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This Online Appendix provides, in Section A, the proofs of the main results of
Han and McCloskey (Forthcoming) and, in Section B, a proof of the claim that the
quantity ||7(&,)| diverges in the context of the threshold crossing model made in
Section 4 of Han and McCloskey (Forthcoming) as well as a set of primitive condi-
tions, and corresponding verification of the high level assumptions made in Han
and McCloskey (Forthcoming) for the threshold crossing model.

ONLINE APPENDIX A: PROOFS OF MAIN RESULTS

PrROOF OoF THEOREM 3.1. When 8 =0,
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of 9g, (B, m)/dp’ by Assumption Jac. O

ProoOF oF THEOREM 3.2. First, note that
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by Steps 1 and 2. By way of induction, for 1 <i — 1 < d, — 1, assume that the first i — 1
columns of 9g“=1 (0, u"~D)/97=1" are equal to zero. Then by Step 8 of the algorithm,
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where the third equality results from the definition of «”) in Step 6, the fourth equality
follows from Step 7 and the final equality follows from Steps 5 and 6.

Hence, we have shown that for 1 < i < d,,, the first i columns of 9g¥ (0, u?) /97’
are equal to zero. In particular, 9g@=)(0, uw'9)) /dm(@=)" = 04 .4, . Also note that Step 8
defines 6 as equal to (B, u(?=)) and

g%(0) =g*(,8, WDe.o h(dﬁ)(,u(dﬁ))) — g(l)(ﬂ, W0 h(a’ﬁ)(“(dﬂ)))
= gZ(B’ W3 6.0 h(dv)(M(dﬁ))) — .= g(dw)(’& /Jv(d”)),

where the first equality follows from the definition of 4 in Step 8, the second equality
follows from the definition of g(1 (1) in Step 4 and the final two equalities follow from
the definition of g () in Step 8. Thus for 8 = 0, using the definition of 4(-) in Step 8,
we have
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so that & : M — M satisfies Procedure 3.1 if it is one-to-one. This latter property holds
because each dh) (u®)/ou'? for i =1, ..., d, has full rank by Steps 3 and 7 and h =
hM o ...0h'd=) by Step 8. O
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ProoFr oF ProposiITION 3.1. First, when 8 = 0, under Assumption ID, there exists at
least one column in J*(@) that is linearly dependent on the other columns wp1, which
implies that there exists a nonzero vector m! such that (3.3) holds. Thus, (3.4) is a
well-defined system of ODEs with an initial condition that is determined by constants
of integration. By the (global) Picard-Lindel6f theorem (Picard (1893), Lindelof (1894)),
since m(.) is Lipschitz continuous on compact M1, there exists a solution 2! on
MD of (3.4). Since the choice of constants of integration for this solution does not af-
fect (3.4), it is always possible to choose them to ensure full rank of A" (u)/au.
Now by way of induction, for 1 <i —1 < d, — 1, since dh? (u?)/gu?’ is full rank and
rank(dg(—D(00=D)/9u 1"y = r, it follows that

PROIG 900D (gG=DY g (L,
rank(M) :rank( g ( : ) (,u/ )> =r
&M(l)’ aM(l— ) 07“(1)

Thus, there exists a nonzero vector m? such that (3.5) holds. Given (3.6), since m?(-)
is Lipschitz continuous on compact M, there exists a solution 4 on M, Similarly
to before, since the choice of constants of integration for this solution does not affect
(3.6), it is always possible to choose them to ensure (1) and (2) of Step 7 hold. Therefore,
h=hWo...0hn) existson M = M), O

PROOF OF LEMMA 4.1. Define /(6) = (B, h(w)). For any u € M, since M (h(w)) has full
rank, dh(w)/du has full rank by Step 2 of Procedure 3.1. Therefore,
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has full rank for any 6 € @. Also, since 4 : M — M is proper, i : @ — @ is also proper.
Combining these results with Assumption H(ii), we can apply Hadamard’s global inverse
function theorem Hadamard (1906a,b) to 4 : @ — @, and conclude that % is a homeo-
morphism. O

ProoF oF LEMMA 4.2. Suppose Assumption Reg3*(v) holds. Without loss of generality,
we may permute the elements of u* so that

B () = <0<ds—51;;)x&;; <ds—(2:;>x(dﬁ—é;;))
g - ’
D(w) 0ds x (dn—ds)

0

where D(u) is a diagonal full rank d;’; X &;‘; matrix. By definition, the column space of
hi (w) is equal to

{viv="h(wx forsomexeRd“}
= {(le(ds—d;;)’ v/z)/ ‘v € R4 and for each
i=1,...,d%, va; = D;i(w)x; for some xi € R}

= 1O g,y ¥2) 32 € R},



4 Han and McCloskey Supplementary Material

which clearly satisfies the condition in Assumption Reg3*(iii) since it does not depend
upon u. |

The proofs of Theorem 4.1, Corollary 4.1, and Proposition 5.1 make use of the follow-
ing auxiliary lemmas. The following lemma applies some of the main results of AC12.

LEmMmA A.l. (i) SupposeAssumptions 1D, CF, Regl and Jac, and Assumptions B1-B3 and
C1-C6 of AC12, applied to the 6 and Q,(0) of this paper, hold. Under parameter sequences
{vn} €'(y0,0, b) with ||b|| < oo,

\/_(én_,Bn be(ﬂffb)
Vo= ) | =5 | 78, (w0,
T 77(),b

(i) Suppose Assumptions ID, CF, Regl and Jac, and Assumptions B1-B3, C1-C5, C7-
C8 and D1-D3 of AC12, applied to the 6 and Q,(0) of this paper, hold. Under parameter
sequences {yn} € I'(v0, 00, o),

Bn_Bn Zﬁ
\/ﬁ Zn - gn —d) Z§
L(Bn) (Frn — 110) L

Proor. Theorem 3.1 directly implies that Assumption A of AC12 holds when applied to
the 6 and Q,(6) of this paper. Then (i) and (ii) follow by direct application of Theorems
3.1(a) and 3.2(a) of AC12. O

The next lemma ensures we can write 9n = (én, h(an)).

LEMMA A.2. Suppose Assumptions 1D, Jac and H hold. Then 0, = (Bn, h(py,)) for some
On = (Bn, fin) € O such that 0, (6,) = infgep On(0) + o(n™1).

PrROOF. The reparameterization function /4 : @ — @ is bijective by Lemma 4.1, which
implies @ = h(®) and O = h~1(0) so that

0,0, = %%(hw)+0@4)=_hﬁ Q,(h(h71()) +o(n™1)
0ch(O)

h=1(0)eO

= inf Qu(h 1)+
it 00 0) +ou”)

— 1 7]— 0
_$5Q4m+dn)—QA%)

for some 6, € 6. O
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PROOF OF THEOREM 4.1. (i) Using Lemma A.2, begin by decomposing i, — p =
hs(fn) — h*(uy) as follows:

hS(Ian) - hs(,un) - [hs(zn’ ) = hs(g”’ 7AT")] + [hs(gna Tn) — hs(gn, 7Tn)]
= h}(/ln)(Zn — )+ [hs({n, ) — h5(Ln, 7Tn)] + Op(n—l/Z)’

where the second equality uses a mean value expansion (with respect to £) that holds by
Lemma A.1(i) and Lemma 4.1(ii). Using this decomposition, we have

V1(Bn— Bn) V1(Bn — Bn)
VA ) (B, —m) | = VrA )R (G — L)
Ap(fun) (i, — ) Ar(an)[1° (s 0) — B (Lns )]
0

+ | VAL @) [B (Lns ) = B (Gns )] | + 0 (1)
As () (fin) (n — Ln)
Vn(Bn — Bn)
= | A1) B () Gn = &n) + 75 | +0p (D)
A () (B (L Fn) = B (Lns 7))
B *
TO,b(W(],b)
d ~ -
== | A&, 75 )1 (80> 75,) 75 5 (755) + T 5
A (Lo, 75,) [P (L0 75 ) — ]

under {vy,} € I'(vg, 0, b) with ||b|| < oo, where the second equality follows from Assump-
tions Reg2 and Reg3, Lemma A.1(i) and the CMT and the weak convergence follows from
Assumption Reg2, Lemma A.1(i), the CMT and the fact that 4°({y, 7o) = m;)-

(i) For the By = 0 case, the same decomposition of g;, — u = h(f,) — h%(up) as that
used in the proof of part (i) and similar reasoning imply

~

Bn — Bn V1(Bn — Bn)
Voo A (e, —m) | = A1 (fn) K ()7L = L) +o,(1).
L(Br) Aa(fun) (5, — ) A () Ve B)[h° (Lns 7n) — 1 (Lns )]

A mean-value expansion, Lemma 4.1(ii) and the consistency of 4, under {y,} € I'(yo,
00, wg) given by Lemma A.1(ii) provide that

A () V(B [B5 (s n) — B (Lns )]
= Ao ()N (B [(BE(Lns 7n) + 05 (1)) (G — 70|
= Ao (fin) B (Lny Frn) N1 B) (Frn — 710) 4 0,5(1),
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where the second equality follows from Lemma 4.1(ii) and Lemma A.1(ii). Putting these
results together, we have

A

Bn_ﬁn ZB
Vil Aoy - |5 | Aveoni oz
L(Bn) Az (fun) (5, — 15 A (o) B (n0) Zn

by Assumption Reg2, Lemma A.1(ii) and the CMT. Finally, for the By # 0 case, note
that a standard mean value expansion for g, — m,, = h(n) — h(un), Lemma 4.1(i),
Lemma A.1(ii) and the CMT imply

Bn — B Vi(Bn — Bn)
= 1
ﬁ <ﬁ’n _I"il> <\/ﬁhu(lan)(,an - I-Ln)) + Op( )

Vn(Br — Bn)
= ~ 1
(hgv(/ln)\/ﬁ(gn — )+ hw(lan)\/ﬁ('ﬁ'n — ) * Op( )

d Zﬁ
N » ‘
h{(MO)ZZ + L(BO) hrr(;UvO)Zﬂ' O
Proor or COROLLARY 4.1. For case (i),

V(= pd) = Va[h' (G — B (&) = WGV — )+ 0p(1) =5 hEL)TE (75 ).

where the first equality follows from Lemma A.2, the second equality follows from the
mean value theorem, Lemma 4.1(ii) and Lemma A.1(i) and the weak convergence fol-
lows from the CMT, Lemma 4.1(ii) and Lemma A.1(i). The results for 3, ﬁ,ﬁ and the
joint convergence of the three components follow directly from Lemmas A.2 and A.1(i),
Lemma 4.1(ii) and the CMT.

