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This supplement is composed of two parts. Appendix A contains the proofs of the
main results in the paper. Appendix B provides some technical lemmas that are used in
the proofs of the main results.

APPENDIX A: PROOFS OF THE MAIN RESULTS

Proor oF THEOREM 3.1. Let &i; = (it;1, ..., i4;7) and Pxi = X,-(XZTMOX,-)‘lef. Then, by
(2.7) and the fact that I3Xl.M0X ; = X;, we have

il = Mou; + MoX:(B? — B:) (A1)
and

VVNTIinNT(K))

N N
= (N_l/z > uiMoPx,Mou; — BNT) +NT2Y (B - Bi) XM Xi(B) - Bi)
i=1 i=1 (A.2)
N A
+ 2N~12 Z u;MoX,-(B? — Bl)
i=1

= (AinT — BNT) + AoNT +2A3NT,  Say.

We complete the proof by showing that under Hy(Ky), (i) Aint — By =P N(0,14),
(11) AZNT = Op(l), and (lll) A3NT = OP(l), where V() = lim(N,T)_mo VNT- We prove (1)—(111)
in Propositions A.1-A.3 below.
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2 LuandSu Supplementary Material

PROPOSITION A.1. We have Ai\xyt — BnT —2 N(0, V) under Hy(Ky).

Prookr. Recall that H; = MOPXL.MO and that 4, ;,; denotes the (¢, s)th element of H;:
hi,ts =T ZZ:l ZZ;:l nerl{r(T_lX,{MOXi)_1Xiqnqs; where 1, = 14 — T-! and 1y =
1{t = r}. Let h;; = 71 ZrT=1 Zg:l T[ter{r_Qi_lX,'q‘r)qs. Observe that i‘llNT — BnT =
ANV Y e i X Wishi s+ 2N V2N S0 g wittis (R s — higs) = AT+
AlNT’z. It suffices to show that (i) AlNT,l —D N, %) and (ii) AlNT,Z =op(1).

First, we show (i). Using n; = 14 — T-1, we have

N T T
At = % Z D00 wiuisme X[ Q7 Xigngs

i=11<s<t<T r=1 g=1

N N T
= % Z Z uituile{t-Ql'_lXis - ﬁ Z Z ZuituistrQi_lXis

i=1 1<s<t<T i=1 1<s<t<T r=1

N T
— % Z Z Z Mituile{tQ;1Xiq

i=1 1<s<t<T g=1

2 N T T .
+WZ Z ZzuituisX,{rQi_ Xiq

i=1 1<s<t<T r=1¢g=1

2 N
_ x o1yt
_WNE O wiu X 07X

i=1 1<s<t<T

N T
2
T N Z Z Z wicis[ Xir — E(Xin)] Q7 X

i=1 1<s<t<T r=1

N T
2
- m Z Z Z uituisttﬂfl [Xiq - E(Xiq)]

i=1 1<s<t<T g=1

2 N T T / —
b Do Do 20D [ Xir — En)] 07 [Xig ~ EXiy)

i=1 1<s<t<T r=1¢g=1
4 N T T
! y—
+ 3—\/— Z Z ZZ ”ituis[Xir - E(Xir)] Q,’ lE(Xiq)
T N i=11<s<t<T r=1 q:l

= Aintu + Aint2 + Aint i3+ Aint e+ Ainr,is, - say.

By Lemma B.4(ii)—(v), AinT,12+ AinT, 13+ AinT, 14+ A1nT, 15 = 0p(1). We are left to show
that Ayn7,11 =P N(0, Vp). Observe that

N T
2
ANt =——=> Y wuX) 07X =" Znr,
TVN P

i=1 1<s<t<T
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whereZNT,tEZT_lN‘l/ZZZ DI ]u,,umb b andb,—.() 1/ZXJr By Assumption 1(v),

N t-1
E(ZNT.0 | FN1.—0) = 2T 'NTV2D " " uybl big E(uig | FNT,6-1) = 0.
i=1 s=1

That is, {Zy7:, FnT,¢} is an m.d.s. By the martingale central limit theorem (CLT) (e.g.,
Pollard (1984, p. 171)), it suffices to show that

T T

Z=) Ery 12yt ]=op(), and Y ZZ;, —Vnr=op(l),  (A3)
=2 =2

where E FNT.1 denotes expectation conditional on Fyr ;1. Observing that Z > 0, it suf-
fices to show that Z = op(1) by showing that E(Z) = op(1) by Markov inequality. By
Assumption 1(iv) and (v),

16
E2) = 5
N
T N N N N S
XY IS D E(bishlybjrbj brghl brotistjrttiequittist et i)
t=2 i=1 j=1k=11=1 1<r,s,q,v<t—1
=482, 4+ 162,
where

(A.4)

XE(BZ'tBisB; birutisttiru ) (b}zqubjtij”jq”jv”]zt)’

T N
Z= Tsz N Y EEbBbeb bbb, ((5)
t=2 i=11<r,s,q,v<t—1

For the moment we assume that p = 1 so that we can treat the p x 1 vector b;; as a
scalar. (The general case follows from the Slutsky lemma and the fact that b’ b; b/ l;,, =
Zk:l lel ,t,kb,s,kb,t,lbm,, where b,t,k denotes the kth element of b;;.) To bound the
summation in (A.4), we consider three cases for the time indices in S = {r, s, q, v, t — 1}:
(a) #S =5, (b) #S =4, and (c) #S < 3. We use EZ;,, EZyp, and EZ;. to denote the corre-
sponding summations when the time indices are restricted to cases (a), (b), and (c), re-
spectively. In case (a), applying Davydov inequality (e.g., Hall and Heyde (1980, p. 278))
yields

(1+0)/2+0) (A.6)

|E( tblsbttb rutsulru”)| <8Ci (1, s, r)a(t —1-(sv r))

where a v b =max(a, b) and Cy; s = max; ;s r ||b,sb,,u,sulr||4+2(,||bltult||4+20 A similar in-
equality holds for E(bjibjgbjibjyutjqu jolt 2). By the repeated use of Cauchy-Schwarz and
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Jensen inequalities and Assumption 1(i),
QT y 2
|Chitsr| < 5 [Ibishirttisttir |32 + D747 | 442, ]
(A.7)

(Wbisttis3 g+ 1birtir3 gy + 2] B30 | 7,00} < C1

Bl= N

=<

for some C; < co. With this, we can readily show that under Assumption 1(iii),

2
EZy, < 7 { Z Ol(t —1—(sVv r))(1+0)/(2+a)} _ O(T_l),

=2 “1<s,r<t—1

In case (b), we consider two subcases: (b1) one and only one of r, s, g, v equals ¢ — 1;
(b2) #{r, s, q, v} =3. We use EZy;; and E Zy;; to denote the corresponding summations
when the individual indices are restricted to subcases (b1) and (b2), respectively. In sub-
case (b1), wlog we assume that v=¢ — 1 and apply

|E(bjibjgbjebj.i—1ujqujim1uf,)| < 8Cojsqa(t — 1 — q) 1+

for Cyjq = ||l;jq”jq||8+4U,D||l_7]2'tl;j,tfluj,t71u]2't||(8+4a)/3,D < (; for some C; < oo and (A.6)
and (A.7) to obtain

T
EZip = HGG Z{ 1 > a(t—1-(sv I’))(1+0')/(2+0')}

3
T t=2 1<s,r<t—1
% { Z alt—1— q)(1+0')/(2+0')}
1=g=t-1

=0(T7?).

In subcase (b2), wlog we assume that g =v and r < s < t — 1. We consider two subsub-
cases: (b21) eithert —1—s> 1, 0rs—r > 7y; (b22)t —1—s < 71,ands — ¢ < 7. In the first
case, we have

- - - - 2 8C3i,tsra(7*)(1+(r)/(2+(r) ift—1-s> Txs
‘E(bilbisbitbiruisuirui[)’ =< (1+0)/(2+0)
8Cyi 157 (1, 8, 1) (Ty) ifs—r>m,,
where Cs; iy = |1bibictif ||at20 |bisbirtisttirlas2e < C3 < 00 and Cujrgr = l|bichishicttis x

uft I (8+45)/3 X IIbirttirllg+40 < C4 < 00. These results, in conjunction with the fact that the
total number of terms in the summation in subcase (b22) is of O(N?T372) and Assump-
tion 1(iii), imply that

EZyp < O[TPa(r) 0/ G+ L THINT2N? T3]
— O(TZa(T*)(l+a')/(2+0') + T_l’Ti) = o(1).

Consequently, EZ;, = o(1). In case (c), we have EZ;, = O(T~1) as the number of terms
in the summation is O(N273) and each term in absolute value has a bounded expecta-
tion. It follows that Z; = op(1).
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To bound 25, we consider two cases for the set ofindices S = {r, s, g, v, t — 1}: (a) #S =
5 and (b) all the other cases. We use EZ,, and EZ,; to denote the corresponding sum-
mations when the individual indices are restricted to subcases (a) and (b), respectively.
In the first case, letting ¢ = max(s, r, g, v), we have

|E(b?;bisbirbiqbivuis”iruiquivu?t)| < 8C5i,t,s,r,q,v(ta s,r,q,v)a(t—1— c)a/(2+g),

where Csit,s,r, qv = ”blsblrblqbwulsulrulquw||2+rr||b,, ,,||2+(r < Cs < oo. Then EZp, <
S8CN-1YT a(s5)7/2+t9) = O(N~1). In case (b), we have EZ,, = O(N~1). It follows that
2, =0(N~!) and thus Z = op(1). Consequently the first part of (A.3) follows.

