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1. PROOFS FOR SECTION 4

For a binary collective choice problem C = (N, Q, P), we let W; = {w € Q: V;¢(w) > 0} be
the set of states in which voter ¢ is a winner, and W(w) = {i € N : w € W, } denote the set of
winners in state w.

1.1. Proof of Proposition 3

Suppose C is binary collective choice problem in which signals are fully-informative. We first
show that, for any « € {0,...,7},
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P(G=k|S;=s"M =k, W =w)

) ()
5

S. Nageeb Ali: nageeb@psu.edu

Maximilian Mihm: max.mihm@nyu.edu
Lucas Siga: lucas.siga@essex.ac.uk



mailto:nageeb@psu.edu
mailto:max.mihm@nyu.edu
mailto:lucas.siga@essex.ac.uk

and
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Therefore, for any x € {0,...,7} and w € {k,...,n},and i € N/,

P(G:KZ|S¢:80,M:/{’W:/§):

P(W=w|S;=s",G=M=r)= <:)PW(“’)

) (“;')PWW’)'

w/'=k

Equation (2) then follows by observing that

w— K

P(W;|S;=s",G=M=kr,W=w)=

n—rg

Parts (a) and (b) follow because V¢ (k) is increasing in vy, for a fixed v, and Py, and de-
creasing in vy, for a fixed vy and Py, . Part (c) follows because, for w’ > w, P}, (w") Py (w) >
P/, (w) Py (w’) implies that

O R o T o

n

£ (e £ (e 5 (e 5 (o

w''=r w'' =K w'' =K

b

w''=kK

and so Py =g P}, implies Py (.|S; = s°,G =M = k) =g P}, (.|S: =s°,G =M = k).

Since P(W;|S; = s°,G = M = k,W = w) is increasing in w, Py (.|S; = s°,G = M =

k) =rr Pl (.|S; = s°,G = M = k) then implies that V' (k| Py, vy, vr) > VE (k| Py, vw,v1).
O.E.D.

1.2. Proof of Proposition 4

For the n-voter collective choice problem, let

g = (I128),,  (n=lomlony,

n—g—=ot n—g—=ot

be the expected payoff difference for an uninformed voter who learns that g other voters re-
ceived good news and b other voters received bad news. Hence, the n-voter collective choice
problem has adverse correlation if there exists g € {0, ..., 5+ } such that V,,(g,0) < 0. In par-
ticular, since V,,(g,0) is strictly decreasing in g, there is adverse correlation if and only if
V. (21,0) <0, ie.,

2

n—1 [gn] 1 1
v 1T n 2 o

Ve n— [qn] ] [qn]
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The term on the right-hand side is strictly greater than p, converging to p as n — co. Hence,
if vy /v, < p, the n-voter collective choice problem is advantageously correlated for any pop-
ulation size n; if v,/v,, > p, then there exists N(q,v,/v,,) such that n-voter collective choice
problem has adverse correlation for all n > N(q, v,/v,,). Q.E.D.

1.3. Proof of Proposition 5

Given A € (0,1) and a strategy-profile o,, of the n-voter collective choice problem, let
P,. \(g,b|piv,S; = so) be the probability that an uninformed voter ¢ attaches to there being
g informed winners and b informed losers, conditional on that voter being pivotal (as long as
pivotality is a non-null event). If pivotality is a non-null event, the expected payoff difference
conditional on being pivotal is, therefore,

n—1
3 n—[qn]

Hé(ana /\) = Z Z Vn(gab)Pan)\(g’blpiva Si= 30)5
g=0 b=0

where we can omit the ¢-superscript if o,, is symmetric.
Now suppose v,/v,, > p and fix some ¢ € (0,1). For the n-voter collective choice problem,

denote by o the symmetric weakly undominated strategy profile where uninformed voters

vote for the inferior policy. Then, an uninformed voter is pivotal if and only if g = “>*, which

is a non-null event, and

(TN = Aol g = 1

2
0 otherwise

P, A(g,blpiv, S; = s0) = {
Therefore,

n—[gn]
I * \) = R n—1 n-— |—qn-| b n—[gn]—b
olop N = >V, —5 b ) AP(1—=N) ,
b=0

which is strictly increasing in A since V/, ("T_l, b) is strictly increasing in b. Moreover, by the
weak law of large numbers and the Portmanteau Theorem,

1
q— = o)1

lim Tho(o,\) = | T——2— | vw — w w,
5~ AM1-9q) 5~ Al-9)

which is strictly increasing in A and strictly negative if A < 1 — (v,/v,,) "' p. Hence, for any
A <1 — (vg/vy) ! p, there exists N* such that for all n > N*, IIy(c,\) < 0; hence, o is a
strict equilibrium. Moreover, under the strategy-profile o only informed winners vote for the
optimal policy. The proportion of informed winners is strictly increasing in A and, by the weak
law of large numbers, converges in probability to Ag as n — co. Since A\*¢ < 3, it follows that
there exists N, such that for all n > N, the inferior policy wins with probability greater than
1 — ¢ when voters follow the strategy-profile o7:. Hence, for all n > max{N*, N}, there is a
strict equilibrium in which the inferior policy wins with probability at least 1 — €.