For case (ii), note that

VLB (B, — 1) = N B [A(Gns Tn) = h(ns )]
= V(B [h(Gns Tn) = h(ns 7))+ VB [M s ) = WLy )]
= V(B [hg(fn)(Gn — Ln) + 0, (n?)]
+ V(B [P (Lns 70) (Frn — ) + 0p (0 20(B) ™)

= (L F)AL(B) (i — ) + 0 p(1) > e (120) Zo

where the first equality follows from Lemma A.2, the third equality follows from the
mean value theorem, Lemma 4.1(ii) and Lemma A.1(ii), while the final equality and weak
convergence result follow from the CMT, Lemma 4.1(ii) and Lemma A.1(ii). Nearly iden-

tical arguments to those used for case (i) provide that ﬁ(ﬂ}, —ph) LN h}(f())Zg. Joint
convergence of the three components immediately follows from Lemma A.1(ii). O
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ProOF OF ProPOSITION 6.1. The proof is nearly identical to the proof of Theo-
rem 5.1(b)(iv) of AC12, using Proposition 5.1 in the place of Theorems 4.2 and 4.3 of
AC12. =

Proor oF ProrosITION 6.2. The proof of this proposition verifies that the assump-
tions of Theorem Bonf-Adj of McCloskey (2017) hold, with some modifications. First,
by Proposition 5.1 and Assumption FD, Assumption PS of McCloskey (2017) holds with
y1 = (B, m) and vy, = (£, §). For the definition of {y, 4}, Yu.n1 = (Bunn"?m, ;) and
Ynh2 = ({n,h» On,n). Note that hy 1 = b, where hy; denotes the first dg elements of 4.
In the notation of McCloskey (2017), sequences {y,_;} with [|A1 1| < oo (||A1 1]l = 00) cor-
respond to weak (semi-strong or strong) identification sequences {vy,} € I'(yg, 0, b) with
1] < oo ({yn} € I'(7yg, 00, wg)) in the notation of this paper.

Second, for Assumption DS of McCloskey (2017), T,,(6,) = W,(v,) fz”,l = (l;n, )
and fzn’z = (&, 3,1). Proposition 5.1 provides the marginal weak convergence of 7,,,(0,,,)
for all sequences {v,,, 1}, where in the notation of McCloskey (2017), W), = /\(77(’)*’[); Yo, b)
when |[|A1,1]| < oo and W}, is distributed X%i, when ||/1,1]| = co. Lemma A.1 and Assump-
tion FD provide the marginal weak convergence of /,,, = (A, 1, /1, 2) for all sequences
{Yw,,n}, where in the notation of McCloskey (2017), hi = (b + T(lib(’iTE)k,b), w(*)"b) when
11l < oo, le = (b + Zg, m) when | hy 1|l = oo and hy = ({y, dp). Joint convergence of
(T, (0,), ];w,,) follows from nearly identical arguments for joint convergence to those
used in the proof of Theorem 5.1 of AC14.

Third, for Definition MLLD of McCloskey (2017), we are in what McCloskey (2017)
refers to as “the usual case” for which u =1, Wh(l) = A(Wg,b; vo, b) and HM-¢ = ¢ since
P(|A( 776*’ b Y0, b)| < 00) = 1 under the assumptions of Proposition 5.1. Since we are in the
usual case, there is no need to define the auxiliary sequence of parameters {{,} in that
assumption (it can be any arbitrary sequence in R” for arbitrary » > 0) and P = R/ for
anyr > 0. Since W), = A(w(*;’b; Y0, b) = Wh(l) when |4 1] < cocand W), = Wh(l) is distributed
X?l, when || 41,1 ]| = oo, the only item left to verify is that )\(775" b Y0, b) is completely char-
acterized by h'"V) = h = (b, my, ¢y, 8y). This holds by Assumption FD.

Fourth, for Assumption Cont-Adj of McCloskey (2017), HY = H. This assumption
holds for any 8" > 0 and 5V < « since (7 43 70, b) is an absolutely continuous ran-

dom variable with quantiles that are continuous in » and 7y and )\(776*7 bs Y0, b) 4 ler for
any b such that ||b|| = oco. Fifth, Assumption Sel holds trivially since we are in the “usual
case.”

Sixth, Assumption CS of McCloskey (2017) can be modified and applied to f,‘z’(-) and
its limit counterpart Ig(~) so that: (i)

sup  dp(I9(b, m), 18 (b, m) 250
(b,m)€P(£n,80)

under any {y,} € I'(yy), where dy(A, B) denotes the Hausdorff distance between
the two sets 4 and B; (ii) 16‘(-) is a continuous and compact-valued correspon-

dence; (iif) Py, (1% (bn, 7ra) € H{" (hS ,)) =1 for all n > 1 and {ya} € I'(yo) and PU (b +
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Tg,b(’ﬂg’b), 776“’,)) C Hfl)(hg)) = 1; and (iv) I5(b + Téa’b(ﬂab), 773,1;) need not satisfy a cov-
erage requirement (i.e., P(hy € I§(b + Tés,b(”g,b)’ Wg,b) > 1 — a). The proof of Theo-
rem Bonf-Adj in McCloskey (2017) still goes through with this modification of Assump-
tion CS. Condition (i) is satisfied by the consistency of (Zn, 3,1) and the uniform con-
sistency of ﬁn(-) under any {y,} € I'(yp). The former holds by Lemma A.1 and Assump-
tion FD while the latter holds by Assumptions V1 and V2 of AC12. For condition (ii), /, g ()
is clearly continuous and compact-valued. Note that P(Z s Sn) and P({y, 6p) are equal to
HD (fzf%z) and H®D (h$) in the notation of McCloskey (2017) so that condition (iii) holds
by construction.

Seventh, note that rather than using a quantile adjustment function (a"/)(.) in the
notation of McCloskey (2017)), we are fixing the quantile at level 1 — « and adding a
size-correction function s(-) to it. The proof of Theorem Bonf-Adj of McCloskey (2017)
can be easily adjusted to this modification. Rather than requiring the quantile ad-
justment function to be continuous, the proof requires s(-) to be continuous. That is,
Assumption a(i) of McCloskey (2017) may be replaced by the analogous assumption:

s(+) is continuous. In practice, s(-) is only evaluated at the point (Zn, 3,,,5,1), which
is consistent with this assumption. Due to the replacement of quantile adjustment
by additive size-correction, Assumption a(ii) of McCloskey (2017) should also be re-

laced by the analogous assumption: su A PO, v, b) >
: ’ ° P p(b’VO)ERZfXri(b,é’on‘ro,ﬁo)e[lnﬂc(v) ( (WO,b Y0,0) =

SUP e 24 (b, y9)NL() Cl—a(£) + s(&p, 60, S(b, v0))) < a. This assumption holds by the con-

struction of S‘(Zn, Sn, Z_n) and the (uniform) consistency of (Zn, Sn, ﬁn(-)).
Finally, Assumption Inf-Adj of McCloskey (2017) holds vacuously since H"-¢ = ¢
and Assumption LB-Adj of that paper is imposed by Assumption DF2. O

ONLINE APPENDIX B: ASSUMPTION VERIFICATIONS FOR THRESHOLD CROSSING
EXAMPLE

Before proceeding to verify the assumptions imposed for the threshold crossing model
example, we provide the details for the claim that || 7(f,)| diverges for fi;, = (35 B a)
made in the continuation of Example 2.3 in Section 4 of Han and McCloskey (Forthcom-
ing) (HM18 henceforth).

PROOF ||7(ft,)|| DIVERGES IN EXAMPLE 2.3. Note that

C3(h3(fin), L1 i n)

C1(h3(fn), E1,ns 7n)
$3.n(81n — D(&1n — &)

(L1n = BT+ E1,n 830 ) (L0 — 83,070 + {1,083,070)

C3(h3(fn)s $1.n5 )

C1(h3(fun)s $1,n5 7n)

ﬁn(ﬂn):ﬁs(lln)[h_’)(gn, 7ATn)_h.?)(gn: ) + (7A7n_77n):|

= «/ES(,an)[

il(%n — )

gB,n(gl,n - 1)(§1,n - g3,n)
(S1n = BonTn + §1,50 B0 ) (Ln — B30T+ {1,083,0Tn)
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_ ZS,n(Zl,n - 1)(21,14 - 23,}1)
(Zl,n - Z?a,nﬁ'n + 21,n23,n7ATn)2
~N,~
~ (fn)
=ﬁswn)[i’" .
g (fin)

i|(7ATn — )

il(ﬁ-n - 77}’1)’
where

AN (fn) = Gon (G — D(in — Go) Cin — Gonin + Enla nfn)
— Gn(Gin = D@m= B Cin = Bonn+ Lunl3,0m0)
=030l — D (n— Gon)
X [(Z1.n = Gonfin + Einlanttn) — (Gin — GoaTn + Qi G3nmn) ]
+ (GG = D (Gin = Bn) = Bn(in — D1n — L))
X ({1,n — $3,0Tn + $1,n3,0Tn)
=3 (L1 — D (Lin — L) (i — ) + Op(n12) = Op (n ™2 Bl 7Y)

with the final two equalities resulting from Lemma A.1 of HM18 and a mean value ex-
pansion of the term 23,,,(21,,1 — 1)(21,,1 — 23,,,), and

72 (in) = (C1n = GanFn + Lnlainin + Op(n V)V (Lin = Lo + Linlanm) = 0p(1)

by Lemma A.1 of HM18. Noting that both S(f,) and 72 (a,)~! are also O,(1) by
Lemma A.1 of HM18, we may combine the expressions for 7,(&,), S(fn), f;nN(,&n)
and 7 (4n) to conclude that [f.(an)ll = 10, 2Bul~HV/n(Fn — m)ll =
10,(n=1/2||B,lI=3) || — oo, according to Lemma A.1 of HM18. O

We now proceed to verify the imposed assumptions for the threshold crossing model
example. Hereafter, Andrews and Cheng (2013a) and Han and Vytlacil (2017) are abbre-
viated as AC13 and HV17. The supplemental material for AC12, AC13, and AC14, An-
drews and Cheng (2012, 2013b, 2014), are abbreviated as AC12supp, AC13supp, and
AC14supp. The working paper version of AC13 is abbreviated as ACMLwp. And “with
respect to” is abbreviated as “w.r.t.”