For the second part of (A.3), by Assumption 1(iv) and (v), we have

T N -1 2
S E(Zir,) = 4TN- 12E[zzunum }
=2

t=2 i=1 s=1
T N t—11¢t-1

=4T72N"! Z Z Z Z E(u%tuisuirl;;tgisl;;tl;ir) =VnT.

t=2 i=1 s=1r=1

In addition, we can show by straightforward moment calculations that E (ZtT 5,72 NT. 1)2 =

VAZ,T +o0(1). Thus Var(ZtT=2 NT. ;) =o(1) and the second part of (A.3) follows. This com-
pletes the proof of (i).
In addition, by Lemma B.4(i), A1n7,2 = op(1). O

ProproOsSITION A.2. We have Aynt = op(1) under Hy(K).

Proor. Notingthat 1{i € GV} = 1{i € G} + 1{i € G\ G} — 1{i € G;\ G}, under Hy(Ky)
we have

ANt =N I/ZZZ oy — Bi) X{MoX (e — Bi)

k= 1zeG0

—Nl/zzz O — &) XIMoX;(a? — &)

k= 1zeGk
+N~ 1/22 > (af — Bi) X[ MoXi(e) — Bi)
k= 1zeG2\Gk
1/22 > (o — ) X[MoX; (e — &)
k=1ieG\G}

= Aynt1,1 + Aont2 — ANT,3, Sy

Let | - |Isp denote the spectral norm. Note that || A|| < rank(A)||A|llsp and || A|lsp < || 4|l for
any matrix 4. By these properties, the submultiplicative property of the spectral norm,
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the fact that || My ||sp = 1, and Assumptions 1(i) and 2(ii),

KU KO
AanT1 < N_mZHag — ay ”z Z | XiMoX;| < PN_I/ZZ”OIQ —ay ”2 Z X012
k=1 iEGk k=1 ieék

=N"20p((NT)™' + T72)Op(NT) = N 20p(1+ NT™") = 0p(1).

By Assumption 2(iii), for any € > 0,

Ky Ko
P(Ant2 =€) < P(U EkNT) —0, and P(Anr3>6€) < P(U ﬁkNT) — 0.
k=1 k=1

It follows that Aoy72 = op(1) and Aoy7,3 = op(1). Consequently, Aoy = op(1) under
Hy(Kp). O

ProrosITION A.3. We have Asn1 = op(1) under Hy(K).

PRrROOE. As in the proof of Proposition A.2, we make the decomposition

Ko
Asnr =N " wiMyXi(a) — Bi)

k=1ieGY
Ky Ky

= Nﬁl/zz Z u;-MOX,-(ag - &k) +N71/ZZ Z u;-MoX,'(ag — B,)
k=1icG, k=1ieG)\Gy

Ko
—NT2YONT UM X (o — ay)
k=1 ieék\G2
= Asnt1 + Asnt,2 — AsnT,3,  say.
Using the same arguments as those used in the study of Aoy 7> and Ay7 3, we can show
that Asnt2=o0p(1) and A3NT,3 = op(1). Noting that a](i —ay = OP((NT)_1/2 + T_l) for
k=1,...,Kounder Hy(Ko) by Assumption 2(ii), it suffices to prove that A3y7,1 = op(1)
by showing that
Asyrax=N"1? Z X[Mou; = op(min(NT)'/2, T)) fork=1,..., K.
ieék

By the fact that 1{i € Gy} = l{i e GY} + 1{i e G\ GY) — 1{i € G\ Gy} and the arguments
used in the study of A,n72 and Azn7 3, we can show that Asy7.1x = AsnT,16 + 0op(1),
where A3N~T’1k =N"1/2 ZieGg X/Myu;. Using X'/ Mou; = Zthl Xii(ui; — ;.), we can de-
compose A3yT,1k as

T T T
Asnrae=N"2 YN Xy = N7V NN X

ieGg =1 ieGg t=1 s=1
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T
=(1=T N2> Xjuyy = NPT 3 X

ieGg t=1 ieGg I1<t<s<T

NPT X

,‘EG(k' 1<s<t<T
= Asnt,1k1 — A3NT, 162 — A3NT, 143,  Say.

Using Chebyshev inequality, we can readily show that /‘13NT,1k1 = Op(T"?) under As-
sumption 1(i), (iv), and (v). Let @, = (@ p1, ..., @pp)’ be an arbitrary p x 1 nonrandom
vector with [|w || = 1. By Assumption 1(i), (iv), and (v) and Jensen inequality,

E[(o,Anr,u2) ] =NT'T2Y 5 Y Y E(0, Xiuio, Xjrug)

ieGg jeGg 1<t<s<T 1<r<q<T

=N"172 Z Z Z E(w;;Xituisw;yXir”iq)

ieG[]i 1<t<s<T 1<r<q<T

=N-I172 Z Z E(0), X0\, Xjuz) = O(T).

ieG',i 1<t,r<s<T
Then A NT,1k2 = Op(T'/?) by Chebyshev inequality. Next,

E[(w/pA3NT,1k3)2] =NT'T2Y" Y Y E(0), X, Xiruig)

ieG(,: 1<s<t<T 1<q<r<T
ANTITEY TN Y Y E(0 Xuis)E(0), X i)
i€GY jeGY,j#i1ss<t=T1=q<r<T

=I1+1I, say.

Let S = {t, s, q,r}. To bound I, we consider two cases, (a) #S = 4 and (b) #S < 3, and
denote the corresponding summations as I, and I, such that I = I, + I;,. Apparently,
I, = O(T). For 1,, wlog we consider three subcases, (al) s<t<qg<r,(a2) s<qg<t<r,
and (a3) s < g < r < t, and denote the corresponding summations as 1,1, 1,3, and 1,3,
respectively. (Note that I, = 2({,; + 1,2 + 1,3).) In subcase (al), we apply Davydov in-
equality to obtain

Lal <SNTIT23" 30 ggqalt —s) 10/

ieGg 1<s<t<q<r<T
00
<8CT Z a(T)(1+U)/(2+U) =0(T),
=1

where ¢ g = lluislls+aoll 0, Xirw), Xirtigll8+40)/3 < C < 0o by Assumption 1(i) and
Jensen inequality. Analogously, we can show that I, = O(T) and 1,3 = O(T). It follows
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thatI = O(T). For II, we apply Davydov inequality to obtain

|H|5N1T2{Z > 1E(w},Xnuis)|}2

ieG‘,: 1<s<t<T

2
< N—l T—Z{ Z Z Ci,tsa(t _ S)(3+20‘)/(4+20’) }

,‘EGz 1<s<t<T
= N~IT720(N*T?) = O(N),

where ¢; 45 = ||w;,X [t||g+4a-||w/pX itls140 < C < 0o by Assumption 1(i). Consequently,

E{[w},AsNT,1k1(3)]2} =ON+T) and Asyrix3=O0p(NY*+T'?).

In sum, we have A3y, = Op(N'/? 4 T'/?). 1t follows that A3y7. 1% = op(min((N x
T)'/2,T)). O

O

ProoF oF THEOREM 3.2. By Theorem 3.1 and the Slutsky lemma, it suffices to prove the
first two parts of the theorem.

Step 1: We prove (i) BnT(Ko) = BNT + 0p(1) under Hy(Kp). Let ; denote a T x 1
vector with 1 in the ¢th position and 0s everywhere else. Then #; ;; = L;M()PXZ. Moyt =
i 2521 Ner X[, (XiMoX;) " Xigngs. Using 2, — u3, = (s — win)* + 2(fig — uir)ui, we
decompose BNT — BNT as

N T N T

A 1 N 2 A

BnT(Ko) — BNT = —\/ﬁ E E (Ui — uit)zhi,tt + —\/N E E (Wir — Wi ujthi g
| i=1 t=1

i=1 t=1

= By7.1+2Bn12,  say.

Noting that diag(H;) is p.s.d., we have by (A.1) and Cauchy-Schwarz inequality that

N
Byri=N"12 Z(fli — u;) diag(H;) (@h; — u;)

i=1

N
<2N~12 Z u; Py diag(H;)Pou;
i—1

N
+2NV2Y (Bi — BY) X (Mo diag(Ho) Mo X (B: — BY)
i=1
= ZBNT,H + 2BNT,12> say.
We will show that lA?NTJs = op(1) for s =1 and 2. By the fact that Zthl ey = I7 and

M is idempotent, we have i’, diag(H;)ir = tr[i}, diag(H;)ir] = Zthl tr(LQMOI_’Xl.MOLt) =
tr(MoPx, M) = tr{My x X;(XMoX;)~'X/My] = p. This, in conjunction with Davydov in-
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equality, implies that

N N
E|Byr.11l = T72N~1/? > E[ujir (i diag(Hir)ipu;| = pT*N~'2 > " E(ujiriyu;)
i=1 i=1

N T N
= pT2N~1/2 Z ZE(MZZI) +2pT 2N~ Z Z E(uiruis)
i=1 1=1 i=1 1<t<s<T
= O(N'2T7 Y + O(N'*T~Y) = O(N'2T71).
Consequently Byt.11 = Op(N'2T=1) = 0p(1) by Markov inequality. Using 1{i € G? ) =
1{i e Gk} +1{i e G% \ Gk} —1{ie Gk \ Gg}, following similar arguments as those used in

the proof of Proposition A.2, and by Assumptions 1(i) and 2(ii), we can show that under
Ho(Ko),