Conversely, suppose v, /v,, < p and fix any population size n and A € (0, 1). Since V,,(g,b)
is strictly decreasing in g and strictly increasing in b, it follows that for any g € {0, ..., ”;1}




and b€ {0,...,n — [gn]},

[qn] 1 1 [qn] 1
EER AT o 2 1
Valg.O) 2 | =7 |vu— | 71 |o> |71 || T 1 |2>0
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Now, for sake for contradiction, suppose there exists a weakly undominated equilibrium "
in which the inferior policy wins with strictly positive probability. Let N* = {i € {1,...,n} :
o < 1} be the set of voters who vote for the inferior policy with strictly positive probability
when they are uninformed, and let n* = |A/*|. Since the inferior policy wins with strictly pos-
itive probability, n — [qn] + n* > "T“, while n — [gn] < ”T_l Hence, any of the voters in
N* can be pivotal with strictly positive probability when they are uninformed. However, since
V.(g,b) >0 forall g € {0,..., 25+ } and b € {0,...,n — [gn]}, it follows that IT} (0, A) > 0,
which contradicts that o™ is an equilibrium in which o} < 1. Hence, in any weakly undomi-
nated equilibrium, the optimal policy wins with probability 1. Q.E.D.

1.4. Proof of Proposition 6

Suppose C is a binary collective choice problem in which signals convey only aggregate news.
For any signal profile s € 8™, it follows that

Us)=>_ Vi(s,W =w)P(W =w|S =s) = Zvd YP(W =w|S =s),

and therefore, V,*(s) = V,*(s) for all i, j € N. Now consider a signal profile s such that s, € G
and s; € M for some voters i # j. Then V(s;) > 0 and so V,*(s) > 0 by Assumption 2(b). It
follows that V(s) > 0, and so V%(s;) > 0 by Assumption 2(b). Hence, s; € G. Analogously,
if s; € Band s; € M, then s; € B.

Let G(k) ={s € M" : G(s) > k}. By Lemma 1 and the preceding argument, for a voter
who is uninformed, and learns that x € {1, ..., 7} other voters received good news,

P(W;|S; ="M =G=k)= — A" Y P(Wils)P(s]s € G(k))
s€G(K)
=\ (L=A)""" > P(W|s)P(s|s € G")
segn

=\ (1= A" "P(W;|S € G")

and, therefore, V (k) > 0. Q.E.D.

1.5. Proof of Proposition 7

We say that binary collective choice problems C = (N, 2, P) and C’' = (N, €Y', P’) are infor-
mationally equivalent if, for any N” C N and s € 8", POW=N",S=5)=P' (W =N",S =
s); that is, the problems differ in terms of the payoff but not the information structure. We
show that, when all news is distributional, for any binary collective choice problem, there is an
informationally equivalent problem that has adverse correlation.
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Suppose C = (N, €, P) is a binary collective choice problem in which signals convey only
distributional news. Without loss of generality, let P(W;|S; = s*) > P(W;|S; = s**1) for
k=1,..., K — 1 (where it does not matter in the following how ties are broken). Let G’ = {k =
1,...K : P(W;|S; = s) > P(W;)} and B' = M — G'. Since P(B > 1) > 0, both G’ and B’
are non-empty, and P(W;|S; = s') > P(W,). For a signal profile s € 8", G’(s) is the number
of voters with a signal in G'.

We first show that, for any voter h € N,

Let w € {0,...,n} and E be any event such that £ N W~ (w) is non-null. Then,

S PWilE,w)=)_ Y P(W|E w,w)PwE,w)

i=1 i=1 weQ(w)NE

= ¥ P(w|E,w)ZP(Wi|E,waw)

weQ(w)NE

=w Y PwEuw=uw

weQ(w)NE

Hence, for any voter ¢ # h and w € {0,...,n} with P(W =w) > 0, Assumption 1 implies that

> P(W;18;€G' M =1,w)=P(W;|S; € G, M =1,w)+ > _ P(W,|S; €G',M =1,w)
j=1 J#i
=P(W,|S;€G M =1,w)+ (n—1)P(W,|S; € G, M =1,w)
= P(Wjlw) = P(Wijw) + Y P(W;|w)
Jj=1 J#L
=P(Wilw) + (n— 1) P(Wy|w).