B.1 Assumptions for threshold crossing models

The assumptions in the main text of the current paper and the assumptions in AC12
on objects involving the transformed parameter 6 are verified under assumptions intro-
duced in this section. The assumptions in AC12 are verified by verifying those in AC13.

AssumptioN TC1. {W;=(Y;, D;, Z;):i> 1} isani.i.d. sequence.
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AssumpTIiON TC2. (i) Z L (&,v);

(i) F. and F, are known marginal distributions of ¢ and v, respectively, that are
strictly increasing and absolutely continuous with respect to the Lebesgue measure such
that E[e] = E[v] =0 and Var(e) = Var(v) = 1;

(iii) (&, v) ~ Fs(e,v) = C(Fy(¢), F,(v); w) where C : (0,1)? — (0, 1) is a copula known
up to a scalar parameter m € Il such that C(uy, uy, ; m) is three-times differentiable in
(u1, uz, ) € (0,1)% x II;

(iv) The copula C(uy, uy, ; m) satisfies
C(uilup; m) <5 C(utlug; 7') for any w < ', (B.1)

where “<g” is a stochastic ordering defined in HV17 (Definition 3.2);
) (1, Z) does not lie in a proper linear subspace of R*> wpl;

(vi) @™ is compact and convex.

Given the form of /4 in (3.8) of HM18 with c4({) set equal to zero, we write 7 = 73 in
this assumption and below. The conditions in TC2 are sufficient for (global) identifica-
tion of @ when B # 0. The argument is similar to that in HV17, except that the condition
for the parameter space TC2(vi) is stronger than that in HV17.

For the next assumption, define @5 = {0 € @ : | 8| < 8} for some 6 > 0.

AssumpTiON TC3. (i) @ = O_; x II, and O_; and Il are compact and simply con-
nected,

(ii) int(®)> OF;
(iii) For some >0, @ > {BeR% : |8l <8} x Z°x IT > O for some nonempty open
set Z0 c R4 and II.

(iv) h=1(Z2° x IT) = 2° x II for some nonempty open set Z° c R%—d=

As is typical, Assumption TC3(i)—(ii) will be satisfied by a proper choice of the opti-
mization parameter space. For concreteness, we define

0 = {0 = (B, ¢, m,m, w3) € [—0.98,0.98] x [0.01, 0.99] x [0.01, 0.99]
x [0.01,0.99] x [-0.99,0.99]:0.01 < B+ < 0.99} (B.2)
and
0= {0 =(B,&,m, 7, m3) €[—0.98 —€,0.98 + €] x [0.01 — €,0.99 + €]
x [0.01 —€,0.99 + €] x [0.01 —€,0.99 + €] x [-0.99 — €,0.99 + €] :
0.01—65B+§§0.99+e} (B.3)

for some € > 0 so that TC3(i)—(ii) is clearly satisfied for small enough €. Given the def-
inition (B.2), TC4 below also holds if we define the parameter space ®*(0) of ¢ = ¢
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as
®*(0) = ®* =[0.01,0.99]. (B.4)
TC3(iii) is satisfied by setting
2%=(0.01-5,0.99 + 6)°

for 8 < €/2. For TC3(iv), let 1='(¢, @) = (b (&, @), hy ' (¢, @), hy (£, ), the first three
elements of (3.12) of HM18. Note that 44({, 7) = 7 (i.e., w3 = 7) and for any given 7 € 11,
h=1(2°, 7) does not depend on . Thus, we may set Z° = h=1(2°, ) for any = € II,
noting that Z° must be a nonempty open set by the continuity of the first three elements
of h(-). The latter follows from TC2(iii) and (3.8) of HM18 after setting c¢1({) = {1, c2({) =

{rand c3(0) = 3.

AssumpTIiON TC4. (i) T is compactandT ={y = (0, d):0 € OF, $ € ®*(0)};
(ii)) V6 >0,3y=(B,m, d) eT'with0 < |B| < 5;
(iii) Vy=(B, m, ¢) eI'with 0 < |B| < é for some 6 >0, vy, = (aB, p, $) e 'Va € [0, 1].

Assumption TC4(ii) guarantees that the true parameter space includes a region
where weak identification occurs and TC4(iii) ensures that I' is consistent with the exis-
tence of K(0; v), defined later.

AssumpTiON TC5. (i) C(uy, uy,; ) is bounded away from zero over (0, 1?2 x IT;

(i) 0< ¢y =Pry[Z=1]<1Vyel.

Lemwma B.1. TC5 and TC2(iii) imply the following: for (y, d, z) € {0, 13, Vy=(0, ¢) €T,
andVy=(0,¢) €T,
(i) thefirst-, second-, and third-order derivatives of Pya,z(0) are bounded over ©;
(i) pyq,.(0) is bounded away from zero over @ and 0 < ¢y < 1;
(iii) l_z(f)) is three-times differentiable on 0;

(iv) pya,-(0) = pyd,z(ﬁ(e)) is three-times differentiable on © and the first-, second-,
and third-order derivatives of pyq ,(0) are bounded over O;

(V) Pya,z(0)is bounded away from zero over ©.

Proor oF LEmMmaA B.1. (i) holds by TC2(iii), the fact that the domain @ is compact by
TC3(i), and the definitions of Py, ,(0). (i) immediately holds by TC5. For (iii), given
(3.9) of HM18, TC2(iii), and TC3(i) imply that 2(w) is three-times differentiable in u,
and hence h(0) = (B, h(w)) is three-times differentiable in 6. Next, (iv) holds by (i), (iii),
and the chain rule, and (v) trivially holds by (ii). O
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B.2 Verification of assumptions in the main text

Assumptions CF, ID, Jac, and Reg3 are verified in the main text. Assumption Regl is sat-
isfied with g, () = %n — g(0), where each element Pya,-(0) of the vector g(0) is con-
tinuously differentiable by TC2(iii). For Assumption H, H(i) holds since its sufficient
conditions that ® is bounded and # is continuous hold by S2(v), verified below, and by
Proposition 3.1 of HM18, respectively. H(ii) is also trivially satisfied by TC3(i). For Reg2,
rank(A$ (w)) = 1if A°(7r) contains hy (), hs() or ha(7r) and rank(hS () = 0 otherwise,
as can be seen from the form of / in (3.8) of HM18 upon setting c¢;({) = {1, &2({) = {2,
c3($) = {3,and ¢4 ({) =0.

B.3 Verification of assumptions in Andrews and Cheng (2013)

In this section, given our transformed parameter 6 and associated transformed objects,
we verify the regularity conditions for the asymptotic theory of the ML estimator 6, in
AC13. Specifically, we show that Assumptions TC1-TC5 are sufficient for Assumptions
S1-S4, B1, B2, C6, C7, V1, and V2 of AC13. Then, under Assumptions B1 and B2, As-
sumptions S1-S3 of AC13 imply Assumptions A, B3, C1-C4, C8, and D1-D3 of AC12;
see Lemma 9.1 in ACMLwp. Maintaining the same labels of AC13, below we rewrite the
assumptions of AC13 before verifying them. Note that in our stylized threshold cross-
ing model, B is scalar. Therefore, we do not consider Assumptions S3* and V1* of AC13
which apply to the vector S case.

AssuMPTION S1. Vyy e I, {W; : i > 1} is an i.i.d. sequence and the constant q (that ap-
pears in Assumption S3 below) equals 2 + 6 for some 6 > 0.

AssumPTION S2. (i) For some function p(w, 0) € R, Q,(6) = n! Y, p(W, 0), where
p(w, 0) is twice continuously differentiable in 6 on an open set containing @* Vw € W.

(ii) p(w, 0) does not depend on 7w when B =0VYw € W.
(iii) Vyo € I' with Bo =0, Ey,p(W;, ¢, ) is uniquely minimized by o Vi € I1.
(iv) Vyo e I' with By # 0, Ey,p(W;, 0) is uniquely minimized by 6.

(v) ¥(m) iscompactNw € 11, and Il and © are compact.

(vi) Ve > 0, 38 > 0 such that dg (VY (), V(m)) < € Yy, m € Il with |m — m| < §,
where dg (-, -) is the Hausdorff metric.

VERIFICATION OF S2(i). By TC2(iii), Py, ,(0) is twice continuously differentiable in 6.
Then, since pyq .(0) = Py, Z(l_z(e)) is twice continuously differentiable by Lemma B.1,
sois p(w, ) = — Zy,d,z:o,l 1y4:(w)log pyg - (6). d

VERIFICATION OF S2(ii). It is easy to see from (2.5)—(2.6) of HM18 that, when 8 = 0,
Pya,0(0) = pyq 1(0) for all @ and (y, d), which implies that p 4 o(h(0)) = pyz 1(h(0)) for
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all 0. Therefore,

P11,1(0) = p11,0(0) = &3,
P10,1(0) = p10,0(0) = {2, (B.5)
Po1,1(0) = po1,0(0) = {1 — {3,

where the second equality in each equation is from (7.1)-(7.2) of HM18. Therefore,

Pyd,z(0) does not depend on 7 when 8 = 0, and hence p(w, ) = — Zy,d,z:(),l Ly, (w) x
log pya,.(6) does not depend on 7. O

VERIFICATION OF S2(iii). When B =0, for ¢ # ¢ and for a given =,

Pyd,z(lpa 7T)

EyypWi, @) — Eygp(Wiy o, My =— 3 Pyd.z(bo. m)bzolog = ry

y,d,z=0,1

pyd,Z(l!l7 77)

> —1lo , T
> —log Z Pyd,z(¥o 0)¢z,opyd,z(¢0’w)

y,d,z=0,1

= —log Z pyd,z(lpa 7T)¢Z,0

y,d,z=0,1
= O’

where the last equality holds since }°, ; pya,1(0) =3, 4 Pya,0(6) =1and ¢o,0=1— 1,0,
and the second-to-last equality holds since

Pyd,= (0, M) = pya,=($0, ™) = ply (B.6)

when By =0, as in (B.5). Notationally, p1; = {3, p10 = {2, and pg1 = {1 — {3. The Jensen’s
inequality is strict if there exist (y, d, z) € {0, 1)3 such that

pyd,z(‘p, 7T)
Pyd,z (o, 7)