Ky
Byraia=N""2>""(ax — of) X; Mo diag(H;) Mo X, (6 — o) + op(1)
k= llEGk

Ko
< NTV2Y e —af |* Y | X Mo diag(H) Mo Xi | + op(1)
k=1 ieGk
= N"20p((NT)" + T72)0p(N) + 0p(1) = 0p(1),
based on the fact that My AMj < A for any p.s.d. matrix 4, and
3 || X Mo diag(Hi) Mo X |

ieék

T
< YO dingHXi] = 3 3 Kiui Mo Mo X |

ieék ieék =1
= ZIIX,t PruXal =3 ZIIXUXU(X/MOX) X X
lEGk =1 ZGGk =1

T
< 1I<ne<1)](v||.(2 o Z Z | Xi:|* =Op(N) byLemma B.3(v).
1
iEGk =1

Consequently, we have shown that BNT,l =op(1).
For Byr,2, we first apply (A.1) to decompose it as

(tt; — u;) diag(H;)u;

M=

Byt =

...,
Il
_

N
. 1 « N
u;Py diag(H;)u; + E X Moy diag(H;)u; = Bn121 + BNT,22-
t:l

I
3~ 3=
M=
2

N
Il
—_
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Observe that

N T T
1

N—1
T2JN Z Z Z uintyMo X027 X Mousus

i=1 t=1 s=1

Bynr21 =

N T T
1

~1
T*VN Z DD uinyMoXid7 X[ Mousuis

i=1 t=1 s=1

+ m Z Z Z ui,L;MoXi[.(A)i_l — .Qi_l]Xl{MoLsu,‘S
= éNT,le + éNT,ZlZa say.
Noting that ||, Mo X;| < ||, X;|l = || Xis|l, we apply Lemma B.3(v) to obtain

T
D ui

=1
= Op(anT)Op(NY2T7V2) = 0p(1).

T
Xisl?llu;
| X s 117 Ml eis |l

s=1

) ) 1 O
—1 -1
IBNT212] < 12?1(\1”0" — 1 [ °JN ;

For ByT,211, we have

N T T T T
1

2JN DD D00 wims X0 Xigmgsttis

i=1 t=1 s=1r=1g=1

Byt =

N T T

- TZi/N DD un X0 Xisuis —

3
i=1 t=1 s=1 T

, N T T T
N ; ; ; ; uitXf,Qi_lXisuis

= BnT2110 — 2BNT 2110 + BNT, 221, SAY.

We further decompose By7.2114 s By7.2114 = ﬁ DIAEDIHED. (HInD CTTANE ﬁ X
>V, S reser Uit X[ 2 Xisuis + ﬁ >V S teserer Uit X2 Xisuis = Byt p11a(1) +
BNT211a(2) + BN7,2114(3). Apparently, By, 2114(1) = Op(N'/>T~1) by Markov inequality.
Noting that E[ByT 2114(2)] = 0, by Davydov inequality we can readily show that

N
o 1
E[BNT,zna(Z)]2 =Ty Z Z Z E[Mizst-Q,-_lXisuisMirquQi_lXiquiq]

i=1 1<t<s<T 1<r<q<T
=0(T7).
It follows that éNT,lea(Z) = OP(T_l/z)- Similarly, éNT,lea(3) = OP(T_I/Z)' Then

BNT.211a = Op(NY2T=1 4 T=1/2) = 0p(1). Analogously, we can show that By7.211s =
op(1) for s = b, c. Then we have By 211 = op(1) and By7,21 = op(1).
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For éNT,ZZy using the same arguments as those used in the proof of Proposition A.2,
we can show that under Hy(Kj),

Ky

A 1 R .

BNT,22 = I E (6 — o)’ z XM diag(H;)u; +op(1)
k=1

iEGk
1 & / _
i Z(&k —af) Z XM diag(H;)u; +op(1) = By7,22 + 0p(1).
k=1

30
ieGy

Let By = «/LJV Ziecg XMy diag(H;)u;. Then as in the proof of Proposition A.2 and the

analysis of tA?NT,ma(Z), we can show that

T T
1 A—
By = TIN Y Y XumustsMoX Q27 X[ Mousuis

ieG‘,Z t=1 s=1

T T
1 _
= .Z DO XimastsMoXi€2; X[ Mosuis + op(1)

leGg t=1 s=1

T T
- m Z Z Z Z ZXitntsnser{r'-Q;1Xiq7lqsuis +op(l)= OP(jvl/2 + Tl/z)-

It follows that ]§NT,22 =O0p((NT)'24+T-1Op(NV2+TV2) = 0p(1). This completes the
proof of (i1).
Step 2: We prove (ii) Va7 (Ko) =Vt +o0p(1). Observe that Vy7(Ko) — Vyr = 4VnT1 +

4VnT,2, where
e 2
- [uitb;tzbisuis} },
s=1

T N (T 1 7
Wnra=T*N"'y" Z{ fieh}y Y bisttis
L s=1 4
T N( =17 = 2
Wra=T*N"'Y" Z{ wirh}, Y " bisuis | — E|:uitb§t > bisuis:| }
s=1 .

2

t=2 i=1
=2 i=1 L s=1

Noting that E(Vyr,2) =0 and Var(Vyr,2) = o(1) by direct moment calculations, we have
Vnt,2 = op(1) by Chebyshev’s inequality. Thus we are left to show that Vyr 1 = op(1).
Again, using a? — b? = (a — b)> +2(a — b)b, we have

T N -1 -1 2
—2a7—1 ATy AN 1/ T
VNta=T"°N E E uitb,’;E bisuis—uitb,'tg bisuis
s=1 s=1

t=2 i=1

T N t—1 t—1 t—1
o1 A 7 A -, - -, -
+2T7°N E E |:”itbi;2 bisuis—uitb”E bisuis:|uitbitE biruiy
s=1 s=1 r=1

t=2 i=1

=Vnr,11 +2VNT,12.
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Let Vg = T2NIYL N ([uifb), > byun?. By Cauchy-Schwarz inequality,
Vnt.12 < (Wnra} 2 (Var.12) /2. Tt is straightforward to show that Vyr,1p = Op(1) so
that we can prove that Viyr,; = op(1) by showing that Vy7, 11 = op(1). Using u”b,, =
(ultb,t — ujsbiy) + ujsbj; and Cauchy-Schwarz inequality,

-1 2
VNT 1n<3T" 2N IZZ[(Uztb t— uztbzt) szsuts:|

=2 i=1 s=1

T N[ ol ) 2
+3TNTY S bl > (bisiiis — bisuis):|

=2 i=1L s=1

T NT -1 2
+3T 2NN | (luichie — wichin) Y (bisiis — bisuis)]

=2 i=1L s=1
=3Vnr111 +3VNT, 112 + 3VNT 113
We complete the proof of (ii) by showing that (iil) Vy 7,111 = op(1), (ii2) V1,112 = op(1),
and (ii3) Vy7,113 = op(1). A B ) o
We first show (iil) Vivr,111 = op(1). Using ditbis — uibir = (tir — ui) bic + uir(bir — bir) +
(&tir — ujs) (bjy — bj;) and Cauchy-Schwarz inequality, we have

1 2
VNt <3T°N7! ZZ[(W - utt)bztzblsuzs:|

t=2 i=1

T N[ e 2
+37 2N Z Z uir(bir — bir) Zbisuisj|

t=2i=1L s=1

T NT = 2
+3T 2NN (g — wie) (bis — bir)’ Zbisuisj|

t=2i=1L s=1
=3Vnr,111a + 3VNT, 1116 + 3VNT 111
By Markov and Davydov inequalities, we can show that 72N ! Zthz Zfi 1 [Bi.t Z;% bis x

u;s]*> = Op(1). By Boole inequality and Doob inequality (e.g., Hall and Heyde (1980,
pp- 14-15)) for m.d.s., and then Davydov inequality, for any € > 0 we have

-1 N -1
P| max max |72 bisu; N18¢) < P T2 bisu; N1/8
(lfiSNZEZEXT Z istis| = € _Z 2?%XT Z istis|| > €
s=1 i=1 s=1
8
T4 SZE szsuzs =0(1).
= s=1
It follows that
max max Zb,su,s = T1/2N1/8) (A.8)
1<i<N2<t<T
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The same conclusion follows when one replaces b;; by X;; or 1. Let B; = diag(||bi1]2, ...,
Ibi7]1%). By (A.1), we can readily show that

N N N
NS i —uil? <2N7DY 1P+ 2N [ MoXa(8) - Bi) |
i—1 i—1 i—1 (A.9)

=O0p(1)+0p(1) =0p(1)

and

T N
NS e — wi)*1barl?
1=2 i=l
N
=N (@ — up) By — wy)
i=1 (A.10)

N N
< N1 Z uQPOBinui + 2N Z(B? — BA,')/XZ{MQB,'MOXi(IBQ — él)

l
i=1 i=1

=0p(1)+o0p(1) =0p(1).

By (A.8), (A.10), and Assumption 3,

T N -1 2
Vvrtte =T N7 > (i — uir)? |:b;-t > bisuis:|

=2 i=1 s=1

< T2 max max
1<i<N2<t<T

2 T N B
{N1 DD (@i - Miz)2||bit||2}

t=2 i=1

t—1
Zbisuis
s=1

=T720p(TNV*)Op(1) = 0p(1).