Since P(W;|w) < P(W;|S; € G', M = 1,w), it follows that P(W},|w) > P(W,|S; € G', M =
1,w). Moreover, by Assumption 1,

P(Wy|Sy=5",G'=M=1,w)=> P(W,|S; €G, M =1,w)P(S; €G'|G' =M =1,w)
Jj#h
1
— _12P(Wh|5j €eg' \M=1,w)
L
= P(W,|S; €G', M =1,w),

and, therefore, P(W),|w) < P(W},|S), = s°,G’ = M =1, w). Since signals convey only distri-
butional information,

P(W),) = ZP(Wh‘w)P(w)



<Y P(W,|S,=5",G' =M =1,w)P(w)

w=0

=Y P(Wy|S=5",G'=M =1,w)P(w|S), =",G' =M =1)

w=0

:P(Wh|5h :SO,G/ =M= 1),

and, therefore, P(W},) > P(W,,|Sx =s°,G' =M =1).

Now let k* = min{k = 1,..., K : s* € B’} and let P* = max{P(W;|S; = s*"), P(W,,|S, =
s°,G" = M =1)}. From the preceding argument, P(W;,) > P* and so there exists (vj;,, v} ) >>
0 such that

PWy)vy — (1 — P(Wy))vy, > 0> P*oy, — (1 — P*)v).

The binary collective choice problem C’ = (N, ), P’) uniquely defined by letting P’'(W =
N, S=s)=PW=N",S§=s) forany N/ C N and s € S is informationally equivalent to
C, and C’ is adversely correlated because the set of good news signals for C’ is exactly G’. As
a result, for any binary collective choice problem C in which signals convey only distributional
information there exists an informationally equivalent collective choice problem with adverse
correlation. Q.E.D.

2. PROOFS FOR SECTION 5
2.1. Symmetric Equilibria (Section 5.1)

Preliminaries: Let 0® be the symmetric strategy-profile defined in the proof of Proposi-
tion 1. Recall that, for g € {0,...,7} and m € {g,...,g + 7},

L[g=r] ifa=0
pi(c%lg,m) =<1 [m—g=r] ifa=1 ,
(n .,_1 gm)a-r g(l _ a)r—(m—g) ifa e (0’ 1)
and so
(0!, \) = i <n N 1) AL =N)TZ(g, 7 + 9),
g=0 T+g
n—1 n— 1
(0% \) = ( >/\m(1 — N Z(r,m),
m
and, for a € (0,1),
T T+g
= Z Z M(g,m)A™(1 = X)""1""a” (1 — ) " Z(g,m),
g9=0m=g
= (A1 =)\’ & A m—g
—a™(1—a) (1= \)""" AL—q) A 7
Wiy (=) X (aaoy)  Momzom)
where M g, m) is shorthand for the multinomial coefficient (T_w::rg_m).
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Proof of Theorem 3

(1) Suppose C is strongly adversely correlated: )" _ 6"~ (;)Z(Ii, k) <0 forsomed eR ,,
and fix some € € (0,1).

By Case 1 in the proof of Theorem 1, if Z(7,7) < 0, then there exists A € (0,1 — (1 —¢)w)
such that af is a symmetric equilibrium in which p, wins with probability exceeding 1 — ¢ for
all A € (0, \). Therefore, we can focus on the case Z(7,7) > 0. In that case, since

n—1
: n—1 m—T n—1l-m _ n—1
}\IL% < m >)\ (I1—-2X) Z(T,m)—( . )Z(T,T)

m=t

it follows that ITy(c®, \) > 0 for A > 0 sufficiently small.

Leta=1—-(1—¢) 20 ffa<aand A< 1— (1 — )2w, then p, wins in strategy profile
o“ with probability exceeding

(1—a) (1= A)">(1-e)7 0 (1-e)fi =1—¢

Since IIo(c% A) > 0 for A sufficiently small, it therefore sufficies to show that there exists
A € (0,1) such that, for all A € (0, \), there is a cv, € (0, @) such that ITo(c®*, X) < 0.

For any A € (0,1), let oy, = m; hence, «, € (0,1), is increasing in A, and converges
to 0 as A — 0. Therefore,

i3 (=3) Z (amama) Momziam

m=g

= iegM(g,g)Z(g,g) = <n; 1>l€(9) <0.

g=0

Hence, there is A € (0,1) such that ITo(c®*, \) < 0 for all A € (0, \).

(2) Suppose C is weakly advantageously correlated: Y7 _ 6%(7) Z%(k) > 0 forall f € R ..

