ∈{B�C�P}�

Āb
Pt = 1

qt

(
αAm

Pt +p1t ȲPt − Ām
Pt

)
�

Āb
Bt = 1

qt

(
Am

Bt − Ām
Bt

)
�

Āb
Ct = 1

qt

[
Am

Ct −
(
Ām

Ct +p1t ȲCt

)]
�

C.1. Stationary Monetary Equilibrium

PROOF OF PROPOSITION 3: From Lemma 5, a stationary monetary equilibrium is a vec-
tor (

Z1�Z2�ρ�YP� ỸP� ȲP� ȲC� ω̃P� [ωi� ω̄i]i∈{B�C�P}

)
with Zj > 0 for j ∈{1�2} that satisfies the market-clearing conditions

0 =
∑

i∈{B�C�P}

ωi − 1� (74)

0 = ȲC − (ȲP + ỸP)� (75)

0 = (ωB − ω̄B)Z1

+ (ωC − ω̄C)Z1 − ȲC

+ (αωP − ω̄P)Z1 + ȲP (76)

and the optimality conditions

0 = (−μ+βv̄i
)
ωi for i ∈{B�C�P}�with 0 ≤ f iωi� (77)

YP =

⎧⎪⎨
⎪⎩

∞ if κ−Rm
(
ϕm�ϕ

)
< 0�

[0�∞] if κ−Rm
(
ϕm�ϕ

) = 0�
0 if 0 < κ−Rm

(
ϕm�ϕ

)
�

(78)
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ỸP =

⎧⎪⎨
⎪⎩

(1 − α)YP if 0 <ϕm − κ�[
0� (1 − α)YP

]
if ϕm − κ= 0�

0 if ϕm − κ< 0�
(79)

ȲP =

⎧⎪⎨
⎪⎩
αYP if 0 <ϕ− κ�

[0�αYP] if ϕ− κ= 0�
0 if ϕ− κ < 0�

(80)

ȲC = D(ϕ)� (81)

ω̃P = (1 − α)ωP + ỸP

Z1
� (82)

ω̄i =

⎧⎪⎨
⎪⎩

∞ if ρ < 0�
[0�∞] if ρ= 0�
0 if 0 < ρ�

for i ∈{B�C�P}� (83)

where

ϕm ≡ Z2

Z1
� (84)

ϕ ≡ (1 + ρ)ϕm� (85)

v̄P ≡ 1 + αθρ� (86)

v̄i ≡ 1 + ρ for i ∈{B�C}� (87)

Rm
(
ϕm�ϕ

) ≡ κ+ αθ(ϕ− κ)I{κ<ϕ} + (1 − αθ)
(
ϕm − κ

)
I{κ<ϕm}� (88)

First, we know that ϕm ≤ ϕ, since 0 ≤ ρ must hold in any equilibrium. Second, in any
equilibrium in which good 1 is produced, we must have: (a) κ = Rm(ϕm�ϕ) (this follows
from (78)), or equivalently,

κ = κ+ αθ(ϕ− κ)I{κ<ϕ} + (1 − αθ)
(
ϕm − κ

)
I{κ<ϕm}� (89)

(b) κ < ϕ, that is, banked producers never store output. To see why, notice that if ϕ ≤ κ,
then we know that ϕm ≤ ϕ ≤ κ and, therefore, Rm(ϕm�ϕ) = κ < κ, which implies good 1
is never produced. (c) If ϕm = ϕ, then (89) implies ϕm = ϕ = κ > κ. Third, v̄P ≤ v̄B = v̄C

(with “<” unless αθ = 1 or ρ= 0), so the Euler equations (77) imply that if either αθ = 1
or ρ = 0, then any triple ωB�ωC�ωP ∈ [0�1] with ωB + ωC + ωP = 1 is consistent with
equilibrium; otherwise, ωP = 0 and any pair ωB�ωC ∈ [0�1] with ωB +ωC = 1 is consistent
with a monetary equilibrium. In the remainder of the proof, we assume αθ < 1, but will
consider the limiting case αθ → 1 in Corollary 2. From the previous observations, we
know κ < ϕ, 0 ≤ ρ, and ϕ−ϕm has the same sign as ρ. Hence, there are only three possible
equilibrium configurations in which good 1 is produced: (1) 0 < ρ and ϕm < κ, (2) 0 < ρ
and κ ≤ ϕm, and (3) ρ = 0 and κ < ϕm = ϕ = κ. Next, we consider each configuration in
turn.

CONFIGURATION 1: 0 < ρ and ϕm < κ. Under this conjecture, the equilibrium condi-
tions (74)–(83) imply Z1 = 0, so this configuration is inconsistent with monetary equilib-
rium.
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CONFIGURATION 2: 0 < ρ and κ ≤ ϕm. Under this conjecture, the equilibrium condi-
tions (74)–(83) together with the definitions (84)–(88) imply the equilibrium is

ρ = ι�

ϕm = κ

1 + αθι
�

ϕ ≡ 1 + ι

1 + αθι
κ�

Z1 = (1 − α)D(ϕ)�

Z2 = ϕmZ1�

YP = ȲC = D(ϕ)�

ỸP = (1 − α)D(ϕ)�

ȲP = αD(ϕ)�

ω̃P = 1�

ω̄i = 0 for i ∈{B�C�P}�

ωP = 0�

ωB�ωC ∈ [0�1] with ωB +ωC = 1�

For this to be an equilibrium, it only remains to check that κ ≤ ϕm and that D(ϕ) ≥ 0. The
former is equivalent to ι ≤ ῑ, with ῑ as defined in (16). The fact that the latter holds for all
ι ∈ [0� ῑ] is implied by the assumption ϕn < u′(0).

CONFIGURATION 3: ρ= 0 and κ< ϕm = ϕ = κ. Under this conjecture, the equilibrium
conditions (74)–(83) together with the definitions (84)–(88) imply the equilibrium is

ρ = ι = 0�

ϕm = ϕ = κ�

YP = ȲC = ỸP

1 − α
= ȲP

α
= D(κ)�

Z1 = 1
ω̃P − (1 − α)ωP

(1 − α)D(κ)�

Z2 = κZ1�

ωi ∈ [0�∞] for i ∈{B�C�P}� with ωB +ωC +ωP = 1�

ω̃P� ω̄i ∈ [0�∞] for i ∈{B�C�P}� with (1 − α)ωP < ω̃P = 1 −
∑

i∈{B�C�P}

ω̄i�

Since κ < ϕn, D(κ) ≥ 0 is implied by the assumption ϕn < u′(0). This concludes the proof.
Q.E.D.
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C.2. Dynamic Monetary Equilibrium

In this section, we characterize deterministic dynamic monetary equilibria for an econ-
omy with production of good 1. The following result offers a characterization of the set of
deterministic dynamic monetary equilibria with production of good 1.