To determine the probability order of V7 1115 and Vy7,111,, we use the uniform proba-
bility order of b;, — bi;. We decompose b;; — bi, as

T T

~ - ~A_1/2 _ —1/2 _

bit — by =07 [X,-[—T S :Xi,} o7V [X,»t—T S :E(Xi,)}
r=1 r=1

T i T (A.11)
=eiXi—eT™ Y Xip— 07 TV [ Xy — E(Xp)]

r=1 r=1
= b1jr — bait — b3y,
5-12 _ o172
l

where e; = (), . By Lemma B.3 and the fact that max;<;<y max;<;<7 | X =

op((NT)Y/3+49)) by Boole and Markov inequalities, we have max; <;<y max; < <7 || b1;/|| =
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op(ant x (NT)/B+4)) Following the proof of Lemma B.3(v), we can show that
T

T X

r=1

T

T [ Xir — E(Xip)]

r=1

max
1<i<N

< max
1<i<N

+ max
1<i<N

1ZE(X")H
s (A.12)
= Op(max{(NT)/E+H) og(NT)/ T, (log(NT)/T) / N+O(1)
=0(1).

It follows that max;<;<y maxj<;<7 ||b2i|l = Op(anT). Also, maxj<;<y maxi<,<7 [|b3;|l =
OP(aNT). Thus maxi<;<y Maxj<;<7 ||bit — bit“ = OP(aNT(NT)l/(S'MG)). In addition, using
(A.11) and the above bounds, we have

T N
TN Cugllbi — bil?

t=2 i=1

T N T N T N
<377 IN"! Z Z ul ||byi | + 377N Z Z ul ||boi | + 377 N1 Z Z u? ||bsi |

=2 i=1 =2 i=1 t=2 i=1

T N
<3T7'NT' YN uglbil® + Op(ayr) + Op(ayr) = Op(ay ),
t=2 i=1

where the last equality follows from the fact that T-'N='S1, SV w216yl <
max;<i<y le/12T'N~" x 1, SN u? 1X;||? = Op(a% 7). Then by Assumption 3,

2
VNT,lllb =T*N"! Z Z|:uzt(bzt - zt) Zb suzs:|

t=2 i=1

-1 2 T N
-1 . —157—1 20h. B2
<70 m[zb} [T SN bnn}
= T70p(TNY*)Op(a% ) = op(N*a%,7) = op(1)
and

T N -1 2
Wnrae=T Ny )" |:(ftit — uit)(bic = bir)' ) bisuis:|
s=1

t=2 i=1

T N
Zb,su,s N_1 ZZ(ftit — u)*
=2 i=1

=T 20p (a,ZVT(NT)1/<4+2">)OP(TN1/4)0P(1) =op(N*a3;1) = op(1).

=772 max max ||b,t— ,t|| max max
1<i<N 1<t<T 1<i<N 1=<t<T

It follows that VNT,lll =op(1).
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To show (ii2) and (ii3), we find that it is convenient to bound S;, = T1/2 Z (l; isllis —
bisttis). Using tisbis — witbis = ie(bir — bip) + (s — uig)bi + (itis — uir) (bis — bir), we have

-1 -1 -1
Sit =T wis(bis — bis) + T~V (dhis — uig)bis + T2 "(dlis — uis) (bis — bis)
s=1 s=1 s=1
= Stit + S2ie + S3i,  saYy.

By (A.11), S1;r = T2 X121 is(b1is — bois — bais) = Stir,1 — S1ir,2 — Stir, 3, say. By the Remark
after (A.8), (A.12), and Lemma B.3,

max max 1S1ic.11l < max lle;|l max max
1<i<N 1<t<T 1< 1<i<N 1=<t<T

1/ZZ:Athuls

= OP(aNT)OP(N1/4) = OP(l),

12er

= OP(aNT)OP(l)OP(Nl/S) =op(1)

max max 1S1ie 21 < max lle;ll max
1<i<N 1<t<T

max max
1<i<N 1<t<T

t—1
-1/2
TR s
s=1

and
max max. I1S1i,3l
1<i<N 1<t<T
T -1
< max |02, 1/2” max |77} Z[X,-,—E(X,-,)] max max T_l/ZZu,-s‘
1<i<N 1<i<N 1<i<N 1<t<T
r=1 s=1
= 0(1)Op(anT)Op(N'/?) = 0p(1).
It follows that maxj<;<y maxj<;<7 [|S1;¢| = op(1). Similarly we can show max;<;<y
maxi<;<7 |82l = op(1) and max|<;<y maxi<,<7IS3; = op(l). Hence maxi<;<y

maxj <<t ||Sit|l = op(1). It follows that

2
VNT,112 =T2N"! Z Z[ultb” Z(b isihis — ‘suis)]

t=2 i=1

< | max, max ;| }{ T—lN*ZZHmt%HZ} = 0p(1)0p(1) = 0p(1)

1<i<N 1<t = il
and
T N —1 2
- 1 AT N/ AN r
Wraz=T N> Z|:(uitbit — wighit) Y (bistiis — bisuis):|
=2 i=1 s=1

T N
< { max_max |1Si| }{T—IN—lzz ltichic — uitbitnz} =op(L)op(1) = op(1),

1<i<N 1<t<T
! =2 i=1
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as one can readily show that 7-!N~2 "7, SN \1ii;:b;, — uighy||* = op(1). Thus V.11 =
op(1). This completes the proof of (ii). O

Proor orF THEOREM 3.3. Observe that \/VNT(KO)J]NT(KO) = A\NT — ENT(KO) +
AxnT +2A3nT, where AinT, AonT, and Ay are as defined in (A.2). We study the prob-
ability order of each term in the last expression.

Noting that || X Mou;||? < 2[| X u: (1> +2( X|Pou;|>, wehave N~' T2 "N | | XIMou;||? <
2a; + 2a;, where a; = 2N-'T2yN ST ST, wie X! Xisuis and a; = N~1T% x
YN Y T T Zgzl ui X Xirujq. By Assumption 1 and Markov inequality, we
can readily show that a; = Op(T~!) and ay = Op(T ). It follows that N~ 172 "N | X! x
Moyu;||> = Op(T~1). Then by Lemma B.3(v),

N

NPT Ay = NTI'T71Y " uiMoPx, Mo,
i=1

N

< max Amax(QON™'T2Y uiMoX; X Mou;
- i=1

=0p(1)Op(T™Y) = 0p(T7Y).

By (A.1) and Cauchy-Schwarz inequality,

N T N
NTVT By = NI S Vi by = NI T 7 i diag(H))il;
i=1 t=1 i=1
N

<2N7'T71Y " uiMq diag(Hy) Mo,
i=1

N
+2NTITN (Y — Bi) X[ My diag(Hy) Mo X; () — Bi)
i=1
=2by +2b,, say.

By Cauchy-Schwarz inequality, by < 2N~1 7! Zﬁil L_t; diag(Hy)u;+2N~1T~! Zﬁil u;Py x
diag(H;)Pyu; = 2by,1 +2b 5, say. By the fact H; = MPx,My < [Amin(O)17 T~ 1Mo X; XM,
and Lemma B.3(v), we have

N
bi1 < [Amin(Qi)]_lN_lT_ZZu§ diag(MoX; X[ My)u;
i—1
- N T T T
= [Amin(@)] NT'T2Y NS> “wimis X[ Xipmoruir = Op(T71),

i=1 t=1 s=1r=1

as we can readily show that N~17—2 Zﬁl Zthl Zstl ZrTzl wigNes X[ XirMorhiy = Op(T™1)
based on the fact that 1, = 1{t = s} — T~! and Markov inequality. As in the analysis of
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BNT,H’ we can readily apply the fact that i’ diag(H;)ir = p to obtain

N N
bio=N"'"TY wjiriy diag(Hpiripu; = pN~' T " ujiriyu;
i=1 i=1
N T T
=pNT3Y >3 wjuig = 0p(T72).
i=1t=1s

=1

It follows that by = Op(T~ 1) By Cauchy-Schwarz inequality, b, < 2N~ 17-1 Z, 1(30
By X diag(H;) x Xi(B) — Bi) + 2NTIT=1 YN (BY — B X[ Py diag(H) PoXi(BY — Bi) =
2by 1 + 2by 5, say. Noting that diag(MoX; X M) < diag(X;X}), we have
A~ 1 N A A
ba1 < [Mmin(Q0)] N7'T72 (B) — Bi) X| diag(Mo X: X[ Mo) Xi(B] — Bi)
i=1

< [Amin(Q0)] " 'N7IT™ ZZ (BY — Bi) X diag(X; X)) X(B} - Bi)

i=1

= [Amin(Q0)] N7'T~ 22 BY — Bi) Xu X[, X X}, (B) — Bi)

< T*][)\min(QAi)]_ max T" ]Z||Xlt”4N 12”30 Bi H

i=1
= T—10p<1)0p(1>0p<1> =0P( ).

Using i’ diag(H;)ir = p, we have
N
_ _ AN/ . o . o o/ 5
bop=N"'T73Y (B — Bi) Xjiri diag(Hirip X (8) — Bi)
i=1

= pN~I'T~ 32 (BY — Bi) X/irip X:(BY — Bi)
i=1

<71 max | X |’N” 1ZHB —Bil = op(T7).

i=1

It follows that b, = Op(T~1) and N=V2T-1Byr(Ko) = Op(T1).
By Assumption 4(ii) and Lemma B.3(v), w.p.a.1,

N
NPT dgnr = NTITY (B) = Bi) X{MoXi(B) — Bi)
i=1
Ko
> Amin(OON 'Y 3 18Y — | = Amm<Q,)cK0

k=1 lEGk
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Now we decompose N~ 1/2T~1 A3y as N™1V2T1 A3y = N-IT-1 YN wX;(BY— Bi) —
N=IT2 5 SN, whiri, Xi(BY — Bi) = Asnt.1 + Asnt,a, say. For the first term, we appl

=1 T i s s Y- y
Cauchy-Schwarz inequality to obtain

172
|2

N 172 Ko
R s L T B LR o
i=1

k=1 ieék

=T 1Y20p(1)0Op(1) = 0p(1),

where we use the fact that N~'7-1 YN | E||u/X;|> = O(1) under Assumption 1. Similarly,

N
Aawral < max |7 uitr| ma 77X INTD L6 - Bl
=
Ko 1/2
_ . _ . _ ~ 2
< g 7 a7 |5 -
=lieGy

= Op(anT)0Op(1)Op(1) = 0p(1).