The correlation structure implies that Z(7,7) > 0, and so there exists # such that

; 9" (;) Z(k, k) > Z(0,0)

for all 6 > 0. Since limg_o> . _,0"(7)Z(k,x) = Z(0,0), it follows that K attains a

minimum on [0,6], which is strictly positive. As a result, there exists § > 0 such that
ST _007(70) (Z29(k) —6) > 0forallf e R ..

Now fix some ¢ € (0,1). Leta = (1 — 6)2(Tl+l) €(0,1).fae @ 1]and A <1—(1—g)2n,
then p* wins with probability exceeding

a1 = A)" > (1 - 5)72{:0-11) (1—g)dn=1—¢

in the strategy profile o¢.



For g € {0,...,7}, let ¢(g) = M(g,9)Z(g,9) and, for o, X € (0,1), let

T+g m—g
(b(gaaa/\)E Z (m) M(Qam)Z(gam)

m=g-+1

so that

Mo ) =71 =) (1-3) 3 (248) (6(9) + 0.0 )

@
I

>ar1-ay -2 3 (2022 (600) - o(g.0.0)

For g € {0,...,7} and a € (0,@), |(g,c, \)| < |9(g, @, \)]|, and so there exists A € (0,1) such
that |¢(g, @, A)| < ("~")d forall A € (0, A) and g € {0, ...,7}. Hence, for all X € (0, \),

t(o* 0 2 71 -a)7 (1= 3 3 (252 (00— ("7 1)5)

g=0
n—1\ <=/ A1—-a)\" [T
— AT 1 _ T 1 _ n N Z _
wa—ara—xr (" )3 (Fa) (7) @m0
since 28:?; € R, . Therefore, for all A € (0,\), ¢ is not an equilibrium for any o € (0, &@).

Moreover, if Z(7,7) > 0, there exists Ao € (0, 1) such that Iy (¢, A) > 0 for all A € (0, \,).
Hence, for A. = min{1 — (1 — )2, X, Ao}, the preceding arguments show that, for all \ €

(0,A.) and any « € [0, 1], either p* wins with probability exceeding (1 — ¢) in the strategy

profile o or the strategy profile 0 is not an equilibrium. Q.E.D.

2.2. Population Uncertainty (Section 5.2)

Preliminaries: We first adapt our main assumptions from Section 2 of Ali, Mihm, and Siga
(2024) to the setting with population uncertainty. As previously, let M = {s*, ..., s*} be the
set of informative signals for any population size. For w € Q™, V(w) and S(w) are the payoff
and signal profiles in state w, and V,(E,n) is the expected payoff difference between the ex-
ante optimal and inferior policies for a voter ¢ who conditions on the population size n and the
event F C Q". We continue to define V,%(E,n) =0 when F is a null-event and assume that
VA(E,n) # 0 otherwise.

ASSUMPTION 5: Voters are exchangeable for any population size n € Q. if w,w’ € Q™ and
w permutes ', then P, (w) = P, (w’).

Let p} be the optimal policy when voters learn only that the population size is n. By As-
sumption 5, voters agree on p;.. We assume that p does not depend on n.

ASSUMPTION 6: Forall n,n' € N, pi, = p,.

ASSUMPTION 7: There is an uninformative signal, and other signals are sufficient:
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(a) Uninformative signal: For n € Q, w € Q" with S;(w) = s°,
P,(w) = P,(V(w),S_i(w))(1 = A).
for some X\ € (0,1).

(b) Informative signals: For n € Q and s; € M, V*(s;,n) > 0 if and only if V*(s',n’') >0
foralln' € Q, s’ € 8" such that st =s;.

By Assumption 7, we can again classify informative signals as good or bad news. We let
To =7(no) and Py = P,,,.

ASSUMPTION 8: Py(B >1) > 0and Py,(G > 79) > 0.

We denote the mean population size by i and the CDF of () by F'. As observed by Myerson
(1998), being selected to participate in an election, leads a voter to update their beliefs about
the size of the electorate. To perform this updating when Q may be countably infinite, we
follow Myerson (1998) by first assuming N € Q players are pre-selected, each of whom is
equally likely to be recruited as a voter. We then calculate voter ¢’s beliefs about the size of the
electorate, conditional on the event R, that i is a voter, and take the limit as N — co. Hence,

Q(N =n|R;) = lim Q(N =n|R;,N <N)
N—o0

QRN =n,N < N)Q(N =n|N <N)

= lim
N —o0

> QRN =n/,N<N)Q(N=n|N<N)

n1[n< N]Q(N =n)
~ lim N F(N) _ nQ(N =n)
N — oo N n/ Q(N_n/) y2
n;()ﬁ F(N)