PROPOSITION 6: Assume ϕn < u′(0). Define zit ≡ 1
1−α

Zit for i ∈ {1�2}, and for any z ∈
[κD(ϕn)�κD(κ)], let f (z) denote the unique value ϕ ∈ [κ�ϕn] that satisfies

z = κ− αθϕ

1 − αθ
D(ϕ)�

A dynamic monetary equilibrium is a bounded sequence {z1t � z2t �ϕ
m
t �ρt� y

m
t }∞

t=0, where
{z2t}∞

t=0 satisfies

z2t =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

1
1 + ι

z2t+1 if κD(κ) ≤ z2t+1�

1
1 + ι

(1 − αθ)f (z2t+1)
κ− αθf (z2t+1)

z2t+1 if κD
(
ϕn

)
< z2t+1 < κD(κ)�

1 + ῑ

1 + ι
z2t+1 if z2t+1 ≤ κD

(
ϕn

)
�

(90)

Given the equilibrium path {z2t}∞
t=0,

ϕm
t =

⎧⎪⎪⎨
⎪⎪⎩
κ if κD(κ) ≤ z2t �
κ− αθf (z2t)

1 − αθ
if κD

(
ϕn

)
< z2t < κD(κ)�

κ if z2t ≤ κ D
(
ϕn

)
�

ρt =

⎧⎪⎪⎨
⎪⎪⎩

0 if κD(κ) ≤ z2t �
f (z2t) − κ

κ− αθf (z2t)
if κD

(
ϕn

)
< z2t < κD(κ)�

ῑ if z2t ≤ κ D
(
ϕn

)
�

z1t =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1
κ
z2t if κD(κ) ≤ z2t �

ym
t if κD

(
ϕn

)
< z2t < κD(κ)�

1
κ
z2t if z2t ≤ κD

(
ϕn

)
�

and ym
t = D[(1 + ρt)ϕm

t ] is the consumption of good 1. Nominal prices are p1t = ϕm
t p2t =

Mt

(1−α)z1t
and qt = p2t

1+ρt
, and velocity is Vt = ymt

(1−α)z1t
.

Proposition 6 reduces the task of finding dynamic monetary equilibria to finding a
bounded solution {z2t}∞

t=0 to the difference equation (90).

COROLLARY 4: In any dynamic monetary equilibrium, D(ϕn) ≤ D[(1 + ρt)ϕm
t ] for all t,

with “=” only if z2t ≤ κD(ϕn) or αθ = 1.
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Corollary 4 of Proposition 6 establishes that in any dynamic monetary equilibrium, con-
sumers face an effective relative price of good 1 (in terms of good 2), that is, (1 + ρt)ϕm

t ,
that is lower than the relative price they would face in the equilibrium of the same econ-
omy without money, that is, ϕn. Thus, consumption of good 1 (and therefore welfare) is
higher in the economy with money than in the nonmonetary economy—strictly higher if
the equilibrium path has z2t > κD(ϕn) for at least one t.

C.2.1. Cashless Limit

The following corollary of Proposition 6 describes the cashless limit (as α → 1) of the
dynamical system that characterizes any dynamic monetary equilibrium path.

COROLLARY 5: Assume ϕn∗ < u′(0). For any z ∈ [κD(ϕn∗)�κD(κ)], let g(z) denote the
unique value ϕ ∈ [κ�ϕn∗] that satisfies

z = κ− θϕ

1 − θ
D(ϕ)� (91)

Let {z1t � z2t �ϕ
m
t �ρt� y

m
t }∞

t=0 be a dynamic monetary equilibrium. Then:
(i) As α→ 1, {z1t � z2t �ϕ

m
t �ρt� y

m
t }∞

t=0 →{z∗
1t � z

∗
2t �ϕ

m∗
t � ρ∗

t � y
m∗
t }∞

t=0, where {z∗
2t}

∞
t=0 satisfies

z∗
2t =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

1
1 + ι

z∗
2t+1 if κD(κ) ≤ z∗

2t+1�

1
1 + ι

(1 − θ)g
(
z∗

2t+1

)
κ− θg

(
z∗

2t+1

) z∗
2t+1 if κ D

(
ϕn∗)< z∗

2t+1 < κD(κ)�

1 + ῑ∗

1 + ι
z∗

2t+1 if z∗
2t+1 ≤ κD

(
ϕn∗)�

Given the equilibrium path {z∗
2t}

∞
t=0,

ϕm∗
t =

⎧⎪⎪⎨
⎪⎪⎩
κ if κD(κ) ≤ z∗

2t �

κ− θg
(
z∗

2t

)
1 − θ

if κD
(
ϕn∗) < z∗

2t < κD(κ)�

κ if z∗
2t ≤ κD

(
ϕn∗)�

ρ∗
t =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

0 if κ D(κ) ≤ z∗
2t �

g
(
z∗

2t

) − κ

κ− θg
(
z∗

2t

) if κD
(
ϕn∗) < z∗

2t < κD(κ)�

ῑ∗ if z∗
2t ≤ κD

(
ϕn∗)�

z∗
1t =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1
κ
z∗

2t if κD(κ) ≤ z∗
2t �

ym∗
t if κD

(
ϕn∗) < z∗

2t < κD(κ)�
1
κ
z∗

2t if z∗
2t ≤ κD

(
ϕn∗)�

and ym∗
t = D[(1 + ρ∗

t )ϕ
m∗
t ] is the consumption of good 1.