It follows that N_I/ZT_IA_O,NT =op(1).

In sum, we have N~'/2T~1/Vn7(Ko)JinT(Ko) > I Amin(Qi)ck, + op(1) wp.a.l. In
addition, we can show that I}NT(KO) has a positive probability limit under Hy (Kj).
It follows that under H;(Kjy), P(leT(KO) >cnr) = 1 as (N, T) — oo for any cyr =
o(N12T). O

Proor or THEOREM 4.1. (i) Let y; = (Jn,...,yir), i = (in,..., ), and X; =
(Xi1, ..., Xi7)'. The minimization problem in (4.4) can be rewritten as

2 N Ko

+ %Z [T1Bi—axll.  (A13)

i=1 k=1

N

- (Kp) _ 1
I;?}S QZNT,/\(B’ a) = NT ;

N
I 1 ~
Yi— XiBit & > XBj
=1

Let B = BO + T—12y, where v=(vy, ..., vy) is a p x N matrix. We want to show that for
any given €* > 0, there exists a large constant L = L (€*) such that for sufficiently large N
and T, we have

Pl inf OO (B + T v, @) > O\ (B% &)} = 1 - ¢, (A.14)
NI wilP=L ’ ’

where & = &(v) is chosen such that (BO + T~1/2y, &) minimizes Q%‘)T) A(B, @) for some

given v. This implies that w.p.a.1 there is a local minimum {B, &)} such that N~!, where

bi=Bi— BY.
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Observe that

T[O5NY A (B + T v, &) — 05 (B, a")]

N N 2
1 .~ _ 1 ~ _ .
ENZ{ Jim Xi(B+ T 120) + 5D X(B) + T 120) —||ui||2}
i=1 j=1
1 _ 1 &\
= NZ{ i — T_1/2<Xivi - NZXJUJ') - ||iii||2}
i=1 j=1
(A.15)
1 & . A L S A 1.
:WZ lel_ﬁZX]] _WZuI(XZUZ_NZXJU1>
i=1 Jj=1 i=1 j=1
1 N o 1 N N o 2 N ~
:WZU;X;XLUI—TTZZ'U; I/X]UJ_WZM;XIUL
i=1 i=1 j=1 i=1

where Q = diag(fll, s f)N), Ais an Np x Np matrix with a typical p x p block subma-
trix (NT)_li’lf)N(j, and we use the fact that Zfil ii; = 0. By Lemma B.3(v) and Assump-
tion 1(ii),

1 . 1 A 1
Vv ﬁnvnzlgg}v Amin(£2) = L IvlPexx /2 wpa.l. (A.16)

Define the upper block-triangular matrix

XX, XX, - XXy
Ar= == : i
NT : : . :

0 0 - XpNXn

Note that A = A4y + A — Ay, where A, = N-10. By the fact that the eigenvalues of
a block upper/lower triangular matrix are the combined eigenvalues of its diagonal
block matrices, Weyl inequality, Lemma B.3(v), and Assumption 1(ii), we have Apax(A) <
2Amax(A1) = Amin(Ag) < 2N~ max;<;<n Amax(2;) = Op(N~1). It follows that

1 1 1
VA= NuvnzAmax(A) = Nuvu%p(N—l). (A.17)

In addition, by Cauchy-Schwarz and Markov inequalities, we can readily show that

1 N 1/2 1 N 1/2
f{ﬁzvi'”f} {ﬁzﬂéfﬁfféﬁi} =N p0p(D).  (A18)
i=1 i=1

1 N

.-/~
e— E Ltl-Xivi
NT'Y? |
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Combining (A.15)-(A.18) yields

) 1 .
T[Qo7 (B + T v, &) — Q53 (B, a”)] = lIvlP[exx/2—0p(D] = N~ v]|Op(1).

The first term dominates the second term in the last display for sufficiently large L. That

is, T [Qg]fjo% BTV &) — Q%OT) A(BO a®)] > 0 for sufficiently large L. Consequently,

the minimizer B must satisfy N~ Zl 1 16,12 = Op(T™Y).

(ii) Given (i), we can readily argue the pointwise convergence of [;, as in the proof
of (iii) below. Let Py7(B, @) = & YN l_[Ik{il 1B: — axll and ¢inr (@) = l_[K0 Y18 — axll +
Hfi;z I1Bi — o |l ||B? —ag,l+-+ ﬂfi2 ||,8? — ay||. By the repeated use of Minkowski
inequality (see, e.g., Su, Shi, and Phillips (2016, SSP hereafter)), we have thatas (N, T) —

00,
Ko . KO .
[T18i —axl = [TIBY — e[| < @nr(e)|B: = B}| and
k=1 k=1

),

where Cg,n7(@) = maxi<j<y max<s<k<ko—1 [ [}_1 aksIB) — arlK0717% = max 4,
max; <s<k<ky—1] [peq kslla) — ar|K07175 = O(1) and ay,s are finite integers. It follows
thatas (N, T) — oo,

GinT (@) < CKONT(a)(l + 2”:éi - ,3?|

N N
- 1 ~ 1 ~
|Pnr(B, @) — Py (B°, @)| < CKONT(a)N ZI: il + ZCKONT(a)N ; 111
N - (A.19)

N 12
1 -
< CKONT(M{ N 2 ||bi||2} +0p(T™ ") =0p(T7'?).
i=1

By (A.19) and the fact that PNT(BO, a’) =0, we have

0> Pn7(B, @ — Pyr(B, @°) = Py7(B°, &) — Pn7(B°, @°) + Op(T71/?)
N Ky

——ZHHB —a | +0p(T7'7) (A.20)

i=1 k=1

N Nk, _
1l_[||01k—a?||+ + N l_[||ak—az< | +0p(T7172).
k=1 k=1

Then by Assumption 2(i), we have ]_[Ilfil llag — a(l)|| =0p(T~12)forl=1,..., Ky. It fol-
lows that (a1, ..., ak,) — (a(l), ...,aOKO) = Op(T~'/?) for some suitable permutation
(&(1), ey &(KO)) of (&1, ey &KO)'

(iii) We invoke subdifferential calculus (e.g., Bertsekas (1995, Appendix B.5)). A nec-
essary condition for {3;}, and {&} to minimize the objective function in (A.13) is
that for each i =1,..., N (resp. k =1, ..., Kj), 0,1 belongs to the subdifferential of
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Q;I;,OT) A (B, @) with respect to B; (resp. ay) evaluated at {Bi} and {ay}. That is, for each

i=1,...,Nandk=1,..., Ky we have

IN—1.- K, K
! ~
0p1 =~ ——X; — XiBi+ E:X,Bj +A§1je,,1 |“|¢_||Bl-—a,||, (A.21)
J SLFE]

where &; = ”? %318 — &l #0 and ||&;|| < 1if | B; — &;| = 0. Noting that j; = X; 8% —

% Z}V:l X,Bj + u,, (A.21) implies that

N Ky
O D | . .

where b; = B; — B?. 0;is asymptotically nonsingular uniformly in ; by Lemma B.3(v) and
Assumption 1(ii). Using the arguments as used in the proof of Lemma B.3, we can readily
show that

1 -~
max |—=X:ii;| = max X—X Ujr — Uu.
15@HT fily| = max Z( it = Xi) (i = .g)
1 T
< max Xiuj | + max || — Xill.
1<i<N Z itit 1<i<N T; it

+ max | X;| max |i;.| + max || X; ||i
1<i<N 1<i<N 1<i<N
=Op(ant),

where ay7 = max{(NT)V/#+29) og(NT)/T, (log(NT)/T)'/?}. By Assumption 1 and
Lemma B.3,

2 |

NTMIIXII{NTZIIXII }1/2{ i }m

7712

N ~
Z X X;bj| <

= cin7 = Op(

Let R, = 2(N i) Z] 13111_[1 1,1#] 1Bi — all. By the fact that |1_[1 1,1#] 1Bi — all —

[T 1 1BY = @lll < Ciy(@)(1 42118 — BYII) for some Cr, (&) = Op(1), we have

Ky Ko
IR <A [T 18i—al

j=11=1,1#j

0 B 0 Ky
<)‘Z( 1_[ 1B —aull - 1_[ |87 —al||)+)\z [T 18 -al

j=1 \I=1,I#j 1=1,1#j Jj=11=1,1#j

< 2AKoCik, (@) |1bi|l + v,
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where ry7 = AKoCk, (@) + Amaxi<;<n Zl 1ﬂ1 i ||,8? — ay|l = O(A) as ,B?S can only
take K values. It follows that

1Bl < ||fz;1||sp(H L ] +

1 Y-
N—Z IX,b;

+ 20K Ci, (@) 1b: ]| + rNT)