Under TC2, this condition can be readily shown to hold by a slight modification of the
identification proof of Theorem 4.1 in HV17, which is omitted here for brevity. O

VERIFICATION OF S2(iv). For 6 # 6y,

pyd,z(g)

0) — Qo(60) = — (6009201
Qo(®) = Qo(b) == D pra(B0)bzolog =05

y,d,z=0,1

>—log Y pua:(0)d-0

v,d,z=0,1

=0,
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where the Jensen’s inequality is strict because there exist (y, d, z) € {0, 1}3 such that

pyd,z(o)

1
Pyd,z(60) ?

by Theorem 4.1 in HV17 under TC2. O

VERIFICATION OF S2(v). By TC3(i), I is compact and the parameter space is the same
before and after the transformation. Also, ® = h~1(@) is compact since @ is compact
and Assumption H(i) holds. For compactness of ¥ (), first note that, for a given 7 € 11,
h_n (-, ), which is A(-, ) except the last element, is a homeomorphism. This is be-
cause @_ is simply connected, h_,(-, ) is continuous, and ¥ () is bounded since
O is bounded. Then

O_=0_(m)=h_r(V(m), 7

where the first equality is because the dependence parameter 7 does not restrict the
space of the remaining elements of @ (or by TC3(i)), and thus ¥(#) = h:;(@,w, ).
Therefore, ¥ () is compact since @_,, is compact and h_p(-, ) is proper. O

VERIFICATION OF S2(vi). The space of ¢ = (B, {) is continuous in 7 since ¥(w) =
h:}T(@_ﬁ, 7), where h:;(a_w, ) is continuous in 7 by (3.12) of HM18 and TC2(iii). O

Let pg(w, 6) and pgg(w, ) denote the first- and second-order partial derivatives
of p(w, 6) w.r.t. 0, respectively. Also, let py(w, 0) and pyy(w, 6) denote the first- and
second-order partial derivatives of p(w, 8) w.r.t. , respectively. Recall

Iy 04, x1 doxd
B(B) = 4 v € R4*%,
P |:led.,, B

For B #£0, let
B 1 (B)ps(w, 0) = pl(w, 0),
(B.7)
B~1(B)pee(w, )B~(B) = p),(w, 6) + r(w, 6),

where pgo(w, 0) is symmetric and pg(w, 0), p};e(w, 0), and r(w, 0) satisfy Assumption S3
below;! see below for actual expressions of these terms. Next, define

V61, 62; v0) = Covy, (ph (Wi, 01), pl(Wi, 62)).

Let Amax(A) and Apjn(A) denote the maximum and minimum eigenvalues, respectively,
of a square matrix A.

IThe remainder term r(w, ) and related conditions in S3 are slightly more general than conditions on
B~Le(w, ) and related conditions in AC13.
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In this example of a threshold crossing model, define Dy p; a.(0) = B~ 1(B) x
Dgpya,-(0) so that

po(w, ) =— > L) s ( 3 DoPya.(0).
y,d,z=0,1
poo(w, )=~ 1ydz(w)[ 07 —————Dopya.(0)Dgpya - (0)
y,d,z=0,1 ,Z
+— p (9>}
Py 20 00Pyd,z 5
pow == 3 Luw)_—o () Dyp], .(0),

v,d,z=0,1

1
Pho(w, 0) = ph(w, O)pl(w, 0) = Y~ 1y4.(w)————=Dopl, (H)Dop}, (0),
y,d,z=0,1 pyd,z(e)
rw, 0)=— La: (W) — B~ (B)Dgspya,-(0)B~(B).

y,d,z=0,1

2(9)

Suppressing the argument ({1, {3, 7) in i3 and its derivatives, and suppressing the argu-
ment ({1, {», 7) in h, and its derivatives, note that from (7.1)—(7.2) of HM18,

[0 0
0 0
Dgp11,0(8)=1]0], Dgproo(®)=|1],
1 0
0 0
[0 0
1 -1
Dgporo(®) =] 0 |, Dgpoo,o(0) =] —1],
-1 0
0 0
i Co(hs, &1+ B ) ] (B-8)
Cy(hs, {1+ B ) + Ci(hs, {1+ Bs mhs ¢
Dgp11,1(0) = 0
Ci(h3, &1+ B mhs ¢
| Cr(h3, {1+ B ) + Ci(hs, {1+ B; m)h3 o |
i Co(hs3, {1+ B; ™) l
Co(h3, &1+ B m) + Ci(hs, {1+ B mhs ¢
= 0 )
Ci(hs, &1+ B; mhs g
B{Cma(hs, {1+ BT m) + Cia(hs, Ly + BT m) 3 1}
| B1Cm2(N3, (1 ; 12(h3, {1+ B 7)h3 7y |
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where 0 < |87| < B. The last equality is derived using a mean value expansion and the
fact that C(h3, {1; m) + Ci1(h3, {1; m)h3 » =0, obtained by differentiating C(h3, {1; 7) =
{3 w.r.t. 7. Furthermore,

—C(hy, {1+ B; ™)
ha, ¢ — Ca(ha, §1 + Bs m) — Ci(ha, {1 + B mhy g
Dgpro,1(0) = ha,¢, — C1(ha, &1+ Bs mha g,
0
hy, 7w — Cr(ha, &+ B; ) — Ci(ha, {1 + B m)ho 7 |

—Cy(hy, & + By )
ha ¢ — Co(ha, &1+ B m) — Ci(hy, {1 + B mhy g
= ha, ¢, — Ci(ha, &+ B mha g, , (B.9)
0
| —B{Cma(ho, &1+ BT ) + Cro(ha, &1 + BT 7)o )|

where 0 < |77 < B and the last equality is derived using a mean value expansion and
the fact that hz,ﬂ- — Cr(hy, b1, 7m) — Ci(hy, {1; 7T)h2’7., = 0. Finally;,

1 -1
1 -1
Dgpo1,1(8)=1|0| —Dgp11,1(6), Dgpoo,1(8)=| 0 | —Dgp1o,1(0).
0 0
0 0
Also, note that for all (y, d),
Dggpya,(6) =0 (B.10)
and
Dy po1,1(0) = —Dyggp11,1(0), Dggpoo,1(0) = —Dggp1o,1(0). (B.11)
Now, for z =0,
Dypl, .(0) =Dypya.-(0) (B.12)

and, for z =1,

Co(h3, & + B m)
Co(h3, &1+ B m) + Ci(h3, {1 + B: mh3 ¢
Dop}, (8) = 0 , (B.13)
Ci(hs, &1+ B; mhs g
| Cra(h3, &+ BT ) + Cra(hs, &1+ BT m)hs |
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—Cy(h, &1+ B; )
ha,q — Co(ha, {1+ By ) — Cr(ho, §1 + Bs mha, g
DOPIo,l(O) = ha,g, — Ci(ha, &1+ B mha g, , (B.14)
0
| —Coa(h2, G+ BT 7) — Cra(hay &+ BTy m) by

and expressions for the remaining two derivatives can be derived analogously.
Note that

py(w, 0)=— Z lydz(w) Dl//pyd,z(e)a
h (9)
y,d,z=0,1
pyy(w, ) = — Z lydz(w)|: ————Dypya,2(0)Dy pya.-(0)
v,d,z=0,1 Pyad, 2(0)
——D (9)}
pya(0) P
where, with & = (B, {) = (B, {1, {2, {3),
K 0
0 0
Dy p11,0(0) = ol Dy p10,0(0) = NE
1 0
[0 0
1 -1
Dyporo@=| - Dypooo®=|_,1,
-1 0
0 Co(h3, &1+ B ™)
Co(h3, &1+ B m) + Ci(hs, {1 + B: m)h3,
Dy p11,1(0) = al,
0
Ci(hs3, {1+ B; mh3 ¢,
0 —Cy(hy, {1+ B m)
ha, ¢y — Co(hy, &1+ Bs ) — Ci(ha, &1+ B mha g
Dy p10,1(0) = ,
ha, ¢, — Ci(ha, &+ B mha g,
| 0
and
1 -1
1 —
Dy po1,1(0) = ol Dy p11,1(0), Dy poo,1(0) = 0 — Dy p10,1(0).
0 0
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Also, for all (y, d) and 6,
Dyy pya,o(6) =0 (B.15)
and
Dyy po1,1(0) = —Dyy p11,1(0), Dyy poo,1(0) = —Dyy p10,1(0). (B.16)

AsSUMPTION S3. (i) (a) Ey,r(Wj, 6p) =0; and (b) |Ey,r(W;, o, m)|| < Clm — mo| Vyg € I
with 0 < |By| < 6 for some 6 > 0.

(ii) (a) Forall 6 > 0 and some function My(w) : W — Ry, | pyy(w, 61) — pyy (w, 02) | +
IIPZg(w, 01) — pZ(,(w, 02)|| < M1(w)d, Vo1, 0, € O with |01 — 62| <5, Yw € W; and (b) for
all 6 > 0 and some function My(w) : W — R, IIPE(w, 01) — pg(w, )| + llr(w, 61) —
r(w, 62)| < My(w)6, V0, 6 € O with |01 — 65| < 6, YVw € W.

(i) Ey,supgeollp(Wi I + llpyy (Wi I + lphy(Wi )10 + My(W) +
||p£(W,', N+ |r(W;, )19 + Ma(W;)4 < C for some & > 0 Vyy € I', where q is as in As-
sumption S1.

(V) @) Amin(Eyopyy (Wi, ho, 7)) > 0 ¥ar € IT when By = 0; and (b) Ey,p},(Wi, 00) is
positive definite Vyy € I'.

W) VT(8y, 0o; v0) is positive definite Vyy € I'.