(ii) D(ϕn∗) ≤ D[(1 + ρ∗
t )ϕ

m∗
t ] for all t, with “=” only if z∗

2t ≤ κD(ϕn∗) or θ = 1.
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Part (i) of Corollary 5 describes the set of conditions that characterize the “cashless
limiting path” to which the path corresponding to any given dynamic monetary equilib-
rium converges (pointwise, for each t) as α → 1. Part (ii) establishes a key result that
generalizes the main result in Corollary 2: As long as bankers have market power against
producers, that is, θ < 1, in the cashless limit of any dynamic monetary equilibrium, con-
sumers face an effective relative price of good 1 (in terms of good 2) that is lower than
the relative price they would face in the equilibrium of the same economy without money.
Thus, consumption of good 1 and, therefore, welfare, is higher in the pure-credit cashless
limit of a dynamic monetary equilibrium of the economy with money than in the pure-
credit limit of the economy without money. Welfare is strictly higher in the former than
the latter if θ < 1 and the equilibrium path has z∗

2t > κD(ϕn∗) for some t. The equilibrium
conditions in Corollary 5 are stated in terms of real balances normalized by the number
of producers who have no access to bankers, that is, z∗

it ≡ limα→1 zit , where zit ≡ Zit

1−α
for

i ∈{1�2}. Hence, in the cashless limit of a dynamic monetary equilibrium characterized in
the corollary, we have

lim
α→1

1
pit

= lim
α→1

1
Vt

= lim
α→1

Zit = lim
α→1

(1 − α)z∗
it = 0 for i ∈{1�2}�

C.2.2. Proofs

PROOF OF PROPOSITION 6: The proof builds on Lemma 5. We seek to characterize de-
terministic monetary equilibria in which good 1 is produced in every period. An equilib-
rium is monetary if Zit > 0 for i ∈{1�2} and all t.

We first establish that a monetary equilibrium has production of good 1 in every period
only if κ ≤ ϕm

t for all t. To this end, suppose there is a monetary equilibrium (i.e., Zit > 0
for i ∈ {1�2} and all t) with ϕm

t < κ for some t. There are two possibilities: either ρt = 0,
or 0 < ρt . If ρt = 0, (60) implies ϕt = ϕm

t < κ, but then (53) implies YPt = 0 (good 1 is
not produced). If 0 < ρt , (49) and (52) imply ωPt = 0 and ωBt +ωCt = 1, and (58) implies
ω̄it = 0 for i ∈ {B�C�P}. Hence, the bond-market clearing condition (51) becomes ȲCt −
Z1t = ȲPt , which together with (50) (the market-clearing condition for good 1), implies
Z1t = ỸPt . But since this conjectured monetary equilibrium has ϕm

t < κ, (54) implies ỸPt =
0 and, therefore, Z1t = 0, a contradiction. Next, we characterize the set of deterministic
monetary equilibria in which good 1 is produced in every period by considering three
possible equilibrium configurations from some arbitrary period t onwards: (i) ρt+1 = 0;
(ii) 0 < ρt+1 and κ < ϕm

t+1; (iii) 0 < ρt+1 and ϕm
t+1 = κ.

(i) Suppose ρt+1 = 0. Then (60) implies ϕt+1 = ϕm
t+1, and (53) implies that in an equilib-

rium with production of good 1,

ϕt+1 = ϕm
t+1 = κ� (92)

Then (53), (54), and (55) imply YPt+1 ∈ [0�∞], ỸPt+1 = (1 − α)YPt+1, and ȲPt+1 = αYPt+1.
Since ỸPt+1 + ȲPt+1 = YPt+1, (50), (56), and (92) imply

YPt+1 = ȲCt+1 = D(κ) (93)

and, therefore,

ỸPt+1 = (1 − α)D(κ)� (94)

ȲPt+1 = αD(κ)� (95)
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Together with (59), the fact that ϕm
t+1 = κ implies

Z1t+1 = Z2t+1

κ
� (96)

Condition (52) implies

Z2t = 1
1 + ι

Z2t+1 (97)

and ωit+1 ∈ [0�∞] for i ∈{B�C�P}, which together with (49) implies (ωit+1)i∈{B�C�P} is only
restricted to satisfy

ωit+1 ∈ [0�1]� with
∑

i∈{B�C�P}

ωit+1 = 1� (98)

Condition (58) implies

ω̄it+1 ∈ [0�1] for i ∈{B�C�P}� (99)

Together with ỸPt+1 = (1 − α)D(κ), (57) implies

ω̃Pt+1 = (1 − α)ωPt+1 + (1 − α)D(κ)
Z1t+1

� (100)

Together with ȲCt+1 = ȲPt+1
α

= D(κ), (51) yields

Z1t+1 = (1 − α)D(κ)
ωBt+1 +ωCt+1 + αωPt+1 − ω̄Bt+1 − ω̄Ct+1 − ω̄Pt+1

�

The only restriction that this condition implies on Z1t+1 for it to be part of a monetary
equilibrium is that (1−α)D(κ) ≤ Z1t+1, or equivalently, since κZ1t+1 =Z2t+1, this inequal-
ity is equivalent to

κD(κ) ≤ z2t+1� (101)

where

zjt+1 ≡ Zjt+1

1 − α
for j ∈{1�2}�

To summarize, given a value z2t ∈ R++, under the conjecture that ρt+1 = 0, and provided
condition (101) holds, the rest of equilibrium allocation at t + 1 is obtained as follows:
YPt+1 and ȲCt+1 are given by (93), ỸPt+1 is given by (94), ȲPt+1 by (95), z1t+1 by (96), z2t+1

by (97) with (101), and ([ωit+1� ω̄it+1� ]i∈{B�C�P}� ω̃Pt+1) by (98)–(100).
(ii) Suppose 0 < ρt+1 and κ < ϕm

t+1. Then (49) and (52) imply

Z2t = 1 + ρt+1

1 + ι
Z2t+1 (102)

and

ωPt+1 = 0� (103)

ωBt+1�ωCt+1 ∈ R+� with ωBt+1 +ωCt+1 = 1� (104)
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Since 0 < ρt+1, conditions (58) imply

ω̄it+1 = 0 for i ∈{B�C�P}� (105)

Given (60), the assumptions 0 < ρt+1 and κ < ϕm
t+1 imply κ < ϕm

t+1 <ϕt+1, so (54) and (55)
imply ỸPt+1 = (1 − α)YPt+1 and ȲPt+1 = αYPt+1, and (53) implies YPt ∈ [0�∞] and