. 1. o
= [ 1||3p< FXjii +c1NT+2AKoCKO(a>||b,-||+rNT)
and
max_[1b;]) < NT L7 Ip———
1<i<N T 1-20NT7AK)Ck\ (@) 1<z<N T
1-,.
=0P(CZNT){ max || — X} ii; +61NT+VNT}=0P(61NT+/\),
1<i<N| T

where | - ||sp denotes the spectral norm and co)y7 = [minj<;<y )\mm(.(l )71 = 0p(1) by
Lemma B.3(v). O

Proor oF THEOREM 4.2. (i) Fixk € {1 ., Ko}. By the consistency of &y and B; in The-
orem 4.1, we have 3; — 1—>Pa2 —al# Ofor allie GY and !+ k,and &; = ]_[l |k I1Bi —
al —>Pc2 = ]_[fio1 Ik ||ak —q 91 >0forie Gg. Now suppose that || 8; — ay || # 0 for some
i€ Gg. Then the first order condition (with respect to ;) for the minimization problem
implies that

K
NVTA o
01 = fX;<yl XiBi+ ZX,B,) Zel, [T 18i—al
j=1 I=11#)

2 ol a0 iN (B — B°
__ﬁXi[ul—Xl(Bz Bi)+Nj§X](B] Bj)]

j=1  I=1,i#j

2 2 N AC (A.23)
e S Cli
=———Xlii; + (—X-X A it )«/_(,8 —ay)
7 \TTT N =1 — | ‘
2 .- 3
+ TX,/Xiﬁ(ak — ak)
N Ky Ky
2 e~ N~NTA N S
~ Ty KB =B+ e [ 1Bi-al
TN 5 j=Ljtk  I=Ll%]

=By + Biz + BiS + Big + BiSa say,

whereeu—”ﬁ’ —SiE 1B — &l # 0 and (12 < 1if [1B; — &l = 0.
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Let yy7 = T~/2(InT)3*? 4+ A(InT)". Following SSP and using Assumption 5(i), we
can strengthen the result in Theorem 4.1 to obtain that

A -1
P(lrfni?jiv 1bill > CXNT) =o(N"!) foranyC>0. (A.24)

This, in conjunction with the proof of Theorem 4.1(ii), implies that

P(|a —of| = CT~'(nT)*) =o(N"') and
P(max|6ki — c2| > 62/2> — O(N_l), (A.25)
ieGY

By (A.24) and (A.25), Lemma B.4(v), and Assumption 1,

P(max||Ball > CanT)y**) =o(N™") and P(max||B;sll > CVTrxnr)=0(N7").
ieGY ieGY
Noting that —— || N, X/X;(B; — BYI = T721 Xl 7y 300 I1X12 2% o0 18) —
B?HZ}U2 = Op(1), we can readily show that P(max; o |Biall > C(AnT)3+?) = o(N~1). It
follows that P(Zxn7) =1 — o(N~ 1), where

SinT = {max|6kl- — )< c,(g/z} N {max 1Bl < C(In T)3+”} n ’max IBiall < C(In T)3+”}
ieGY ieGY ieGY

N {max1Bisll < CVTaxnr -

0
ieGy,

Then, conditional on 5y, we have that uniformly in i € G?,

I(Bi — &x) (Bio + Bis + Bia + Bis)|| = |(Bi — &x)' Bia| — | (Bi — &) (Bis + Bia + Bis) ||
N

N-1

—ClIBi — & {2(n T)**” + VTAxnr}

VTG Bi — al

=

> ﬁ)\cgnﬁi — a ||/4 for sufficiently large (N, T),

where the last inequality follows because ¢;; > (:2 /2 on Eint, VTA > 3(InT)3 Y +
VT AxnT under Assumption 5(ii). It follows that for all i GY,
P(Exnt. ) =P(i¢ GrlieGY)
= P(-Bj1 =B+ Bis + Bu + Bjs)
< P(|(Bi — &x)'Bit| = |(Bi — &) (Biz + Bi3 + Bia + Bis)|)
< P(I1Bi — @Il Ball = VT kel Bi — &l /4, Exnt) + P(Sinr)
< P(IButll = VTel/4) + P(Sjnp) = o(N "),



24 LuandSu Supplementary Material

where =7, , denotes the complement of Z;y7 and the convergence follows by As-
sumptions 1(i), 2(iv), and 3(i) (see the Remark after Assumption 3), and the fact that
P(Z}y7) = o(N~1). Consequently, we can conclude that with probability 1 — o(N71),
that B8; — a; must be in a position where ||8; — «| is not differentiable with respect to
Bi for any i € GY. That s,

P(IBi —arll=01ieGY)=1-0o(N7!) as(N,T)— .
Then the rest of the proof follows SSP. O

Proor oF THEOREM 4.3. For the post-Lasso estimates &, we have the first order con-
ditions

1
NT X(y, Xidp + — ZZXLu)_O fork=1,...,Ko,

icGy =1 jeG,

vAvhere X; = X, - % Zjeék X’j for i € Gy. It follows that vec(ag,) = @;,]TKA/NT. Let Qunr
Qk,1» and Vi y7 be analogously defined as Qxn7, Qk,;, and Viyr for k, 1 =1,..., Ky. By
Theorem 4.2 and using similar arguments as used in the proof of Proposition A.2, we
can readily show that Qenr = Qinr + 0p(NT)™12), Qy = Qi + 0p(NT)™Y/?), and
Vint = Vint + op(NT)~1/2). It follows that

vec(ak,) = QypVnr +op((NT)™'/?).

That is, & is asymptotically equivalent to the infeasible oracle estimator ag, under
H(Kp). Using y; = X; ak N Zfz"l Zjec? X’ja? + ii;, we can readily show that

vee(ék, — aKO> QU7 +op((NT)™'7?),

~/-- . ..
where U?\,T = (UINT, ey U%’ONT)’ and Uy nr = ﬁ ZieGi X;ii;. Noting that ii; = Myu; —
a. + air and X; = X; — %Z}EG% X, fori e GY, we have

UkNT NkT Z Z( it = 37 Z X]t)(utt —U.q).

ieGY 1=1 jeGO

It is easy to show that UY ;... = Op(NT)~1/2 + T~!) by moment calculations and Cheby-
shev inequality under Assumptions 1 and 2(i). Then vec(ag, — a! Ko y=O0p((NT) /2 4+

T-1) under Assumption 6.
(ii) We make the decomposition

T

UkNT N T Z Z(Xlt Xl YU — ) — —— Z Z( Z (X]t Xj )(ull‘ U.r)

lEGOt 1 lEGit 1 jGGO

UkNT 1 UkNT,Z'
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Under Assumptions 1 and 2(i), we can readily show that

kNT] NTZZL{”{ leGk} ”_EO_(-(tk)—)_((k))}—]BkNT+0p(N_1T_1/2)
i=1 t=1

and

Uknrz = NTZZ ie G} - 1]Xuuy E(XL = XP) + 0p(N~'T712),
i=1 t=1

where By y 7 is defined in Section 4.2. It follows that

Uinr = NoT Z Z it — E(XY — X©) uyy — Byyr + Op(N'T712)
lEGOt 1

=Uknt — Binr +Op(N1T712).

Then by Assumption 6(i) and (ii), vNT vec(ak, — o + QyyByr) = Qupv/NTUnT +
op(1) =P N(0,Q ' 2Q; . O

PrROOF OF THEOREM 4.4. Let it. = (ii.1,...,u.7). Notlng that u, = ul + X,(B — B ) +
v YN KBy — BY = Mow; — i + @iy + MoXi(B) — Bi) + & X0 MoX;(Bj — BY),
ISXiMoX,' =X, and MolT =0, we have

N
N7V2LMoy7(Ko) = N7V/2 Z ii; Mo Px, Mi;
i=1
N -
N=V2N " (Mou; — i) MoPx, Mo(Mou; — it.)
i=1

N
FNTIR I (B~ B XM Xi(B) - )

i=1

LN- WZ( Z ])’X;>M0PXiM0<%§:Xj(BAj—B?))

j=1 j=1

+ 2N1/2 Z(Moui — I/_t.)/MgXi(B? — BA,)
i=1

N N

—_ D 1 3

+oN"12 Z(Moui — u.)/MOPX,'MO <N ZXj(Bj B 'B?))
i=1 =

gl )

i=1 j=1
= Din7 + DonT + D3Nt +2DynT + 2DsyT +2DgnT,  say.

We analyze D;y7,/=1,2,...,6,in turn.
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(i) For D1y7, we make the decomposition

N N N
Diny =N~ " uiMoPx,Mou; + N~'/>> " i MyPx,Moir. — 2N~/ " u; Mo Px, My .
i=1 i=1 i=1

=DiN71+DinT,2 —2DNT 3.

The term Dyy7,; is identical to A;nr studied in the proof of Theorem 3.1 and thus we
have Din1,1 — BnT —D N0, 1). Using Mg =11 — %iTi’T, we can decompose Diyr,2 as

N
DinT2=N"1? Z ' MoPx, Myii.
i=1

N N N
N2 W Pyii+ T2N~V2 Y " dlipiy Py iripa. — 2T '\N~V2 Y " i Py iriyi.
i=1 i=1 i=1

= DiNT2a + DiNT 20 — 2D1NT 20,  SQY.