By Assumption 7(b), a voter who receives an informative signal has a unique undominated
action. Given the population uncertainty, we focus on the set of symmetric undominated strat-
egy profiles o, where voters with good signals vote for p*, voters with bad signals vote for p.,
and voters with the signal s° independently vote for p* with probability « for some a € [0, 1].
Adapting our previous notation, let IT(«, \) be the expected payoff difference between a vote
for p* and vote for p, for a voter who receives signal s when P(S; € M) = \ and other voters
follow the strategy-profile c®. A subscript n means “conditional on population size n," with a
subscript 0 for the case when n = ny. By Assumption 7(a), signal s” is not informative about
the population size, payoff-profile or signal-profile of the other voters. Hence, for a voter 7 and
m e {0,...,n—1},

Pn(M = m|Sl = SO,N = n) = <n7:1 1) /\m(l _ )\)n—l—m‘

We formulate the following property of absolutely convergent series for later reference.

LEMMA 2: Let a: N* — R such that, for all t, " a(n,t) is absolutely convergent and,
for all n, a(n,t) converges monotonically to 0. Then, lim,_,o Y " a(n,t) =0.
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PROOF: For (n,t) € N2, let a™(n,t) =1 [a(n,t) > 0]a(n,t) and a™ (n,t) = 1[a(n,t) <
0]|a(n,t)|. Since Y > a(n,t) is absolutely convergent for any ¢,

o0 o0 o0

Za(n,t) = Za*(n,t) — Za*(n,t)

n=0 n=0 n=0

(where both series on the right-hand side converge, hence converge absolutely). We show that
lim,_,o Y~ at(n,t) = 0, and analogous argument then applies for the series of negative
terms.

Let € > 0. First fix some some t*. Since )~ a™ (n,t*) converges absolutely, there exists 72
such that 3 . a™(n,t*) < 5. Now fix 7, since lim, ,oa*(n,t) =0 for all n € {0, ..., 2},
there exists £ > t* such that >-"_ a*(n,t) < ¢ forall ¢ > £. Moreover, since a(n, t) is decreas-
ingint, > 07 - at(n,t) <3707 at(n,t*) = § forall t >¢*. Hence, )" ja*(n,t) <e
forall t > t. QO.E.D.

Proof of Theorem 4
For notational convenience, let R,,(g,m) = M., (g,m)Z, (g, m)%(”) where M,,(g,m)

( n-l ), and

m,7(n)—g,7(n)+g—m

Zn(g,m)=P(G=g|M=m,S;=s",N=n)VS,=s",G=g,M =m,N =n),
and let v* = max{|v?" —vP*|: (VP ,vP*) € VP* x VP+}.
PROOF: First, suppose K. (ny) < 0 and fix € € (0,1). We consider two cases.

Case 1: Suppose V& (10) < 0, which implies (”"0 Y Zo(7o, To)%("o) < 0 by Assumption 8.
By Assumption 4, lim,,_, ., nQ(n) =0, and so

Z i: (n; 1) )‘m_TO<1 - )‘>n_1_m_TO|Zn(T(n)’m)| nQ/fn) < /\To(lvi )\)'ro ’

n=no+1m=7(n)

hence, the series is absolutely convergent. Moreover, for m > 7(n), it follows that A™~70 (1 —
A)*~t=m=To s strictly increasing in A € (0,1/2) and converges to 0 as A — 0. As a result,
there exists A € (0,1) such that, for all A € (0, \),

m—TQ n—l—-m-—7g 1 No — 1 n Q(n )
Z Z R m)A (1-X) S§< 07_0 >|Zo(7'0,70)|%

n=no+1m=7(n)

Therefore, for all A € (0, ),

D I e

n=ng m=7(n)

1 —
< SA(L- M) (”0 <0.
2 To

1) ZO(TO,TO)%(”O)
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Let A\ be the unique solution to _°7 (1 — A\)"Q(n) =1 —¢, and A, = min{\, \_}. Then, for
all A € (0,\.), 0¥ is an equilibrium in which p, wins with probability exceeding 1 — ¢.

Case 2: Suppose that V. (7,) > 0 but ZT 0% (™) Zo(k, ) < 0 for some f € R ..

For any A € (0,7%;), let a, = 9(1 Ve then ay € (0,1), is strictly increasing in A, and
converges to 0 as A — 0.