αθϕt+1 + (1 − αθ)ϕm
t+1 = κ�

This last condition is equivalent to

ϕm
t+1 = κ− αθϕt+1

1 − αθ
� (106)

and together with (60), it implies

ρt+1 = ϕt+1 − κ

κ− αθϕt+1
� (107)

Condition (107) is equivalent to

ϕt+1 = 1 + ρt+1

1 + αθρt+1
κ�

which together with (106) yields

ϕm
t+1 = κ

1 + αθρt+1
�

From this last condition, it is easy to see that

κ < ϕm
t+1 ⇔ ρt+1 < ῑ� (108)

Together with (50) and (56), ỸPt+1 = (1 − α)YPt+1 and ȲPt+1 = αYPt+1 imply

ȲCt+1 = YPt+1 = ỸPt+1

1 − α
= ȲPt+1

α
= D(ϕt+1)� (109)

Conditions (103)–(105) together with (51) imply

Z1t+1 = (1 − α)D(ϕt+1)� (110)

which together with (59) can be written as

Z2t+1 = (1 − α)ϕm
t+1 D(ϕt+1)� (111)

Conditions (106) and (111) imply z2t+1 = h(ϕt+1), where

h(ϕt+1) ≡ κ− αθϕt+1

1 − αθ
D(ϕt+1)�

Notice that h′ < 0, and

h
(
ϕn

) = κD
(
ϕn

)
<h(κ) = κD(κ)�
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so for every z2t+1 ∈ [κD(ϕn)�κD(κ)], there exists a unique ϕt+1 ∈ [κ�ϕn] given by ϕt+1 =
f (z2t+1), where f (z2t+1) ≡ h−1(z2t+1). By substituting (107) and ϕt+1 = f (z2t+1) into (102),
we obtain

z2t = 1
1 + ι

(1 − αθ)f (z2t+1)
κ− αθf (z2t+1)

z2t+1� (112)

Conditions (57), (103), (110), and (109) imply

ω̃Pt+1 = 1� (113)

The two conditions for case (ii) are 0 < ρt+1 and κ < ϕm
t+1, which with (107), (108), and

ϕt+1 = f (z2t+1), can be written as

0 <
f (z2t+1) − κ

κ− αθf (z2t+1)
< ῑ� (114)

Since f is a strictly decreasing function, with f (κD(κ)) = κ and f (κD(ϕn)) = ϕn, (114) is
equivalent to

κD
(
ϕn

)
< z2t+1 < κD(κ)� (115)

To summarize, given a value z2t ∈ R++, under the conjecture that 0 < ρt+1 and κ < ϕm
t+1,

and provided conditions (115) hold, the rest of equilibrium allocation at t + 1 is ob-
tained as follows: (YPt� ỸPt� ȲPt� ȲCt) is given by (109), ([ωit+1� ω̄it+1� ]i∈{B�C�P}� ω̃Pt+1) by
(103), (104), (105), and (113), z2t+1 by (112), ϕt+1 by ϕt+1 = f (z2t+1), z1t+1 by (110),
ρt+1 = f (z2t+1)−κ

κ−αθf (z2t+1) by (107), and ϕm
t+1 = κ−αθf (z2t+1)

1−αθ
from (106).

(iii) Suppose 0 < ρt+1 and

ϕm
t+1 = κ� (116)

Then Z2t+1 satisfies (102), {ωit+1}i∈{B�C�P} satisfies (103) and (104), and {ω̄it+1}i∈{B�C�P} satis-
fies (105). The assumptions 0 < ρt+1 and ϕm

t+1 = κ imply κ = ϕm
t+1 <ϕt+1, so (54) and (55)

imply

ỸPt+1 ∈ [
0� (1 − α)YPt+1

]
(117)

and

ȲPt+1 = αYPt+1� (118)

and (53) implies YPt+1 ∈ [0�∞] and

ϕt+1 = ϕn� (119)

Hence, (60) implies

ρt+1 = ῑ� (120)

and condition (56) implies

ȲCt+1 = D
(
ϕn

)
� (121)

Thus, (102) becomes

z2t = 1 + ῑ

1 + ι
z2t+1� (122)
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Given z2t+1, (59) and (116) can be used to obtain

Z1t+1 = (1 − α)z2t+1

κ
� (123)

Condition (51), together with (56), (103)–(105), (119), and ȲPt+1 = αYPt+1, implies

YPt+1 = D
(
ϕn

) −Z1t+1

α
� (124)

Then (50) implies

ỸPt+1 = D
(
ϕn

) − ȲPt+1

= Z1t+1� (125)

Thus, the optimality condition (117) requires

0 ≤Z1t+1 ≤ (1 − α)YPt+1�

which using (124) is equivalent to

0 ≤Z1t+1 ≤ (1 − α)
D
(
ϕn

) −Z1t+1

α
�

With (123), these inequalities become

0 ≤ z2t+1 ≤ κD
(
ϕn

)
� (126)

To summarize, given a value z2t ∈ R++, under the conjecture that 0 < ρt+1 and ϕm
t+1 = κ,

and provided conditions (126) hold, the rest of equilibrium allocation at t + 1 is obtained
as follows: z2t+1 is given by (122), z1t+1 by (123), ρt+1 by (120), ϕt+1 by (119), YPt+1 by
(124), ỸPt+1 by (125), ȲPt+1 by (118), ȲCt+1 by (121), {ωit+1}i∈{B�C�P} by (103) and (104),
{ω̄it+1}i∈{B�C�P} by (105), and ω̃Pt+1 = 1 (by (103) and (125)).