VERIFICATION OF S3(i)(a). Note that

Eyyr(Wi, 00)=— > ¢-0B""(Bo)Dospya,-(00)B~"(Bo) =0
y,d,z=0,1
by (B.10) and (B.11) since B¢ # 0. O

VERIFICATION OF S3(i)(b). Using (B.10) and (B.11),

Eyyr(Wi, o, m)

00 Pyd,1(¥o, ™)

371
Py (o, 7) (Fo)

4, D
= Y Pya1(00)b1,0B (Bo)
y,d=0,1

P11,1(6p) po1,1(60)
— 2 D ( ’77-)_1_’—
P11,1(o, ) 00P11,1(¥0 Ppo1,1(Po, )

P00,1(00)
Poo,1(Po, 7)

= ¢1,OB_1(BO)[ Do po1,1(o, m)

P10,1(60)

P10.1(ho, )
) ) Po1,1(60p)
=1 0B} [( pi1,1(6p) ’
¢1,0B™ (Bo) pit1(Po, ™ por1(Po, ™)

(P10,1(90) ~_P00,1(6o)
p10,1($o, ™) poo,1 (Yo, )

Dygp1o,1 (o, m) + Dgg poo,1 (o, W)}B_l(ﬁo)

>D90P11,1(¢0, )

)Deeplo,l(l/fo, 7T)}B_l(,Bo)
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(10 + Bo) (p11,1(680) — p11,1 (o, 7))
Pi1,1(o, ™) (L0 + Bo — pi1,1 (o, )
( (1= 10— Bo)(P10,1(00) — p1o,1(to, m))

210,10, ™) (1 — 10 — Bo — p10,1 (o, ™))

where the last equality uses po;.1(0) = {1 + B — p11,1(8) and pgo1(0) =1 -1 — B —
P10,1(6). Apply the mean value theorem to pi1,1(60) — p11,1(o, 7) W.L.L. 7

= ¢1,OB_1(ﬁo)[< )Doopu,l(l/fo, )

)Deol’lo,l(lﬁo, W)}Bl(ﬁo), (B.17)

ap11,1 (o, WT)
Jm

_ '92P11,1(BT, o, 7TT)

N T

p11,1($o, m0) — p11,1(Po, 7) = (7o — )

(o — 7)Bo, (B.18)

where 7' is between 7y and 7 and 0 < |B87| < |By|. The second equality holds by an-

:
other mean value expansion of W w.r.t. Bp around By = 0 and the fact that

(7P11,1(B,§0,7TT)|

e p=0 = 0 since

Cr(hs(m), {1;7) + Ci(hs(m), {15 m)h3 7 () =0
for all ({1, {3, 7). Similarly, using mean value expansions,

#*p10,1(B", &, 7')
amap

10,10, ) — p1o,1(o, m) = (o — ) Bo (B.19)

for some 71" between my and 7 and 0 < | 877| < | By|. Therefore, combining (B.17)-(B.19),
| Eyor Wi, o, m) | < lerl | B~ (Bo)BoDao p11,1 (o, MB~" (Bo) || I — ]
+leal [ B~ (Bo) BoDao p10,1($0, B~ (Bo) | 1m0 — 7,

where ¢; and c; are collections of all other terms, whose norms are bounded by (7.1)-
(7.2) of HM18 and Lemma B.1. Also |B~1(B) 0|l is bounded for 0 < |By| < 6. Note that
I1Dgg p11,1($0, B~ (Bo)|l and [|Dgg p1o,1(0, m)B~' (Bo)|l can be shown to be bounded
for 0 < |Boy| < & by differentiating (B.13) and (B.14) w.r.t. 6, respectively, and applying
Lemma B.1. O

VERIFICATION OF S3(ii)(a). Generically, for 4 = aa’ where a = (ay,...,a)) € R4 and
ai,...,a, are vectors,

p

2

1A <> llajli?,
j=1

and for A* = a*a*

|4—a] < la(a—a*) | +](a—a)a”| < (lall + [ a*[) @ — "]

P p
<> (lajll+ |a5]) Y ]a; - a5
j=1 j=1
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Applying this result to the last inequality below,

oy (w, 61) — pyy(w, 62) |

5>

Dy pya,-(01)Dy pya -(61) 3 Dy pya,z(02)Dy pya -(62) H

v.d,z=0,1 Pyd.2(61)° Pyd,2(02)*
n DyyPya,z(01)  Dyypya,(62) ‘
y,d,z=0,1 pyd,z(ol) pyd,z(ez)
< Z <’Dlllpyd,z(0]) ”Dlppyd,z(ez) )HDi,//pyd,z(el) 3 Dlllpyd,z(oz) ‘
- y,d,z=0,1 Pyd,z(61) Pyd,z(602) Pyd,z(61) Pyd,z(62)
v,d,z=0,1 pyd72(01) pyd,z(OZ)
dy a4
= ) Zd< 2Pyt ) 'D*”fpyd’z(@) )i Dy pya.z(0) Dy, pyaz(6)
ydamoajm N P00 Ptz )51 Pz 00 pra(0)
- Dyjyy Pyd.z(01) Dy Pyd,z(62)
y,d,z=0,1 j,k=1 pyd’Z(el) pyd,z(OZ)

where [1,,4,(w)| <1 is used in the first inequality. Applying the mean value theorem to
the differential terms,

Dy.pya,-(01)  Dy;pya,-(62) Dy pya,
‘ WjPyd,z _ YjPyd,z - HDO{ WPy z }H 161 — 6,11,
pyd,z(al) pyd,z(gz) pyd,z(
Dy. (01) Dy, (62) D
‘ Vi Pyd,z\U1 _ Wi Pyd,z EHDB{ ‘/’J‘l’kpyd; }H”01_92”7
Dyd,z(61) Pyd,z(62) pyd’z(e

Ddfjpyd,z(e)

a0 | <
Dy pya,-(0) Dy iy Pya,z(0) ..
cly sup9|ng{W}| < ¢z and sup, |DGI{W}| < ¢3 for some positive con-

stants ¢y, ¢; and c3 and, therefore, combining the inequalities,

where 6" and 677 lie between 6; and 6, (element-wise). By Lemma B.1, sup, |

dy dy

oy (w, 61) — pyy(w, 62) | < Z 2201 2202“91 — 02

y,d,z=0,1j=1  j=1k=1

dy  dy

+ 3 Y Sl -6l (B.20)

v,d,z=0,1j,k=11=1



Supplementary Material (Nearly) singular Jacobian 21
Similarly,

[P (w, 61) — phy(w, 62)]

-y Dyply . (0)Dgpl, . (01) DeP;d,Z(Gz)DGP;dJ(Oz)/H

yd om0l Pyd,2(01) Pyd,2(02)

.y (lDole,Z(oo’ HDep;d,sz) DHDepId,Z(eo Dep;,,z(ez)‘

N dooe pyd,z(gl) pyd,z(02) pyd,z(ol) pyd,z(GZ)
y,d,z=0,1

.y % ( Dy, pl, . (61) 'Dejpid,z(ez) )i Dy, 0}y (0 Doyp)y . (62)
_y,d,z:O,lj:I Pyd,z(01) Pyd,z(02) s Pyd,z(01) Pyd,z(02)

Dy, pl, .(0) Dy, pl, .(0)
and by Lemma B.1, sup | W ];yd?z(e)

constants ¢4 and c¢5 and, therefore, by applying the mean value theorem as above,

| < csandsupg Dy, { }| < ¢5 for some positive

dy

do
lpbew, 01) = pho(w, )] < D" Y "2¢s > csllfy — O]l (B.21)

»d,z=0,1j=1  jk=1

By combining (B.20) and (B.21), we have the desired result. O

VERIFICATION OF S3(ii)(b). For bounding ||r(w, 61) — r(w, 6;)||, the proofis very similar
to the one above with [p},(w, 6;) — p,(w, 62)|. Bounding ||p};(w, 61) — p}(w, 62)|| can
also be done analogously. O

VERIFICATION OF S3(iii). First, M;(w) is finite and does not depend on w, as can be seen
from the verification of S3(ii) (a). Now, since |14, (w)| <1

1+6
1+6
Ey,sup|p(W;, )] sEm( > sup|1ydz<w>-logpyd,z<e>|>
0O y,d,z=0,1 0cO

1+6
5( > sup!logpyd,zw)!) :

y,d,z=0,19€0

which is bounded since p,4 .(6) is bounded away from zero forany 6 € ® and (y, d, z) €
{0, 1} by Lemma B.1. Next,

Eyysup| o W, 0)] '+
0O

= Evo( Z sup

y,d,z=0,1 00

Dy pya,z(0)Dypya -(0)

1 Aw)[——
v Pya.(0)2

>1+5

1
+— D (0)”
Pyaa(0) Pz
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1+6
(X ClIDepa Dy 0|+ |Duspa O]}
y,d,z=0,1 0€0

by Lemma B.1, where |Dypyq :(6)Dypyq.(0)] < Zjil IDy; pya,-(0)II*, which is
bounded by Lemma B.1, and similarly for ||Dyy pyq .(0)|. Similar arguments to those
used in the verification of S3(i) (b) and S3(ii) (a) provide the desired result for the remain-
ing four terms in the assumption. O

VERIFICATION OF S3(iv)(a). Note that, when 8y =0,

Eyopyy (Wi, o, )

= Y Pya:60)¢z0

[pryd,z(‘lfo, W)pryd,z((!an 77)/ B Dl//lllpyd,z(dlo’ 7T)i|
v,d,z=0,1

Dyd,z (Yo, m)? DPyd,z(o, )

_ Z & O[pryd,z(‘!an W)Dtllpyd,z(l!f()a )

0 — Dyy pya,-($o, W)}
pyd

y,d,z=0,1

b

. Z & ODd/Pyd,z(l,l’Oa W)Dtppyd,z(l,lf()a )
= . 5
y,d,z=0,1 Pya

where the second equality is by (B.6), and the third equality is by (B.15) and (B.16). Let
Mg . =Dy pya (o, WDy pya (o, m) and Myg , = Myd,z/Pg),d so that

Eyypyy Wi ho, M) =10 Y Mya1+doo Y Myao. (B.22)

y,d=0,1 y,d=0,1

Let h3(m) = h3({10, $30; ) and hy(w) = hy (L0, $20; 7). Note that when By = 0, the
Dy pya,- (o, 7) terms can be expressed as

0 0 0 0
0 0 1 -1
Dypuo=|g|>  Dwpwoo=| |,  Dyroo=| |  Dyroo=|_,1|
1 0 -1 0
[ Co(h3(m), (15 ) —Cy(ha(m), {15 )
0 0
Dy pi1,1 = 0 » Dyproai= 1 ,
i 1 0
and
1= Cy(h3(m), {1: ) —1+ Cy(ha(m), {1; )
1 -1
Dy poi,1 = 0 s Dypooa= 1 )

-1 0
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Where, in D¢P11,1 and Ddlpl(],l:

Cy(h3, s m) + Cr(hs, {1 m)h3 ;) =0, (B.23)