Since lim,, ., nQ(n) =0,

oo 7(n)g+7(n) *

R, ’ A™(] — \)rno—m T(n)—To—g 1— T(n)—to+g—m Ui
Z Z Z (g m) ( ) ay ( O‘X) - 0&0(1—0[,\)7—0

n=ng+1 g=0 m=g

and so the series on the left-hand side is absolutely convergent for any A € (0 Moreover,

75a)-

)\m(l — )\)n—'ﬂo—ma‘;(n)—'ro—g(l _ a)\)T(n)—To—H}—m

A mee
— h—ntnotm _ X\ t(n)—T10 [ N
0 (A(1 = \)8 — A?) <9(1_A)_A> ,

which is strictly increasing in A € (0
exists A € (0

, 2(119)) and converges to 0 as A — 0. As a result, there
, 2(1+9)) such that, for all A € (0, )),

) g+7(n)

o T(n
Z Z Z |Rn(g,m)|)\m(1 _ )\)n—no—maz(n)—‘ro_g(l _ a}\)T(n)—To+g_m

n=ngp+1 g=0 m=g
1 0—1 noQ ’I’LO To
< K
_4< - ) . Za ( >|Z0(/~c k)|

Moreover,

70 9+70

Z Z IRo(g, m)|AN™(1 = X) "™, 9(1 — ay)?™™

g=0m=g-+1
- Ro(g,m)|6" (—) ,
9=0 m=g+1 O(1—2) = A

which converges to 0 as A — 0. Therefore, there exists X’ € (0, \) such that

70 9+70
D [Relg:m)A™ (1= 2)""ar (1 —ay)? ™
g=0m=g+1
1 Ng — 1 noQ TLO To
< K
_4( 7 ) " >0 <N>|ZO(K g

k=0
for all A € (0, \). Therefore, for all X € (0, '),

oo T(n)g+T(n)

M ) =3 > Y [Rulg,m)A™ (1= 2)" 1m0l 791 — ay)70Fem
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glago(l—a,\)m(l—/\)"“*( i )”OQ o Zm( )ZOM)<0

Finally, analogous to the argument in Case 1, V. (7,) > 0 implies that there exists \” € (0, \")
such that II(0,\) > 0 for all A € (0,\”). As a result, for any A € (0, \") there exists o, €
(0, xy) such that TI(a/y, \) = 0; hence an equilibrium.

Now let \_ be the unique solutionto > > (W) ! Q(n)=1—ewhene <6 'and1

otherwise, and let \. = min{\”, \"}. Then, for all X € (0, \.), ¢ is an equilibrium in which
p. wins with probability exceeding 1 — ¢.

[\V]

Now, suppose K. (ng) > 0 and fix ¢ € (0,1). The advantageous correlation condition implies
that Zy(70,70), Zo(0,0) > 0, and therefore there exists § > 0 such that >°7° 6% (70) Zy(k, k) >
dforalldeR . ~

Let v. be the unique solution in (0,1) to 32 v"Q(n)=1—¢,and let A =1 — \/v; and
&= /v.. Then, for any « € (@, 1] and A € (0, \), p* wins with probability exceeding

Do at(l-N"Qn)= Y Q) =1-¢

in the strategy profile o“. It therefore suffices to show that there exists A. € (0, A) such that,
for all A € (0,\.) and o € [0,a], 0 is not an equilibrium. We do this by first showing that
there exists Ao € (0,1) such that ¢° is not an equilibrium for all A € (0, \¢) (step 1), and then
showing that there exists \* € (0,1) such that, for all A € (0, \*), o® is not an equilibrium for
any a € (0, @) (step 2).

Step 1: Since lim,, ., nQ(n) =0,

*

n=no+1m=7(n)

and so the series is absolutely convergent. Moreover, for m > 7(n) > 75, A ™(1 —
A)n—t=m=7o jg strictly increasing in A € (0,1/2) and converges to 0 as A — 0. As a result,
there exists Ao € (0, 1) such that

> X Ratrmmaro(a -y < (M) 7y )

n=ng+1m=7(n)

Moreover, since A~ (1 — \)™~™ is increasing in A € (0,1) and converges to 0 as A — 0,
there exists A, € (0, 1) such that

nog—1

nog — 1 1/ng—1
Z <°m >)\m70(1—)\)fom|Z0(To,m)|§Z< OTO )ZO(TQ,TO)

m=1p+1

Let Ao = min{\o, A} }; then for all A € (0, \),

=Y X Rl ("

n=ng m=7(n)
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1 noQ (o)
U

-1
> —<n0 >)\T0(1 —)\)TOZO(T(),TQ)
To

0
=5 >0,

and so ¢ is not an equilibrium.