From the previous analysis of cases (i)–(iii), it follows that a dynamic deterministic
monetary equilibrium with production of good 1 consists of a sequence of real balances,
interest rates, relative prices, and consumption, production, and sales of good 1,{

z1t � z2t � ρt�ϕt�ϕ
m
t �YPt� ỸPt� ȲPt� ȲCt

}∞
t=0

�

with zit > 0 for i ∈{1�2} and all t, that satisfies the following conditions:

z2t =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

1
1 + ι

z2t+1 if κD(κ) ≤ z2t+1�

1
1 + ι

(1 − αθ)f (z2t+1)
κ− αθf (z2t+1)

z2t+1 if κD
(
ϕn

)
< z2t+1 < κD(κ)�

1 + ῑ

1 + ι
z2t+1 if z2t+1 ≤ κD

(
ϕn

)
�

ϕt =

⎧⎪⎨
⎪⎩
κ if κ D(κ) ≤ z2t �

f (z2t) if κD
(
ϕn

)
< z2t < κD(κ)�

ϕn if z2t ≤ κD
(
ϕn

)
�

(127)
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z1t =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1
κ
z2t if κD(κ) ≤ z2t �

D(ϕt) if κD
(
ϕn

)
< z2t < κD(κ)�

1
κ
z2t if z2t ≤ κD

(
ϕn

)
�

ϕm
t = κ− αθϕt

1 − αθ
�

ρt = ϕt − κ

κ− αθϕt

�

ȲCt = D(ϕt)�

ỸPt =
{

(1 − α)D(ϕt) if κ D
(
ϕn

)
< z2t �

(1 − α)z1t if z2t ≤ κD
(
ϕn

)
�

ȲPt =
{
αD(ϕt) if κD

(
ϕn

)
< z2t �

D
(
ϕn

) − (1 − α)z1t if z2t ≤ κ D
(
ϕn

)
�

YPt =
⎧⎨
⎩

D(ϕt) if κD
(
ϕn

)
< z2t �

D
(
ϕn

) − (1 − α)z1t

α
if z2t ≤ κD

(
ϕn

)
�

where for any z ∈ [κD(ϕn)�κD(κ)], f (z) denotes the unique value ϕ ∈ [κ�ϕn] that satisfies

z = κ− αθϕ

1 − αθ
D(ϕ)�

The equilibrium nominal prices are

p1t = Mt

(1 − α)z1t
�

p2t = p1t

ϕm
t

�

qt = p2t

1 + ρt

�

This concludes the proof. Q.E.D.

PROOF OF COROLLARY 4: From the definition of f in the statement of Proposition 6,
it follows that f (z2t) ≤ ϕn for all z2t ≥ κD(ϕn), with “=” only if z2t = κD(ϕn). Then (127)
implies ϕt ≡ (1+ρt)ϕm

t ≤ ϕn, with “=” only if z2t ≤ κD(ϕn). Since D′(·) < 0, it follows that
D(ϕn) ≤ D[(1 + ρt)ϕm

t ] for all t, with “=” only for t ∈ T such that z2t ≤ κD(ϕn). Q.E.D.

C.3. Sunspot Equilibria

In this section, we construct equilibria where prices and allocations are time-invariant
functions of a sunspot, that is, a random variable on which agents may coordinate actions
but that does not directly affect any primitives, including endowments, preferences, and
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production or trading possibilities. We focus on equilibria where only consumers hold
money between periods, which is without loss for our purposes. In Section C.3.2 (Corol-
lary 7), we provide the equilibrium conditions for a set of sunspot states S = {s1� � � � � sN},
where the time path of the sunspot state, st ∈ S, follows a Markov chain with ηij =
Pr(st+1 = sj|st = si). In this context, we describe equilibrium with time-invariant functions
of the sunspot state, that is, for any st ∈ S we use ϕm(st), ρ(st), {Zi(st)�pi(st�Mt)}i∈{1�2},
V (st), and ym(st), to denote the prices ϕm

t , ρt , and {Zit�pit}i∈{1�2}, velocity, Vt , and con-
sumption of good 1, ym

t ≡ D[(1 + ρt)ϕm
t ], respectively.

The following result characterizes a family of sunspot equilibria that contains the non-
monetary equilibrium of Proposition 2 and the monetary equilibrium of Proposition 3.

PROPOSITION 7: Assume ϕn < u′(0), and S = {s1� s2}, with η11 ≡ η ∈ [0�1] and η22 = 1.
For any arbitrary η ∈ (0�1], provided 1 ≤ 1 + ι < η(1 + ῑ), there exists a sunspot equilibrium
given by ϕm(s2) =Z1(s2) =Z2(s2) = 0, ym(s2) = D(ϕn),

ρ(s1) = ι+ 1 −η

η
�

ϕm(s1) = η

1 + αθι− (1 −η)(1 − αθ)
κ�

Z1(s1)
1 − α

= Z2(s1)
(1 − α)ϕm(s1)

= ym(s1) = D
[(

1 + ρ(s1)
)
ϕm(s1)

]
�

V (s1) = 1
1 − α

�

and pi(s�Mt) = Mt

Zi(s)
for i ∈{1�2} and s ∈ S.

For η = 0, the equilibrium described in Proposition 7 reduces to the nonmonetary equi-
librium of Proposition 2. Conversely, for η= 1, it reduces to the monetary equilibrium of
Proposition 3. By varying η from 0 to 1, we can generate a continuum of proper sunspot
equilibria that “convexify” the equilibrium set spanned by the monetary and the nonmon-
etary equilibrium.

C.3.1. Cashless Limit

For every α ∈ [0�1], the set of equilibria indexed by the sunspot probability η described
in Proposition 7, defines an equilibrium correspondence that is continuous. The following
corollary of Proposition 7 characterizes the limit of this equilibrium correspondence as
α→ 1.

COROLLARY 6: Consider the set of monetary equilibria indexed by η ∈ (0�1] characterized
in Proposition 7. Assume ϕn∗ < u′(0) and 1 ≤ 1 + ι < η(1 + ῑ∗). For any arbitrary η ∈ (0�1],

lim
α→1

ym(s2) = D
(
ϕn∗)�

lim
α→1

ρ(s1) = ι+ 1 −η

η
�

lim
α→1

ϕm(s1) = η

1 + θι− (1 −η)(1 − θ)
κ�
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lim
α→1

Z1(s1)
1 − α

= lim
α→1

Z2(s1)
(1 − α)ϕm(s1)

= lim
α→1

ym(s1) = D

(
1 + ι

1 + θι− (1 −η)(1 − θ)
κ

)
�

lim
α→1

1
pi(s�Mt)