Ci(h3, s mhs g =1, (B.24)

hy.¢, — Ca(ha, 15 ) — Ci(hy, {1 mha ;, =0, (B.25)
hy, ¢, — C1(ho, $1smhy , =1, (B.26)

by differentiating the objects in (7.1)-(7.2) of HM18 w.r.t. {1, {» and {3 and (B.5). Let
¢ = Cy(hs(m), {10; m) and ¢ = Cy(hy (), {10; 7) for notational simplicity. Then

~2

cc 0 0 ¢ ¢ 0 —c O
0 0 0 0 0 0 0
Mui=19 0 0 ol Mor=|_- o 1 ol
[ c 001 0 0 0 0
(1—=¢)? 1—¢c 0 c—1 (1-¢)2 1-¢ 1-¢ 0
1—c 1 0 -1 1-¢ 1 1 0
Mot=1" 0o o o | Mer=fy_z 1 1 of
-1 -1 0 1 0 0 0 0
[0 0 0 0O 0000
00 00 0000
Miuo=1g ¢ o o> Moo=|g g 1 ol
0 0 01 00 00
[0 0 0 0 0000
0 1 0 -1 01 10
Moo=1o o o o Mwo=|g 1 1 g
0 -1 0 1 00 00
By Weyl (1912),
)\min(A + B) = )‘min(A) + /\min(B) (B-27)

for symmetric matrices 4 and B. Thus, for (B.22),

)\min(EyoPt/ulJ(VVi,‘//OﬂT))2)\min<¢1,0 Z Myd,1>+/\min<¢o,0 Z Myd,O)-

y,d=0,1 y,d=0,1

The second term on the right-hand side satisfies /\min((f)0,0Zy, d=0,1Myd,0) >
¢0,02y, d=0,1Amin(Myq,0) = 0 by (B.27), the above expressions for the M4 ¢’s and since
/\min(Myd,O) = Amin(Myq,0) = 0 because pgd > 0 for all (y,d) by Lemma B.1(v). The
first term on the right-hand side satisfies )\min(d’l,ozy,d:mMyd,l) > q’>1,0/\min({1\~411)1 +
Mo1.1 + Moo,1)) by (B.27) and since Amin(Mi0.1) = Amin(Mi0,1) = 0. Now we prove
/\min(Mll,l + M()l,l + MO(),l) > 0, which then implies that Amin(Ey(,p¢¢(W/i, Yo, m)) >0 as
desired since ¢1 o > 0 by TC5(ii). Under TC5(i) and by Lemma B.1(v), leta = p, / p5, and
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b = pY,/pY, for simplicity. Then Mi11 + Mo1,1 + Moo,1 = (M11,1 + aMo1 + bMoo.1)/pY,
and

M =My 1 +aMoy 1 +bMyo
al—c) > +b(1 =32+ a(l—c)+b(1—=¢) b(1—¢) —a(l—c)+c

a(l—c)+b(1—-20) a+b b —a
b(l1-2¢) b b 0
—a(l—-c)+c —a 0 a+1

Then one can easily show the following: For the kth leading principal minor |My| and
determinant |[M| of M,

My =a(l—c)* +b(1—&)*+c* >0,

IMy| = ab[(1—¢)+ (1 — O] + (a+b)* >0,
|M3| = abé® > 0,

IM| =abla2c — 1)* +b(E—1)*] >0

and, therefore, M is positive definite and so is M/ p(l)l, that is, )\min(l\;lu,l + M01,1 +
My,1) > 0. O

VERIFICATION OF S3(iv)(b). We divide this proofinto two cases: (i) By # 0 and (ii) B¢ = 0.
Case (i): Note that by S3(i) (a),

Ey B~ (Bo)pos (Wi, 00)B™(Bo) = Eqophy (Wi, 60).

First, note that E, pge(w, 6p) is positive definite by the information matrix equality
with the fact that the information matrix is nonsingular by the identification result of
HV17. Thus, for a nonzero vector a € R%, ¢’ E,, poo(w, 6p)a > 0, which implies that, for a
nonzero vector a € R%, Zz’Epr};g(w, 00)a=a B~ (Bo)Ey,pas(w, 80)B~1(By)a > 0. There-
fore, E, pze(w, ) is positive definite.

Case (ii): First, note that by (B.12)-(B.14) and (B.23)-(B.26), we can express
Dgp;d,z(l/lo, 7)’s as follows when By =0,

0 0
0 0
DGPILO =10/, D(’p;o,o =11,
1 0
0 0
B (B.28)
0 0
1 -1
Dﬁp(];ho: 01, DOPS()’O: -1,
-1 0
L 0 0




Supplementary Material (Nearly) singular Jacobian 25

Co(h3(m), {10 )
0
Dop}, ;= 0 ,  (B29)
1
| Cra(h3(mm), Lio: 7) + Cra(h3(m), L10; ™) A3 2 (L105 $30, ™)

—Cy(ha(m), L10: )

0
Dyply, = 1 ., (B.30)
0
| —Cra(ha(m), L10; ) — Cra(ho(), L10; ) ho, 7 ($10, $20, )
and
1 -1
1 -1
D9P81,1 =0|- D(’PLJ’ Dgp&),l =10 |- DOPIU,l' (B.31)
0 0
0 0

The remaining arguments are similar to those used to verify S3(iv)(a): Let M =

yd,z
DeP;d,z(Ho) X Dﬁpld,z(ao)’ and M}')d,z - M

yd,z/pgd.Then

Ey,ph(Wi, 6p) = EyOPZ(Wi, 00)PT9(W:', 60)' = 1,0 M;d,l + bo,0 Z M;d,O' (B.32)
y,d=0,1 y,d=0,1

For notational simplicity, let ¢ = C,(h3(my), {10; mo) and ¢ = Co(ha (), {10; 7). Also let
d = Cpo(h3 (), {10; m0) + Ci2(h3(m), S10; m0)h3, ({105 {30, m0) and d = Cro(ha (), {10;
o) + Cra(h2(m0), {105 m0) ha, ({10, $20, m0). Therefore,

r.2

2 00 ¢ cd (1-¢)? 1—¢c 0 ¢—1 (¢c=1d
0 00 0 0 1-c¢ 1 0 -1 —d

1 1

Mi,=[0 000 0, M, = 0 0 0 0 0 ,
c 00 1 d c—1 -1 0 1 d
lcd 0 0 d d° (c-1d -d 0 d d?
(¢ 0 —¢ 0 éd 1-3)?% 1-¢ 1-¢ 0 (¢—1d
0 0 0 0 0 1-¢ 1 1 0 —d

Ml =|-¢ 0 1 0 —d|, M, =|1-¢ 1 1 0 —d |,
00 0 0 0 0 0 0 0 0
[ éd 0 —d 0 d? Eé-1d -d —-d 0 d*
[0 0 0 0 0 0 0 0 0 0
00000 0 1 0 -1 0

T i

M{,=[0 00 0 0], Ml,=10 0 0 0 0f,
00010 0 -1 0 1 0
00000 0 0 0 0 0
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00000 00000
00000 01100

i i

Mij,=10 0 10 0f, Mj,={0110 0
00000 00000
00000 00000

By Lemma B.1, in analogy to the verification of S3(iv)(a), since Zy d=0, 1)\mm( d 0) =
Amin (M, 00 1) =0, we consider the rest of the sum in (B.32) and apply (B.27). Let a =
PY1/pg; and b = p},/pj,. Then MlTu + MTl 1 T M10 1= (Mn 1t "Mgm + leTo,l)/P(l)l
and
=t i ¥
M =My, | +aMy |+ DMy,

al—c)?+bi*+c* a(l—c¢) —bé —a(l—c)+c a(c—1)d+béd+cd

a(l—c) a 0 —a —ad
= —bé 0 b 0 —bd
—a(l—c)+c —a 0 a+1 (a+1)d
a(c—d+béd+cd —ad —bd  (a+1)d (a + 1)d®> + bd?

For the kth leading principal minor |MZ| of M7,
M| =a(1-¢)? +b&+ >0,
|M}| = abé® + ac® > 0,
|M]| = ab® >0,
|M]| = a*b(1 - ¢)* + abc? > 0,
[M3] = M|
=abla*(1+ (1 — )*)d* + b*&d* + A (d® + bd*) + a(((1 — ©)* + *)d* + bc*d?)} > 0

Therefore, Mm  + M10 1+ ML | is positive definite and by (B.27), we can easily show
that /\min(Eyopeg(Wl, 6o)) > 0. =

VERIFICATION OF S3(v). Recall
V(81,62 v0) = Covy, (pf (W, 1), ply (Wi, 62)).
But
Covy, (ph (Wi, 00), (W, 80)) = Eyoply(Wi, 60) ply(Wi, 60)’
= Ex, (Wi 00), (B.33)

where the first equality is by Eyopo(Wls 0p) = _l(ﬂo)Eyopg(w 0p) = 0 and the second

equality is by the definition of pO(W,, 0) and Peo(Wh 0). Since E.mp(,e(Wl, ) is positive
definite from S3(iv) (b), we have the desired result. O
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Define the dy x dg matrix-valued function

J
K(6;v0) = 3—,Ey0P¢(Wi, 0) (B.34)

Bo

with domain @5 x I'g, where @5 = {0 € O : |B| < 6} and
To={va=(aB,{,m ) eT:y=(B,{, 7, ¢) e'with |B| < Sand a € [0, 1]}
for some & > 0.

AssuMPTION S4. (i) K(6; yp) existsV(0, yy) € O x I'y.

(ii) K(0;y*) is continuous in (0, y*) at (0,y*) = ((Yo, ), yo) uniformly over w € I1
Vyo € I' with By = 0, where s is a subvector of .