Note that DinT2a = T7 IN-1/2 Z wX; _Q ]X’u < CZNTDINT 2q, Where cnr =
[ming —j<n Amin (£2:)]7 Op(l) and Din720 =T~ 1N 12N ' x; X/a.. In view of the
fact that Xju. = ST aXx, = N ijl > uji Xy, and by stralghtforward moment cal-
culations and Assumption 1(iv) and (v), we can show that

N N N T T

E|DiN7,2al =T~ 'N” WZE XiXja) =T 'N7P2Y S 3 > > E(ujiuns X[, Xis)

i=1 j=1k=11t=1 s=1
N N T

=T 'N7P2Y N> " E(u;, X; Xit) = O(N~'/?).

i=1 j=1t=1

Then DlNT,Za = OP(N_I/Z) by Markov inequality and D]NT,Za = OP(N_l/z). For DlNT,Zb)
we have

N
—3a7—1/2 —/s s/ A—1y/s o/ = N
Dintop =T N7V E wirip X; Q7 Xiiripu. < aantDiNT 205
i=1

where CGINT = maxlSiSNT(T*Ii’TXi)ZCZNT = Op(l) and D]NT,Zb =T1" 1]V 172 Z -1 u lT X
iii.. Noting that i}.i. = 4 Zj-vzl S, uj;, we have

N N N N T T
EIDintopl = TT'NT'2Y E(@ligipa) =TTINT2Y NN 3 % " Eujuugs)

i=1 i=1 j=1k=1t=1 s=1

N N T

TINTP2Y NN E(uf) =0(N~'?).

i=1 j=1 t=1
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Then Din7.25 = Op(N~Y/2) by Markov inequality and Dyy7,25 = Op(N~'/?). By the
Cauchy-Schwarz inequality, [Din72¢| < (DinT.24)*{D1NT, 21,}1/2 Op(N—1/2). Conse-
quently we have shown that Dyy7., = Op(N~1/2).

Now we study DlNT3 Recall that #;;; denotes the (z,s) element of MOPX My:

hz ts = 1Zr 12(1 17ItrX -Q th”)qs’ and hz s=T7 1Zr—1 Zq 177trX -Q qunqm
where 7 = 1{t = r} 71 Followmg the proof of Lemma B.4(i), we can show that
D1NT3 = N-1/2 Zz_ Zt 1Zs | Uitlhshi s = DinT3 + op(1), where Dyy73 = N71/2 x

pRAD Il 1ZS | Uitlt.sh; ;5. Now, in view of the fact that

T
hi s = Tile{tQi_lXiS -7 ZXz{t*Qi_lXiq

q=1
(A.26)
T T
—T772 ZX/ Q7' X+ 773 ZZX;,QﬂXiq,
r=1q=1
we make the decomposition
. N N T T .
Dints=N""23"3"3"> " ujujshig
i=1 j=1 t=1 s=1
N N T T

=T N3 Z Z Z Z witjs X} 07 X

i=1 j=1 t=1 s=1
N NT T T

T2N—3/2 Z Z Z Z Z wiujs X}, 07 Xy

i=1 j=1 t=1 s=1r=1

N N T T T

—T2N732 Z Z Z Z Z i js X 07 X

i=1 j=1 t=1 s=1r=1

N N T T T T

TN S S w X071 X,

i=1 j=1 t=1 s=1 r=1g=1
= DinT,30 — DiNT,30 — DINT,3¢ + DINT,34-

By Assumption 1(iv) and (v), we can show that E (D1 NT.3 2) = OWN -1y, implying that
DinT,30 = Op(N~1/?). For D1y 35, We have

N T T T

E(Diyt3) = T2N7/2 Z Z Z Z E (wieuis X[, 07 X ;)

i=1 t=1 s=1 r=1

N
=TN2Y " 3 E(wiuis X[ 07 X)) + O(N~/?)
i=1 1<tss#r<T

=di+dy +O(N7'/?),
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where di = T2N32 YN S oo E(uiuis X[, Q7' X;,) and dy = T2N32 %N,
Z]gs<t<r5TE(“it“isttQi_lXir)~ By Assumption 1(i), (iii), and (v) and Davydov inequal-
ity,
ldi| <CT2N7'2 " a(s— 1T/ D = o(N~172).
1<t<s<r<T

Similarly, d) = O(N~/2) and E(Dn7.35) = O(N~'/2). Analogously, we can show that
E(D%Nmb) = O(N~1). It follows that Dyy7,3, = Op(N~'/?). By the same token, we can
show that Dyy7.3. = op(1). Noting that

N N T T T T

Dint3a =T N7 3N SN wijus X107 Xig,

i=1 j=1 t=1 s=1 r=1 g=1

we have

N2
E(DlNT,3d)
=T °N~ Z Z E(“im uizizui3t5ui416let3“Q 1X11I4X1/3t7‘(2 Xl%ts)'

1<iy,iz,i3,i4<N 1=t1,1,...,,1§<N

Clearly, the expectation in the last summation is 0 if #{iy, i», i3, i4} > 3. With this obser-
vation, we can readily apply Assumption 1(i)—(v) and Davydov inequality to show that
E(D%de) = O(N~! + N72T) = o(1). Then Dyy7,34 = op(1). Consequently, we have
Dint3=o0p(1).

In sum, we have shown that Dyy7 — Bvt =2 N(0, V().

(ii) The term D,y is the same as A,y 7 in the proof of Theorem 3.1 and thusis op(1).

(iii) Noting that MPx, M, is a projection matrix with maximum eigenvalue given by
1 and using Cauchy-Schwarz inequality, we have

A AVE N .
Dsnr < N”Z(N >_(Bi-B)) X,-) (N D Xi(Bj - B?))
j=1

j=1
1Y 1 Y
1/2 5 0 02
N {NZHBJ—@-H ”WZHXJH }
j=1 j=1
=TNY20p((NT) ™t + T72)Op(1) = 0p(1).
(iv) For D47, we make the decomposition

Dant =N mzu MoXi(B) — Bi) UzZM/MOX BY — Bi) = Dant,1 — Dant2-
i=1 i=1

The term Dyyr,1 is the same as A3yr studied in the proof of Theorem 3.1 and thus
Dynt,1 =op(1). For DynT,2, we can apply the Cauchy-Schwarz inequality to obtain

N 1/2 N 1/2
|Dant 2l < {Z anoXiX;Moa‘} {N—l D e Bi||2}
i=1

i=1
=O0p(TV*)Op((NT) 2+ T = 0p(1)
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because YN, @/ MoX; X/ Moii. = YN tr(MoX; X/ Moin.i)) < SN, tr(X; X/ Moin.it)) <
YN, @ XX} and

N N N T T N N T

Z:E(b—,{xixga,) = % D3N E(ujouns X Xis) = % Y E(w X Xir)

i=1 j=1k=1t=1 s=1 i=1 j=1 t=1
= O(T).

Hence Dyny7 =o0p(1).
(v) For Dsy7, we make the decomposition

N N
/ D 1 5
Dsyr=N""2% " uiMyPx,M (N > X8 - B?))
j=1

i=1
al _ 1Y
_NTI2Y ﬁfMOPXiM()(N > Xi(Bj - B?))
i=1 j=1
= Dsnt,1 — DsnT,2.
Using My=I1 — %iTi’T, we can decompose Dsyr,1 as

N N
Dsnr,1= N2 "% " w;MoPx,MoX;(B; — BY)
i=1 j=1

Ko
ZN 2 Z Z u M0PX MoX;i(éy — “k ZDSNT e (ax — ag)
jeGy i=1 k=1

where Dsy7,1x = N2y - YN, uiMoPx,MoX;. Let byt = min(NT)'/2, T). To show
that Dsyr,1 =op(1), it sufﬁces to prove that Dsy7 1x = op(bnyt) fork =1, ..., Ky as a; —
ag =O0p((NT) 124171, Following the proofs of Propositions A.3 and A.l, we can show
that

N
DSNT,]k =N/ Z Z M;'MOPXiMOXj +op(1)
jeGy i=1

N
— N2 Z Z Z Z withi s Xjs + op(1) = Dsy7,1x + 0P(bNT),

T T
1s=1

jeG(ll i=1 t=

where Dsy7. 1, = N73/2 ZjeG(,i i Yim Yo uir X jshi 5. Now using (A.26) we make the
decomposition

N T T
Dsypax =T 'N7? Z ZZZuithSX;thXm

jEGg i=1 t=1 s=1

N T T T

TN NN uaXj X0 X,

]EGO i=1 t=1 s=1r=1
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T-2N-3/2 Z

1 —1
uithinr.Ql. X,'s

M=
INagh
NE
NE

jeGY i s=1r=1
N T T T T
+T—3N—3/ZZZZZZZM X X/,0 1Xiq
]EGO i=1 t=1 s=1r=1¢=1

= Dsn7.1k(1) — Dsy1.14(2) — DsyT.1(3) + Dsnr.15(4).