= lim
α→1

1
V (s1)

= 0 for i ∈{1�2}�

Corollary 6 contains two insights. First, it generalizes the result (e.g., in Corollary 2)
that the allocation implemented by the pure-credit cashless limit of a monetary equilib-
rium is generically different from the allocation implemented by the pure-credit limit of
a nonmonetary economy. This is clear from the fact that, provided 1 ≤ 1 + ι < η(1 + ῑ∗),
limα→1 y

m(s1) > D(ϕn∗) for all η ∈ (0�1] and all θ ∈ [0�1). Second, Corollary 6 formalizes
the idea that since the equilibrium correspondence for the set of sunspot equilibria is con-
tinuous, by adopting a particular equilibrium selection scheme, it is possible to construct
a sunspot monetary equilibrium whose pure-credit cashless limit converges to the pure-
credit limit of the nonmonetary economy. The selection involves decreasing the probabil-
ity η toward zero as α approaches 1, that is, intuitively, agents’ expectations that money
will lose its value forever (purely due to self-fulfilling beliefs) must converge to 1 along
with α. More formally, the equilibrium selection scheme is to focus on the particular joint
limit on credit and beliefs, α(1 −η) → 1, and in this case, even if θ < 1, one would indeed
find limα(1−η)→1 ϕ(s1) = ϕn� and, therefore, limα→1 y

m(s1) = D(ϕn∗). It is our view that this
kind of approximation result based on an arbitrary equilibrium selection from a large set
of equilibria is too frail to offer a compelling basis for a moneyless approach to monetary
economics.

C.3.2. Proofs

The following corollary of Lemma 5 summarizes the conditions that characterize a re-
cursive monetary sunspot equilibrium. Without relevant loss of generality, we focus on
equilibria where only consumers hold money between periods, and only unbanked pro-
ducers hold money between the first and second subperiod of a given period.

COROLLARY 7: A recursive monetary sunspot equilibrium is a collection of functions of
s ∈ S, 〈

Z1(s)�Z2(s)�ρ(s)�YP (s)� ỸP (s)� ȲP (s)� ȲC (s)
〉
�

that for all s ∈ S, satisfies the market-clearing conditions

0 = ȲC (s) − ȲP (s) − ỸP (s)�

0 = Z1(s) − ȲC (s) + ȲP (s)

and the optimality conditions

Z2(si) = 1
1 + ι

N∑
j=1

ηij

[
1 + ρ(sj)

]
Z2(sj) for all si ∈ S�

YP (s) =

⎧⎪⎨
⎪⎩

∞ if κ−Rm(s) < 0�
[0�∞] if κ−Rm(s) = 0�
0 if 0 < κ−Rm(s)�
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ỸP (s) =

⎧⎪⎨
⎪⎩

(1 − α)YP (s) if 0 <ϕm(s) − κ�[
0� (1 − α)YP (s)

]
if ϕm(s) − κ= 0�

0 if ϕm(s) − κ < 0�

ȲP (s) =

⎧⎪⎨
⎪⎩
αYP (s) if 0 <ϕ(s) − κ�[
0�αYP (s)

]
if ϕ(s) − κ = 0�

0 if ϕ(s) − κ < 0�

ȲC (s) = D
(
ϕ(s)

)
�

where

ϕm(s) ≡ Z2(s)
Z1(s)

�

ϕ(s) ≡ [
1 + ρ(s)

]
ϕm(s)�

Rm(s) ≡ κ+ αθ
[
ϕ(s) − κ

]
I{κ<ϕ(s)} + (1 − αθ)

[
ϕm(s) − κ

]
I{κ<ϕm(s)}�

PROOF OF PROPOSITION 7: Conjecture the following sunspot equilibrium:

ρ(s1) = ι+ 1 −η

η
�

ϕm(s1) = η

1 + αθι− (1 −η)(1 − αθ)
κ�

Z1(s1) = Z2(s1)
ϕm(s1)

= (1 − α)D
(
ϕ(s1)

)
� with ϕ(s1) ≡ [

1 + ρ(s1)
]
ϕm(s1)�

V (s1) = 1
1 − α

�

YP (s1) = ȲC (s1) = ȲP (s1)
α

= ỸP (s1)
1 − α

= D
(
ϕ(s1)

)
�

ϕm(s2) = Z1(s2) = Z2(s2) = ỸP (s2) = 0�

ȲC (s2) = ȲP (s2) = αYP (s2) = D
(
ϕn

)
�

pi(s�Mt) = Mt

Zi(s)
for i ∈{1�2} and s ∈ S�

It is easy to verify that the conjectured allocations and prices satisfy the equilibrium con-
ditions in Corollary 7. Q.E.D.

APPENDIX D: WELFARE

LEMMA 6: Consider an economy with v(x) = x.
(i) Along the stationary monetary equilibrium, welfare is

(1 −β)Wm = u
(

D(ϕ)
) − κD(ϕ)�

with ϕ ≡ (1 + ι)ϕm, and ϕm as given in part (i) of Proposition 3.
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(ii) Along the nonmonetary equilibrium, welfare is

(1 −β)Wn = u
(

D
(
ϕn

)) −
[
κ+ 1 − α

αθ
(κ− κ)

]
D
(
ϕn

)
�

with ϕn as given in Proposition 2.

PROOF OF LEMMA 6: (i) From Lemma 3,

V B
t

(
am
t

) = (1 + ρt)
1
p2t

am
t + α(1 − θ)ρt

[∫
1
p2t

ãm
t dHt

(
ãm
t

) +ϕm
t D(ϕt)

]
+ W̄ B

t �

V C
t

(
am
t

) = (1 + ρt)
1
p2t

am
t + u

(
D(ϕt)

) −ϕtD(ϕt) + W̄ C
t �

V P
t

(
am
t

) = (1 + αθρt)
1
p2t

am
t + W̄ P

t �

where ϕt ≡ (1 + ρt)ϕm
t , and

W̄ i
t = v

(
x�

) − x� + I{i=C}
1
p2t

(
Tm
t −Mt+1

) +βV i
t+1(I{i=C}Mt+1)

for i ∈ {B�C�P}. (The expression for W̄ i
t follows from (40) and the fact that only con-

sumers carry cash across periods; the expression for V B
t (am

t ) uses the fee that a banker
charges a producer reported in part (iii) of Lemma 2; and the expression for V P

t (am
t ) uses

part (iv) of Lemma 2.)
Along the equilibrium path only consumers hold money at the beginning of the period,

so the relevant beginning-of-period payoffs are

V B
t (0) = α(1 − θ)ρtϕ

m
t D(ϕt) + W̄ B

t �

V C
t (Mt) = (1 + ρt)