VERIFICATION OF S4(i). Note that

d
K(6; =—F W, 6
(65 v0) Bo yoPy (Wi, 6)
J Pyd,z(00) b0
= B %Dlﬂpyd,z(e)
Oy,d,z:(),l Pyd,z
IPya,z(00)  ¢z0
=— Z y(wz - (H)pryd,z((?),
yod2=0,1 0 Pyad,z
where %5;90) is the first element of Dy, pyq,.(6p) forall (y, d, z), whose expressions are
above. O

VERIFICATION OF S4(ii). For

IPya,z(6o) 2.0
Bo pyd,z(d/O,

K(m;v0) = K(o, 7 v0) = — Z

W)pryd,z(lﬂo, ),
y,d,z=0,1

9pyd,z(6o) ¢, :
let ayy . (, 69, d1,0) = VZBO 0 Pyd,z(‘/fo()ﬂ"')D,’[/pyd’Z(lpO’ ) since ¢g0 = 1 — ¢1,9. Note that

ayq,,(m, 0y, $1,0) is continuous in its arguments by Lemma B.1(iv). We can show that
ayq,-(, 0y, ¢1,0) is continuous uniformly in 7 € IT by applying the uniform convergence
result in Lemma 9.2 of ACMLWp to ayy (7, O0n, ¢1,4) — aya (7, 0y, $1,0), using (i) the
pointwise convergence (i.e., pointwise continuity) above, (ii) a,q (7, 6y, ¢1,0)’s differ-
entiability in 7 with derivatives bounded over 7 € II by Lemma B.1 and (iii) the com-
pactness of IT (B1(iii) below). O

Next, we impose conditions on the parameter spaces ® and I'. Recall @% = {0 € O*:
|B| < 8}, where @* is the true parameter space for 6. The “optimization parameter space”
0 satisfies the following.
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AssumpPTION B1 (AC13). (i) int(@) D O*.

(ii) Forsome&=>0,0>{BecR% :|B| <8} x Z0x I > O for some nonempty open set
20 cR% and1l.

(iii) I is compact.

The following general results are useful in verifying B1 and B2 below: for a contin-
uous function f, (i) if a set 4 is compact, then f(A) is compact and (ii) f~!(int(A4)) C
int(f~1(A)) for any set A4 in the range of f, where the latter is necessary and sufficient
for continuity. Also note that by definition, for a proper function f, if B is compact, then
f~1(B) is compact. Lastly, for a function f, if A c B then f(A4) C f(B).

VERIFICATION OF B1. TC3(ii) implies B1(i) since
int(®) =int(h~1 (@) > k! (int(@)) > h~1(O*) = 67,

where the first O is by the continuity of # and the second > is by TC3(ii) and 4! being a
function. For B1(ii), first note that given TC3(iii),

10> ({BeR% ||Bll < 8} x 2° x IT) > h™1(O}).
But #~1(@) =0 and

h(63)

[0 € 0" : h(0) € OF}

[0 €0 : h(0) € O, |h1(0)| < 8}
{60006 |B| <5}

ox,

where the third equality is by h being a homeomorphism and 4;(6) = B being the first
element of /. Also, with Bs = {8 € R% : |B| < 8},

h='(Bs x 2° x IT) = {0 € ©* : 1(0) € Bs x 2° x IT}
=Bs x {pe M*: h(n) € 2° x IT}
=Bs x h™1(2° x IT)
=Bs x 2% x II,

where M* = {u € R% : § = (B, u) for some 6 € @*}, the second equality holds since
B(a) = (B, h(w)) and the last equality holds by TC3(iv). Lastly, B1(iii) holds by TC3(i). O

AssumpTION B2 (AC13). (i) I'is compactand I’ ={y = (0, ¢) : 6 € OF, p € P*(0)}.
(ii) V6 > 0,3y =(B, ¢, m, ¢) e I with 0 < ||B|| < 8.

(iii) Vy=(B,{,m ¢) eI with 0 < ||B|| < & for some 6 >0, vy, = (aB, {, 7, ) €' Va €
[0, 1.
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VERIFICATION OF B2. Consider B2(i). Under TC4(i), define ®*(0) as ®*(0) = ®*(h(0)).
Since I' is compact, @* and ®*(0) are compact for 8 € @*. Thus, O* = h~1(0*) is com-
pact by the properness of 4. Also given (B.4), we have

*(9) = ®*(h()) = ®* =[0.01, 0.99],

which is compact and, therefore, I" is also compact. Next, TC4(ii) implies B2(ii). This
is because, V6 > 0, for ¥ = (8, m, ¢) that satisfies TC4(ii), let v in B2(ii) be y =
(B, h~Y(m), ¢), which is in T since (8, u) € @* implies (8, h 1 (m)) = (B, ) € O*.To
show that TC4(iii) implies B2(iii), note that forany y = (B, {, 7, ¢) € ' with 0 < | B] < & for
some 6 > 0,y = (B, h({, m), ¢) € I'. By TCA(iii), this implies that y, = (aB, h({, m), p) €T
Va € [0, 1]. Therefore, y, = (aB, h~'(h(¢{, 7)), $) €T. O

Define a “weighted noncentral chi-square” process {&(; yg, b) : 7 € 11} by

1 ,
E(m 0, b) = _E(G(m ¥0) + K (1 y0)b) H™ ' (3 v9) (G (75 v0) + K (73 0)b),

where G(1; vp) is defined such that G,,(-) = G(-; yy), where “ =" denotes weak conver-
gence, with

n
Gu(m) =123 (py (Wss 0.0, ™) = Ey,py (Wi; ho., 7))
i=1

and
H(m; v0) = Eyypyy (Wi o, 7).

AssumpTiON C6. Each sample path of the stochastic process {¢(; yg, b) : 7 € I1} in some
set A(vyp, b) with Pr,,(A(yo, b)) =1 is minimized over 11 at a unique point (which may
depend on the sample path), denoted 7*(yy, b), Vyg € I' with By =0, Vb with ||b|| < occ.

In Assumption C6, 7*(vyy, b) is random. The following is a primitive sufficient con-
dition for Assumption C6 for the case where B is scalar. Let py(w, 6) = (pg(w, 0),
ps(w, 6)). When B =0, ps(w, §)" does not depend on 7 by Assumption S2(ii) and is
denoted by p;(w, ). For By =0, define

P Wi o, 1, ) = (pp (Wi, o, m1)'s ppWis o, ™) pe (Wi o))

0 (1, 3 o) = Covy, (03, (Wi, Yo, 71, M), P, (Wi, o, 1, m2)').

AssumPTION C6'. (i) dg=1
(i) Qg (1, m; y0) is positive definite Vi, m € Il with  # ), Vy € I’ with By = 0.

Note that Assumptions S1-S3 and C6' imply C6; see Lemma 3.1 of AC13.
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VERIFICATION OF C6' (ii). Noting that D pyq . (9, ) does not depend on 7 when By =
0 so that we may denote it D¢ p 4, . (), define

Dy Py, (o, w1, 72) = (D pya,z (o, ), D pya,=($0, ), D pya, (o)) -

Then

QG (1, T3 90) = Eyy py (Wi, o, 1, m2) py (Wi, tho, 1, m2)

$2,0
= Y. pg Dy ply.. (o, m1, m)Dy Py (o, 71, ™),
y,d,z=0,1 £'yd

where the second equality follows from (B.6) and D, p; 4 (o, m1, m) can be expressed
as

DdfP’fl,o = Dt/fPTo,o = D¢P31,0 =

-0 O O O
O =R O O O

[ Ca(h3(L10, £30, ™), L10; 1)

. Ca(h3(£10, $305 ™), L105 ™)
Dy pyy = 0 )
0

1

[—Ca(h2(£10, £20, 1), 105 1)

. —Ca(h2(&10, L20, ™), $10; ™2)
Dy pio1 = 0 ,
1

0

and
-1
-1
— Dy piy 15 Dypoos=|—1|=DuPioa
0
0

Dll'pgl,l =

O O o

using (B.23)-(B.26). The remaining arguments are similar to those used in the verifi-
cation of S3(iv)(a): Let M;d,z = Dl/,p;d,z(l,[l(), T, 7)) X Dl/,p;d,z(l[/o, 1, m)" and M;d,z =
My, ./p), Then

Qg (m, m; o) =10 Y Mig +doo Y, Mg (B.35)
y,d=0,1 y,d=0,1
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Let ¢ = Cz(h3(§10,§39,ﬂl),§10; m), ¢ = C(h3({10, $30, ™), {105 ™), d = Co(ha({1o,
00, ™), {105 1), and d = Cy(hy(Z10, L0, ™), L105 T2) for notational simplicity. Then

* J—
My, =

* —
M()l,l -

* —
Ml(),l -

* —
MO(],I -

Cd*  dd

* —
My =

S O O o O

* —
Ml(),O -

S O O o O
oS O O o O

(1-0¢)?
(1—-c)(1—-2¢)
1—c
0
~(1-0)

dd d*
0
d d
0 0

e
S O O o O

(1—d)?
(1—d)(1—d)
1—-d
1-d
0

oS O O O O
o O O O O
O = O O O
o O O O O

o O O O O
oS O O O O
S O = O O
o O o o O

O = O Qi

o O O O O

C
¢
0f,
0
1
1-c1-¢) 1—c 0 —(1-0)
(1—¢)% 1-¢ 0 —(1-0)
1-¢ 1 0 -1 |,
0 0 0 0
—(1-2¢) -1 0 1
0
0
0],
0
0
A-dy1-d) 1—-d 1—d 0
(1—d)? 1-d 1-d 0
1-d 1 1 0f,
1-d 1 1 0
0 0 0 0
00 0 0 0
0 1 0 -1 0
Mio=]0 0 0 0 0],
0 -1 0 1 0
0 0 0 0 0
00000
01100
. Mi,=10 110 0
00000
00000

By Lemma B.1 and similar arguments to those used to verify S3(iv)(a), since
Zy,d:O,l/\min(M;d o) = Amin(M{j, ;) = 0, we consider the rest of the sum in (B.35) and
apply (B.27). Let a = p{),/py and b = p{,/pY,. Then, My, | + M}y | + M} | = (M, | +
aMj ; + bMikl,l)/pgl’ and

M= Mfﬁ,l + aMfo,l + be1,1
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ad*+ (1 —=c¢)* + bc? add+(1—c)1 =& +bcé 1—c ad —(1—c)+bc
add + (1 —¢)(1 — &) + bcé ad® + (1 — &%+ b&* 1—¢ ad —-(1-¢&) +bé

= 1-c¢ 1-¢ 1 0 -1
ad ad 0 a 0
—(1—¢)+bc —(1-¢)+b¢ -1 0 1+b

For the kth leading principal minor |M}| and determinant |M*| of M*,
|Mj|=ad*+(1-c)* >0,
|M3| = afd(1 — ¢) — d(1 — &)} + b{c(1 — &) — &1 — )} + ab(dc — d&)? > 0,
|M;| = ab(dc — d&)* + ab(dc + d&)* + 4bcé(1 — ¢)(1 — &) > 0,
|M}| = afad*(1—c)* + (1 - 0)*(1 - &)}
+ab{(1 - &)*c* + bc*e* + ad*& + (1 - ¢)*&*}
>0,
|M*| = abla(dc — d&)? + {c(1 — &) — &1 — &))" + a{(d(1 — ¢) — d&)* + (1 — b)d>&)
+a?d?d® + (1 - )*(1 = & + b(1 = &) + b22& + b&* (1 — ¢)* + 2ad*c(1 - ¢)]
> 0.