As in the analysis of D1NT,3, we can show that DSNT,lk(l) =op(byy) forl=1,...,4.
For example we can easily show that Dsnt 11 (1) has the same probability order as

T-IN-12yN T ST i X107 Xge; with ¢ = %ZKG% E(Xjy), and the squared
Frobenius norm of the last term has expectation given by

N N T T T T
TN LY S S S SN E (i X027 Xis X (05 X ) e
i=1 j=1 t=1 s=1r=1¢g=1
N T T T T
=TONTI YYD 0D D B i X 07 Xi X[ 07 X ) cleq
i=1 t=1 s=1r=1g=1
N N T T T T
PN S YN S B0 K Bl X0 )l
i=1 j=1,j#i t=1 s=1 r=1 g=1
=0(T)+ O(N)

by the repeated use of Davydov inequality. It follows that [)sNT’lk(l) =Op(N124TV2) =
op(byT). Then we have Dsyrak = op(bnT).
For Dsy.2, we apply Mo = It — %iri’T to make the decomposition

N
Dsyro=N"1/? Z W Xi(X|MoX;)~ D¢ Mo< ZX )
i=1

N

N

1

—1a7—1/2 —/e =

— T IN"V 2 I:uflrl’T(X;MoXl XM0<N§ X;(B )
1=

= Dsn7,2a — D5nNT,26-

By Cauchy-Schwarz inequality, we have Dsy 7,24 < {Dsn1.24(1)}/*{DsnT,24(2)}/?, where
DsnT20(1) =T~ ' YN | @ X; X}ii. and

N N !
1 ~
Dsn7.24(2) = N_1T2<N > X;(Bj - B?))
i=1 j=1

1/2
x MoXi(X!MoX;)~ XM0< ZX ) .
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By Mark9v inequality, we can readily show that Dsy7 2,(1) = Op(1). In addition, noting
that MyPx, M) is a projection matrix and has maximum eigenvalue 1, we have

N N 12
1 A
Dsn1.24(2) < cony N~ Z( ZX ) MoPx, Mo( > Xi(Bi- B?))
j=1

i=1
1, I
N 2B =B Xj| =Tenry ZHBJ Gl ZH
j=1

=TOp(MOp((NT)™' +T72)0p(1) = OP(N‘ +T7Y).

= ONT

It follows that Dsy7.2, = Op(N~V/2 4+ T71/2) = op(1). Similarly, we can show that
Dsnt,0p =o0p(1). Thus Dsy72 = op(1) and Dsy7 = op(1).
(vi) By the Cauchy-Schwarz inequality and the results in (ii) and (iii), Denyr <

{DanT}H{D3nT}? = 0p(1).
Combining the results in (i)—(vi) completes the proof of the theorem. O

APPENDIX B: SOME TECHNICAL LEMMAS

Define the mth order U statistic Uy = (,7,;)71 Yty ccty<r F(Ens -5 &r,), Where O is
symmetric in its arguments. Let F;(-) denote the distribution function of &;. Let ¥y =

[ Oy, v [They dF(vy) and 9y (v, ..., 0) = [+ [FW1, .00, Ve, Vs
Vi) [Trteyt dFy(vyy) for e =1, ..., m. Let AV (v) = ¥ (1) (v) — ¥y and 2 (vy,...,vc) =
ey (V1 e V) — ZJC;% Y hD (vyy, ..., vy) — 9y for ¢ =2,...,m, where the sum
Z(C’j) is taken over all subsets 1 <t < <--- <t; <cof {1,2,...,c}. Let H(TC) =
({)_1 lez1<---<tcsTh(C)(§t1a ..., &.). Then by Theorem 1 in Lee (1990, p. 26), we have
the Hoeffding decomposition

m
Ur =90+ (’?) HE. (B.1)
c=1

To study the second moment of H(TC) for 3 < ¢ <m, we need the following lemma.

LemmA B.1. Let {&;, t > 1} be an [-dimensional strong mixing process with mixing coeffi-
cient a(-) and distribution function F,(-). Let the integers (t1, ..., ty) besuch that1 < t; <
th < --- < ty < T. Suppose that max{[ |9y, ..., v)|" T dFy 1, (V1,5 0m), [19(v1,
L) dFy,..; (1, v)dFe 0, (Vigts - - vm)} < C for some & > 0, where, for
example, Fy, . ;. (v1,...,v,) denotes the distribution function of (&, ..., &1,,). Then

/ﬁ(vla'“avm)dFtl ..... tm(vla'“’vm)

1
_/a(vl’ ey Um)dFt(l,)m,tj(v]a ey vj)dth+1,...,tm(vj+17 ceey vm)

<4CY D (1, — 1)T/ O+,

For the proof, see Lemma 2.1 in Sun and Chiang (1997).
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LEMMA B.2. Let {&;, t > 1} be an [-dimensional strong mixing process with mixing coef-
ficient a(-) and distribution function F,(-). Suppose that a(s) = O(s—3?+9)/7=€)_[f there
exists o > 0 such that

Lr= max{/w(vtl, o) 1'[ dF,,(v,), E|9 (&1, ..., 0,077 < Zcquq)
s=1 g=1
and T~V Y7L Y0 ) Cy(tg) = O(1), then E[HY) 2 = Op(T3) for3<c < m.

The proof is analogous to that of Lemma A.6 in Su and Chen (2013), who consider
conditional strong mixing processes instead.

LEmMMA B.3. Recall thatf) =X MyX;/T and ); = E(f) ). Let (}1, =X/ X;/T and (y; =

E(_Qll) Suppose Assumptions 1-3 hold. Then (i) /\max(le) < Amax(21;) + Op(T~1/%),
(ii) /\mm(-le) > Mmm(ﬂu) — Op(T7Y?), (i) maxj<;<y IIQu — Dyl = Op(anT), (V)

maxj<i<n 127! — 11 ') = Oplant), and (v) maxiy 12 — Qi = Op(ant) and
maxj<;<y ||.(2i1 — 07 = Op(ant), where ayt = max{(NT)/“+29) x log(NT)/T,
(log(NT)/T)'/2}.

ProoF. The results in (i) and (ii) follow from Lemma A.1(iv) and (v) in Su and Jin (2012).
Suand Chen (2013, Lemma A.7) prove (iii) for the conditional strong mixing process. The
result also holds for strong mixing processes with a simple application of the Bernstein-
type inequality for strong mixing processes (see, e.g., Lemma 2.2 in Sun and Chiang
(1997)). Result (iv) follows from (i)-(iii) and the submultiplicative property of the Frobe-
nius norm.

Now we show (v). Using My = It — T-1

iri’;, we can decompose f)i —{); as
Qi — 0; = T [X[MoX; — E(X]MoX;)]
= Q-0 - X X, +E(X:.X})
= Q-0 — [Xi. — E(Xi)][X:. — E()_(i-)]/ — [Xi. — E(Xi)]E(X])
—E(XX)[Xi. — EX)] +[E(X:.X]) — E(X;)E(X])].

Following the proof of (iii), we can show that max;<;<y | X;. — E(X;.)|| = Op(ainT), where
aiyt = max((NT)V/SHD og(NT)/ T, (log(NT)/ T)"/2} = O(anT). maxi<iey |E(X:)| =
O(1) by Assumption 1(i). Let b; x; denote the (k, /)th element of E(X;. X’ )—E(X; )E(X/ )
fork,/=1,..., p. Then by triangle inequality, Davydov inequality, andAssumptlon 2(iii),

|bi il = ZZCOV(Xnk, Xis,1)

t=1 s=1

T
1 1

E—E |COV(Xit,k,Xit,1)|+—2 E |cov(Xir k, Xis, )|
T t=1 T 1<t#s<T

8¢k €] &
-1 kCl (3+20)/(4+20) _ -1
=0(17)+ = ;am =0(T7),
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where ¢, < SUpy y>1 Maxi<j<y Maxi</<7 | Xir kll8+40- Then by the triangle inequality, we
have max;<;<n ||fll- — ;|| = Op(anT). Result (vi) follows from (v) and Assumption 1(ii). O

LEMMA B.4. Let h; s and h; s be as defined in the proof of Theorem 3.1. Suppose Assump-
tions 1-3 hold. Then

@) Dinr=N"12%Y, D <sr<t Witlis(Mijes — his) = op(1),
() Doyt =T 2N"V2Y N S ooer S winttis[Xir — EQXi) 107 X = 0p(1),
(i) Dany =T 2NN Y ooorer S0 winis X[, 07 X — E(Xig)] = 0p(1),
(iv) Dayr = T3N12YN, D d<s<t<T Y ZLI wiis[Xyy — E(Xi)/ Q7' [Xig —
E(Xip)l=o0p(1),

V) Dsyr = T3N-12% N, D <s<t<T P 2521 witis[ Xy — E(Xi)V Q7 E(Xig) =
op(1).

Proor. The proof of (i) is analogous to that of Lemma A.8 in Su and Chen (2013) except
that we replace their Lemmas A.5-A.7 by Lemmas B.1-B.3. To show (ii), letting ¢; ;s =
(X — E(X,-,)]/Qi_lXis, we can decompose D,y 7 as

N T N
Dont = % Z Z Z UitUisCi,rs + ﬁ Z Z UitUisCits

i=1 1<s<t<Tr=1,r#t,s i=11<s<t<T

N
+ﬁ2 Z UjtUisCi ss

i=1 1<s<t<T

= Doyt + Doyt 2 +DonT3,  Say.

Let &ir = (wir, X},)', 00(€ir, Eis» Eir) = UitlisCips, and @ (i, Eis, §ir) = [@o(€ir, Eisy ir) +
®0(&ir &irs &is) -_F1<P0(§is, €its §ir) + @0(Eis, &irs §ir) + @0(&irs Eits is) + ©0(Eir, &is, §ir)]/0.
Let dint = (§) Y t<res<t<T P(&its &is, €ir). Then Doyt = % > dint, where ar =
2
T=UT=2) By Assumption 1 and Lemma B.2, E(D%NTJ) = TN E(d2yy) = a3 x
OP(T_3) = OP(T_l). It follows that Dont 1 = OP(T_l/Z). Noting that Ep(DonT2) = 0
and E(D%NT,Z) = ﬁ POl Y iesrei<r B uisttirci 5¢i i) = Op(T™'), we have Doyr,p =
Op(T~1/2). Similarly, Doy7.3 = Op(T~'/2). Then (ii) follows. The proofs of (iii)—(v) are
analogous to that of (ii) and thus are omitted. O
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