1
p2t

Mt + u
(

D(ϕt)
) −ϕtD(ϕt) + W̄ C

t �

V P
t (0) = W̄ P

t �

Also, along a stationary monetary equilibrium, we have 1
p2t

Mt = Z2, ϕm
t = ϕm, ρt = ρ,

ϕt = ϕ ≡ (1 + ρ)ϕm, and 1
p2t

T m
t = 1

p2t
(Mt+1 −Mt) = (μ− 1)Z2, so

W̄ B
t = v

(
x�

) − x� +βV B ≡ W̄ B� (128)

W̄ C
t = v

(
x�

) − x� −Z2 +βV C (Z2) ≡ W̄ C� (129)

W̄ P
t = v

(
x�

) − x� +βV P ≡ W̄ P� (130)

and the beginning-of-period payoffs are

V B
t (0) = α(1 − θ)ρϕmD(ϕ) + W̄ B ≡ V B� (131)

V C
t (Mt) = (1 + ρ)Z2 + u

(
D(ϕ)

) −ϕD(ϕ) + W̄ C ≡ V C (Z2)� (132)

V P
t (0) = W̄ P ≡ V P� (133)
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By substituting (128)–(130) into (131)–(133), the beginning-of-period values become

V B = α(1 − θ)ρϕm D(ϕ) + v
(
x�

) − x� +βV B� (134)

V C (Z2) = ρZ2 + u
(

D(ϕ)
) −ϕD(ϕ) + v

(
x�

) − x� +βV C (Z2)� (135)

V P = [
Rm

(
ϕm�ϕ

) − κ
]
D(ϕ) + v

(
x�

) − x� +βV P� (136)

where Rm(ϕm�ϕ)−κ = ϕm+αθ(ϕ−ϕm)−κ = 0. Consider the (equally weighted) welfare
function, Wm ≡ V B + V C (Z2) + V P . With (134)–(136), we have

Wm = ρZ2 + u
(

D(ϕ)
) − [

κ+ (1 − α)ρϕm
]
D(ϕ) + 3

[
v
(
x�

) − x�
] +βWm�

After substituting the equilibrium condition Z2 = (1 − α)ϕmD(ϕ) ((19) in Proposition 3),
we get

(1 −β)Wm = u
(

D(ϕ)
) − κD(ϕ) + 3

[
v
(
x�

) − x�
]
� (137)

where ϕ = (1 + ι)ϕm = 1+ι
1+αθι

κ (from (17) and (18) in Proposition 3). To conclude, set
v(x) = x in (137) to obtain (29).

(ii) In the nonmonetary equilibrium, from Lemma 3 and Lemma 1, the value functions
are

V B = α(1 − θ)
(
ϕn − κ

)
D
(
ϕn

) + v
(
x�

) − x� +βV B�

V C = u
(

D
(
ϕn

)) −ϕnD
(
ϕn

) + v
(
x�

) − x� +βV C�

V P = [
Rn

(
ϕn

) − κ
]
D
(
ϕn

) + v
(
x�

) − x� +βV P�

where

Rn
(
ϕn

) − κ= κ+ αθ
(
ϕn − κ

) − κ = 0�

for i ∈{B�C�P}. The (equally weighted) welfare function, Wn ≡ V B + V C + V P , is

(1 −β)Wn = u
(

D
(
ϕn

)) −
[
κ+ 1 − α

αθ
(κ− κ)

]
D
(
ϕn

) + 3
[
v
(
x�

) − x�
]
� (138)

with ϕn = κ+ 1−αθ
αθ

(κ− κ). To conclude, set v(x) = x in (138) to obtain (28). Q.E.D.

PROOF OF PROPOSITION 4: (i) From Proposition 3, we know that (1+ι)ϕm = κ if ι = 0,
so (27) and (29) imply Wm = W� if ι = 0. Also, given α < 1, ∂[(1 + ι)ϕm]/∂ι > 0 (which
implies ∂D((1 + ι)ϕm)/∂ι < 0), and κ < u′(D((1 + ι)ϕm)) for ι > 0, so it follows from (29)
that ∂Wm/∂ι < 0 and, therefore, Wm <W� for all ι ∈ (0� ῑ].

Notice that Wn and Wm can be written as

(1 −β)Wn = u
(

D
(
ϕn

)) −ϕnD
(
ϕn

) + 1 − θ

θ
(κ− κ)D

(
ϕn

)
�

(1 −β)Wm = u
(

D(ϕ)
) −ϕD(ϕ) + (1 − αθ)ι

1 + αθι
κD(ϕ)�
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so

(1 −β)
(
Wm −Wn

) = u
(

D(ϕ)
) −ϕ D(ϕ) − [

u
(

D
(
ϕn

)) −ϕnD
(
ϕn

)]
+ (1 − αθ)ι

1 + αθι
κD(ϕ) − 1 − θ

θ
(κ− κ)D

(
ϕn

)
= u

(
D(ϕ)

) −ϕ D(ϕ) − [
u
(

D
(
ϕn

)) −ϕD
(
ϕn

)] + (
ϕn −ϕ

)
D
(
ϕn

)
+ 1 − αθ

αθ

κ− κ− αθ(ῑ− ι)κ
κ− αθ(ῑ− ι)κ

κD(ϕ) − 1 − θ

θ
(κ− κ)D

(
ϕn

)
�

where ϕ = (1 + ι)ϕm. From Proposition 3, we know that ϕ = ϕn if ι= ῑ. Hence,

(1 −β)
(
Wm −Wn

) = 1 − α

αθ
(κ− κ) D

(
ϕn

)
if ι = ῑ�

From this, we learn that Wn <Wm if ι = ῑ (provided α < 1). Then ∂Wm/∂ι < 0 implies
Wm >Wn for all ι ∈ [0� ῑ).

(ii) Notice that W� is independent of α, while (28) and (29) imply

(1 −β) lim
α→1

Wn = u
(

D
(
ϕn∗)) − κD

(
ϕn∗)�

(1 −β) lim
α→1

Wm = u
(

D
(
(1 + ι)ϕm∗)) − κD

(
(1 + ι)ϕm∗)�

with ϕn∗ and ϕm∗ as defined in Corollary 1 and Corollary 2, respectively. From (26), it is
clear that limα→1(Wm − Wn) ≥ 0, with “=” only if either ι = limα→1 ῑ or θ = 1. Finally,
from (24), it is clear that κ ≤ (1 + ι)ϕm∗ (and therefore limα→1 Wm ≤W�), with “=” only
if ι= 0 or θ = 1. Q.E.D.