Therefore, Mj;, | + M, | + M}, , is positive definite and by (B.27), we can easily show
that Ayin (26 (1, m2; ¥o)) > 0. O

Define a nonstochastic function {n(m; yg) : = € I1} by

1 _
n(; y) = —EK(W; y0) H™ (75 y0)K (5 y0).

AssumpTION C7. The nonstochastic function n(; ) is uniquely minimized over m € I1
at wo Yy € I' with By =0.

For By =0, by (B.15)-(B.16) we can write

¢z,0 gpyd,z(e())
pgd 9Bo

Kmy)=— )

y,d,z=0,1

pryd,z(lpO: 77)7

bz,0
H(my)= Y. —=Dypya:(ho, m)Dypya (o, ).
v,d,z=0,1 Pyd

Note that we can partition H () and K (), suppressing 7y, as

_|Hu(m) Hp(w) |}dg _ (Ki(m)\ }dg
H(W)_|:Hz1(77) H) :|}dg and K(Tr)_( K> >}d§’

and note that K(my) = [—H11(m) : —H>21(7)’']’ by the expressions for K(;yg) and
H(; v0).
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VERIFICATION OF C7. We first show that, for any 7 € I1,
n(m) = n(m).
For matrices A and B, let A < B denote B — A being p.s.d. Then we can show that
K (m)'H™'(m)K () < Hi1(m) = K () H™ ' (m0)K (mp), (B.36)

where the inequality is an application of the matrix Cauchy-Schwarz inequality (Propo-
sition B.1 below) and the equality holds because K () = [—H11(m) : —H31(m)']’; see
below for the proof. Lastly, the weak inequality in (B.36) holds as an equality if and only
if pg(W;, o, mo)a + py (Wi, o, )b = 0 with probability 1 for some a e R and b € R4w
with (a,b") # 0. Let Dﬁpgd,z = Dgpya,:(Po, m0) and Dy, pyg () = Dy pya,. (o, ) for
simplicity. Then, when By =0,
Lya: (W)
p (Wi, o, m)a + py (Wi, o, M'b=" Y =2=="[Dpp), .a+ Dy pya -(m)'b].
y,d,z=0,1 pyd

But, it is easy to see that a (14 dy) x 8 matrix (suppressing 7 in Dy py4 . () and letting
h3,0 = h3(m) and hy,o = ha(m))

|:D3P[1)1.1 DBp[lJO,l Dﬁpgl,l Dﬁpgo,l Dﬁp(ljl,[) DBP(l)o,o Dﬁpgl,() Dﬁpgo,o]
Dl/,PlLl D./,Pm,l D./,Pou D./,Pou,L DwPu,o D./,Pw,o Dv,Pol,o DwPou,o

Cy(h30; S0, m0)  —Ca(hap, G103 m0) 1= Calhag, Lioim)  —1+ Co(hao, Siosm) 0 0 0 0
Cy(h3; L1o, ™) —Ca(ha, 105 ™) 1= Cy(hs, L10; ™) —1+Cy(hy, S1osm) 0 0 0 0

= 0 0 1 -1 00 1 -1
0 1 0 -1 01 0 -1

1 0 -1 0 1 0 -1 0

has full row rank (i.e., rank of 1 + d) except when 7 = m, since

Ca(h3(m), L10: 7) # Co(h3(mo), L10: ™),
Ca(ha(m), Lio; ) # Co(ha(m0), L10; ™)

for 7 # my. This can be shown by modifying the proof of Lemmas 3.1 and 4.1 of HV17
under Assumption TC2, which yields

ICy(h3(m), {15 ) /0w = Cra(h3(m), {13 7) 4 Cra(h3(m), {15 w)h3 () <0
and

Cra(ha(m), {15 ) + Cra(ho(m), L1 ) hy (1) <.

In fact, & or h3 can be seen as u} in Lemma 4.1 of HV17. Therefore, there is no (a, b") with
(a,b") # 0 such that Dgpgd,za + Dl/,p;d)z(’ﬂ)b =0forall (y,d, z) € {0, 1}3, which implies
that there is no (a, b’) with (a, b’) # 0 such that pg(W;, o, mo)a + py(W;, o, m)’b =0
with probability 1. In other words, the equality holds uniquely at = = g so that for any
7 # mo, Pric’ (pg (Wi, o, m0), py (Wi, o, 1)) = 0] < 1 for all ¢ € R4+ with ¢ # 0, and
thus the inequality in (B.36) is strict. O
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PROPOSITION B.1. Let x € R? and y € RY be random vectors such that E|x|? < oo,
E|y|? < oo, and Eyy' is nonsingular. Then

(Exy’) (Eyy’)fl(ny’) <Exx'.
For our verification proof, taking x = pg(W;, ¢, mp) and y = py, (W}, o, ), we have
Eyyy = H(m),

Ey xx" = Hyi(m),

—Eyxy = _(EV()yx/)/ = K(m).

PROOF OF H(m) = K(m9)’'H ' (m9)K (7). Definea 4 x 4 block-diagonalizing matrix

|1 —HpmHy,
A(r)_|:03 Is .

Then

K(rg) H™ (r))K (rg) = K(ro)/A(r)[A(r)H(ro)A(r)]_1A(F)K(ro)

/ _ H
= (D [Hiy(w): Har (o) [ A [AOH o) AN A [H; Eiﬁﬂ

H? -1 9
= [H11(r0) = Hya(ro) Hyy Hay (r0) : Hon (1) [ vy }

0 Hy)'
o H11(ro)—H12(70)H2_21H21(r0)
Hy1(ro)

= [1: Hay(ro) H] [Hn(m) - le(ro)szle(ro)}

H>(r9)

= Hy1(rp),

where the second equality is due to the fact that K(ry) = [-H1(rg) : —H»1(rp)'] and
H7,(rp) is implicitly defined. We also use the symmetry of H(r) in this derivation. O

Define the following quantities that arise in the asymptotic distribution of 6, and the
test statistics we consider. Letting Sy, = [I4 o 04, x1] denote the dy x dgy selector matrix
that selects ¢ out of 6:

Q(my, 3 y0) = Sy VT (Yo, m), (o, ) Y0)Sy»

J(0:¥0) = Eyyplyy(Wis 0),
V(6; v0) =V (6, 6; v0),



Supplementary Material (Nearly) singular Jacobian 35

and

J(v0) =J(6o: v0),

V(o) =V (605 v0)-
Note that

J(v0) =V (v0)
by (B.33). Define
3(6; v0) =771 (6; y0)V (6; ¥0)T ' (6: v0)
and
(3 y0) = 2(o, m; ¥0)-

AssUMPTION V1. (i) fn = ﬁ(@n) and I//\n = 17,1(5,1) for some (stochastic) dg x dg matrix-

valued functions f,,(e) and 17,,(0) on O that satisfy sup.e ||JA,1(0) —J(6; yp)ll = 0 and
supgeg IVu(0) =V (0; yo) | — p 0 under {y,} € I'(9, 0, b) with ||b|| < oo.

(ii) J(O; yo) and V (6; yo) are continuous in 6 on © Vyy € I' with By =0.
(iii) Amin(2(7; v0)) > 0 and Anax(2(; v9)) < oo Var € 11, Vyy € I' with By =0.

VERIFICATION OF V1(i). We define the following:

-~ 1< 1 &
Tn(0)= =3 pyg(Wer 0)=— 3 py (Wi, 0)py(W;, 6)'
i=1 i=1

Dyply .(0)Dgpl, (0)

1 n
=-> > LuW) ,

2
i=1y,d,z=0,1 Pya.z(0)

where Dy p; 4..(0o) are defined above. Also,

—~ 1< ,
Va(0) =3 ph(Wi, 0)p}(W;, )
i=1

1 n
=-> > L0

2
i=1 y,d,z=0,1 Pyd.z(0)

Dopy, . (0)Dopl, () 76
—7.0).

The rest of the proof follows from the uniform law of large numbers in Lemma 9.3 of
ACMLwp with Assumptions S1 and S3 and @ being compact. O

VERIFICATION OF V1(ii). The continuity follows from the fact that the first and second
derivatives of p,, .(0) are continuous by Lemma B.1(vi). O
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VERIFICATION OF V1(iii). Note that
S y0) =T (Wo, w3 ¥0)V (Yo, 5 ¥~ (o, 71 v0) =V (o, 3 0)
since V (g, ; yo) = J (Yo, 7; vp). This is because
V (o, 5 70) = CoVyy (0§ (Wi, Y0, 1), piy(Wis 0, 1)) = Evy piy(Wis tho, m)py (Wis tho,
= Ey,phy(Wi: 0),

where the last equality holds since pge(w, 0) = pg(w, 0) pg(w, #)’, and the second-to-last
equality holds since

EyOPL(Wi, tho, ) = — Z ¢>z,0D0P;d,Z(¢f0,7T)
y,d,z=0,1
=- Z d)o,oDeP;d,o(l#o,W)— Z ¢1,0D0P;d,1(l/fo,77)
y,d=0,1 y,d=0,1
=0.

Now, for the first part of V1(iii), note that since each element of the vectors in (B.28)-
(B.31) are bounded by TC2(iii) and B2(i), the elements of the matrix

V (o, 5 70) = Eyyply(Wis o, ) ph(Wis tho, )’

b2,0
= Y —==Dgpl, (o, mDepl, (o, )

y.d,z=0,1 Y40

are bounded. For a d x d matrix A4, Zle A < Zij:l | A;j| where the A;’s are A’s eigenval-
ues and the A4;;’s are A’s elements. Therefore, Amax(V (0, 7; v0)) < co. This implies that
Amin (V=1 (g, 7 v9)) > 0. By Lemma B.1, the proof of the second part is similar to the
proofs of S3(iv) (b) and S3(v) and we can show that Ay, (V (g, 7; y9)) > 0, which implies
that Amax (V! (40, 73 y0)) < 0. O
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