Step 2: It remains to show that there exists \* € (0, 1) such that, for all A € (0, \*), o is not an
equilibrium for any « € (0, &). We show this by establishing a contradiction. Suppose that, for
any \* € (0,1), there exists A € (0,A\*) and a, € (0,@) such that II(ay, A) = 0; hence, there
exists a sequence (\;, ;)52 such that \; — 0 and, forall ¢ > 1, o, € (0, @), and IT(cv;, A) = 0,
where

I(cv, ) M)A (1= A)" 1 "af ™I (1 — )" (4)

i
(]
(]
(]
&

We consider three collectively exhaustive cases: (i) there is a subsequence such that
M — 0, (ii) there is a subsequence such that a;; — 0 but M >~ for some v > 0,
and (111) there is a subsequence such that o, >~y for some v > 0.

Case (i). In this case, there is a subsequence such that )\t,at,%z’\”,/\t(l - )1 —
ay), m are all decreasing, and converge to 0. From II(ay, \;) = 0, it follows that
(for all ¢, with the subscript suppressed for convenience),

- <”°T; 1) A0 (1= A (1 — )™ Zo(ro, TO)%(”O)

T0—1

= " Rolg.g)X(1 = A a1 — )

T0 g+70
+ Z Z Ro(g, m)A™ (1 — \)0=1-mqm0=9(] — g)Tot9—m
9=0 m=g+1
+ Z R F(R)AT (1 — A) T (1 — @)™
n=ng+1
7(n)—1

+ Z Z R(g,9)N (1 =\~ 947 (M= 9(1 — )T(n)

n=ng+1 g=0

) 7(n) g+7(n)

+ Z Z Z Rn(gym))\m(l—)\)"*1~ma‘r(n)*9(1_a)‘r(n)+gfm

n=ng+1 g=0 m=g+1

Therefore (dividing both sides by [A(1 — \)(1 — a)]™),
-1
_(no >Z0(T0,To)—nOQM(nO>

= Toz_:l Ro(9,9) (@)m_g
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g=0m=g-+1

+ > Ral(r(n),7(n)A1—a)(1 = X))

n=ng+1

7(n)—1

— T(n)—g
+ Z Z R gg < <1>\ A)) [)\(1—04)(1—)\)]7—(7077—0

n=ng+1 g=0

co  7(n) g+7(n) . T(n)—g m—g
+ 3 Y Y Rl (U5 (o) PO -@a- e

n=ng+1 g=0 m=g+1

By Lemma 2, the left-hand side converges to 0 but the right-hand side is constant and bounded
away from O.

Case (ii). In this case, there is a subsequence such that \;, «;, lf—;t, a;(1—X)?(1 —ay) are all
decreasing and converge to 0. From IT(«ay, A;) = 0 it follows that (¢ subscript suppressed)

O [T I R

o Z Z RO g, m )\m 1-— )\)n0717ma7-0,g(1 _ a)"'0+gfm

g=0 m=g+1

oo 7(n)

+ Z ZRn(g7g))\g(1 — )\)n_l_gaT(n)_.‘](l _ a)‘r(n)

n=ng+1 g=0

S 7(n) g+7(n)

+ Z Z Z Rn(gam))\m(].—/\)n_l_mof(")—g“__a)-r(n)+g_m

n=ng+1 g=0 m=g+1
Therefore (dividing both sides by a™ (1 — «)™ (1 — \)™0~1),

R (1) ()

g=0

-3 5 miem (o) (+25)

g=0 m=g+1

o T(n) .
T Z ZR 9,9) < A )\)> [a(1 —a)(1 = \)?]7 (-0

n=ngp+1 g=0

n=ng+1 g=0 m=g+1 —

=TI(a, \)
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If there exists a further subsequence such that ﬁ is decreasing, then the left-hand side
converges to 0 by Lemma 2 while the right-hand side is constant. Otherwise, there exists a

subsequence such that ﬁ converges up to some 6* > (. For each ¢ in that subsequence,
let o} = ﬁ. Eventually, o € (0,1), and so

303 Ralgm) )7 ()

g=0m=g+1

+ 32 P Rig.g) @) [r (- a) (1=

oo 7(n) g+7(n) . meg
+ Z Z Z R g’m) ) (1_a> [a*(l—a*)(l—)\)Q]T(")*"'O

n=ng+1 g=0 m=g+1

< 2t and

-y — l—oy

is absolutely convergent. Since, for each ¢ there exists ¢ > ¢ such that
ap(l—ap)(1=A)? <aj(l—af)(1—N\)3 it follows that

>y m(am)(ﬁ*)’”(lfa)m_g

9=0 m=g+1

7(n)

T Z ZR 9,9) (0)¢ [a(1 —a)(1 — N2 (Mo

n=ngp+1 g=0

oo 7(n) gt+7(n) N m—g
+ Z Z Z R.,.(g,m) (9*)’“ (1 — a) [a(1— ) (1 — )\)2]T(n)—7—0

n=ng+1 g=0 m=g+1

is eventually absolutely convergent, and then converges 0 by Lemma 2.