PROOF OF PROPOSITION 5: With a slight abuse of notation, let ϕ(ι) ≡ (1 + ι)ϕm, with
ϕm as defined in part (i) of Proposition 3, that is, ϕ(ι) = 1+ι

1+αθι
κ, so

lnϕ(ι) = ln
1 + ι

1 + αθι
+ lnκ� (139)

From (29), τ(ι) is defined by

u
(

D
(
ϕ(0)

)) − κD
(
ϕ(0)

) = u
(

D
(
ϕ(ι)

)(
1 + τ(ι)

)) − κD
(
ϕ(ι)

(
1 + τ(ι)

))
�

so

1 + τ(ι) = D
(
ϕ(0)

)
D
(
ϕ(ι)

) �
and for ι ≈ 0,

τ(ι) ≈ ln D
(
ϕ(0)

) − ln D
(
ϕ(ι)

)
� (140)

Also, for ι ≈ 0, ln 1+ι
1+αθι

≈ (1 −αθ)ι, so (139) implies lnϕ(ι) ≈ (1 −αθ)ι+ lnκ and, there-
fore,

d lnϕ(ι)
dι

= 1 − αθ� (141)
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Hence, (140) and (141) imply

dτ(ι)
dι

≈ −d ln D
(
ϕ(ι)

)
dι

= −d ln D
(
ϕ(ι)

)
d lnϕ(ι)

d lnϕ(ι)
dι

= −ε(1 − αθ)�

In the cashless limit, α→ 1, and we obtain the expression in the statement. Q.E.D.

APPENDIX E: MONEY-IN-THE-UTILITY FORMULATION

LEMMA 7: A stationary monetary equilibrium of the reduced-form model with money in
the utility function (described by (30)–(34)) is a vector ((cj�hj� yj�Zj)j∈{1�2}�φ�π) that satis-
fies

φ = ε

ε− 1
B� (142)

c1 = h1 = y1 = D(φ)� (143)

c2 = h2 = y2 = x�� (144)

π = 1
ε
φD(φ)� (145)

ι = A

φ
�′(Z1)� (146)

Z2 = φZ1� (147)

PROOF OF LEMMA 7: The Lagrangian for (31) with the preference specification (34) is

L =
∞∑
t=0

βt

{
u(c1t) + v(c2t) +A�

(
mt

P1t

)
−Bh1t − h2t

+ ςtmt+1 + λt

[
w1th1t + P2th2t +mt +�1t + Tt − (P1tc1t + P2tc2t +mt+1)

]}
�

where ςt is the multiplier on the constraint 0 ≤mt+1, and λt is the multiplier on the budget
constraint. The first-order conditions for this problem are

u′(c1t) = λtP1t � (148)

v′(c2t) = λtP2t � (149)

B = λtw1t � (150)

1 = λtP2t � (151)

λt ≥ β

[
A

1
P1t+1

�′
(
mt+1

P1t+1

)
+ λt+1

]
� with “ = ” if 0 <mt+1� (152)

Conditions (148)–(151) imply

v′(c2t) = u′(c1t)
P2t

P1t
= B

P2t

w1t
= 1� (153)
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From (153), it is immediate that c2t = x�, which together with the market-clearing con-
dition for good 2, that is, c2t = y2t , and the production technology for good 2, that is,
y2t = h2t , gives (144). In an equilibrium where money is held (i.e., mt+1 = Mt+1 > 0), we
can use (151) to write the Euler equation (152) as

Z2t

Z2t+1
μ−β

β
= A

φt+1
�′(Z1t+1)� (154)

In a stationary monetary equilibrium, (154) reduces to (146). Condition (147) is immedi-
ate from the definitions Zjt ≡ Mt

Pjt
and φt ≡ P1t

P2t
.

The first-order condition for the problem of the firm that produces the final good 1 (i.e.,
problem (32)) implies that the firm’s demand for the intermediate good of type i ∈ [0�1]
is

yt (i) =
(

P1t

pt (i)

)ε

y1t � (155)

where y1t is the total output of good 1 given by (30). This condition in turn implies that
the nominal price of the final good 1 satisfies

P1t =
(∫ 1

0
pt (i)1−ε di

) 1
1−ε

� (156)

The problem of the firm that produces intermediate good i ∈ [0�1] (i.e., problem (32))
is equivalent to

�t (i) = max
pt (i)

[
pt(i) −w1t

]
Yt

(
pt(i)

)
� (157)

with ht (i) = Yt

(
pt (i)

)
� (158)

The first-order condition for this problem is

Yt

(
pt (i)

) + [
pt(i) −w1t

]∂ Yt

(
pt (i)

)
∂pt(i)

= 0� (159)

From (155), we know that

Yt

(
pt (i)

) =
(

P1t

pt(i)

)ε

y1t � (160)

so

∂Yt

(
pt(i)

)
∂pt(i)

= −ε
(
pt (i)

)−ε−1
(P1t)εy1t � (161)

Substitute (160) and (161) into (159) to get

pt (i) = ε

ε− 1
w1t for all i ∈ [0�1]� (162)
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Together, conditions (156) and (162) imply

P1t = pt (i) = ε

ε− 1
w1t for all i ∈ [0�1]� (163)

Then (160) and (163) imply

Yt

(
pt (i)

) = y1t for all i ∈ [0�1]� (164)

With (164), (158) implies

ht (i) = y1t = h1t for all i ∈ [0�1]� (165)

To obtain the profit of the firm that produces intermediate good i ∈ [0�1], substitute (162)
and (164) into the intermediate producer firm’s objective function (157) to get

�t (i) = 1
ε− 1

w1ty1t = 1
ε
P1ty1t =�1t for all i ∈ [0�1]� (166)

The last equality in (166) implies (145).
Condition (163) together with the last two equalities in (153) imply

u′(c1t) = P1t

P2t
= ε

ε− 1
B� (167)

Conditions (142) and (143) in the statement of the lemma follow from (167) (the fact that
c1t = h1t follows from the last equality in (165) and the market-clearing condition for good
1, c1t = y1t). Q.E.D.
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