Case (iii). In this case, there is a subsequence such that ); is decreasing and, since o € (0, @),
there exists some v € (0, 1/2) such that a; € [y, (1 —7y)] for all ¢t. From IT(c, A;) = 0 it follows
that (¢ subscript suppressed)

_n;i;o <Z(n)1> (1-=XN""ta™™ (1 -a)"™Z,(0,0) nQM(n)
7(n)

Z ZR (0,m)A™ (L= A)"~ 1—m T(n)(l_a)r(n)—m

n=ng m=1

oo 7(n)g+7(n)

+ Z Z Z Rn(g’m))\m(l —/\)n_l_ma"'(")—g(l _a)-r(n)+g_m

n=ng g=1 m=g
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Since a € [§,1 — 4] it follow that a™ ™ (1 — @)™ > ~7(") 'and so the left-hand side is greater
S G TG e A)"*léT(")Zn(O,O)%("), which converges to

n=ng \7(n)
> (7)o z,0.00m >0
T(n) ) )
n=ng
while the right-hand side converges to 0 by Lemma 2. Q.E.D.

2.3. The Role of Elites (Section 5.3)

Preliminaries: For any state w, we denote by G’z (w) the number of elites who receive good
news, Mp(w) the number of elites who receive informative signals, Gy (w) = G(w) — Gg(w)
and My (w) = M(w) — Mg(w), with typical realizations of these random variables denoted,
respectively, by gz, mg, gn, and my.

For g5 € {0,...,|€|}. gn €10, ..., INE[}, mEe € {ge,....|E]}, and my € {ge, ...,INE},

Zi(gEagNamE»mN) = P(gE,gN|Si = So,mmmN)Vi(Sz‘ = So’gEagN’mE»mN)'

Proof of Proposition 8
Fix £ € (0,1) and let o* € X* with 67 (s°) =1 [i € £]. Since || < 7, p. wins for the strategy
profile o* in the event {S = sy}, and therefore wins with probability exceeding 1 — & for

all A e (0,1 —(1— a)%). Hence, it is sufficient to show that ¢* is a strict equilibrium for A
sufficiently small.
If 7 € € receives signal s°, then

g1 |gj-1 INVE|
. =1\ [IN€|
Rt S S S G
gp=0mp=gp mNn=4(mg,mN) me o

>\mE+mN_T+‘£|_1(1 - A)n_l_mE_mNZi(gE’g(mEamN)’mEamN)a
where g(mg,my)=7— (|€]| =1 — (m. — g.)). Since

INVE|

li Hz D\ A—‘r+\5|—1:
i, (e, A) <T—|5|+1

)Zi(O,T— €] +1,0,7 — €]+ 1),

which is strictly positive by elite-adverse correlation, there exists Ag € (0,1) such that
II,(0*, A) > 0 for all elites who receive the signal s° for all A € (0, \g).
If i € N€ receives signal s, then

neert X8 S () (M

gp=0mp=gp my=g(mp,my)—1

AN THEN(] — N e TN 7 (g, §(mp, my) — 1, mp,my).

Since

lim IL(o*, M)A 7HEl = IVE|
T—|€]

A—0

)Zxo,r— £1,0,7— |€]),
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which is strictly negative by elite-adverse correlation, there exists A ~ne € (0,1) such that
IT;(¢*, X) < 0 for all non-elites who receive the signal s° for all A € (0, Axg).

As aresult, o* is an equilibrium for all A € (0, min{\g, Ang}). Q.E.D.

Proof of Proposition 9
For some (P, vw, vy, €), leti € NE and w € {7+ 1,...,n}. Then,

P(Gy=7—¢|Si=s" M=My=1—¢,W =w)
w—e—1 n—l—e—(w—e—l))
(Z§)< — )<<n16>0
w—e n—l—e—(w—e)>
+(ZZ)<76><nef
. ()
(7)

SO,P(GN:T—elsi:SO,M:MN :T—e,W:T):

—~

T—e
T—e

n—e
T—e

.Hence, forany w € {r,...,n},

~—

P(W =w|Eo(e)) =

> () Py

where Fy(e) ={S; =5, G=M = My =1 — ¢} fori € NE. Since

P(Wi|Eole), W = w) = ’::::((::)) =,

it follows that

ForO0<e<eée <tand T<w<w <n,

()G =Co0)(05)
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and so Py (.|Eo(€)) =rr Pw(.|Eo(€")). Since P(W;|Ey(e), W = w) is strictly increasing in
w for i € N'E, it follows that V;(Ey(e)) > Vi(Ey(€')). Q.E.D.
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